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ABSTRACT. In this paper, it is shown that a new Hardy-Hilbert’s type inequality for double
series can be established by introducing a parametér— % < A <2 % + % =1,p >

¢ > 1) and the weight function of the form, (A, n) = (n!)>* " (In(en) — ¢)'~", wherec

is Euler constant and = p, ¢. And the coefficient3 (/\ - (1 - %) ,1— % is proved

to be the best possible. And as mathematics esthetics, several important constaatsd
appear simultaneously in the coefficient and the weight function whenl. In particular, for

casep = 2, some new Hilbert’s type inequalities are obtained. As applications, some extensions
of Hardy-Littlewood’s inequality are given.
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1. INTRODUCTION

Let {a,} and{b,} be two sequences of nonnegative real numt%eﬂs% =landp > 1. If

dYoak <+ ooand)’ bl < + oo, then
n=1 n=1

P / oo 1/q
(1.1) ZZ m+n ~ sin 7T/p (Z ap> (Z—; bg) |

m=1 n=1

where the coefficientg;Hme contained in[(1]1) is the best possible. And the equalitm (1.2)

holds if and only if{a, }, or {b, } is a zero-sequence (sée [1]). This is the famous Hardy-Hilbert
theorem for double series. Recently, it has been studied in some papers, and some sharper
results were obtained (such asl ([2]-[4]) etc.). Lately, the inequdlity (1.1) is extended in some
papers (such as ([5][7]) etc.). Now let us consider the following inequality:

/P / o 1/q
(1.2) ZZ b < (prA n)a > (qu(& n)b%> ,

m=1 n=1
wherel — ]% < A< 2 (p>gq>1). The purpose of the present paper is to decide the

weight functionw, (X, n) (r =p, q) of (1.2) and by introducing a parametetto find the
best possible value df (\) which the inequality[(1]2) keeps valid. As applications, we will
give some new extensions on Hardy-Littlewood’s theorem. For convenience, the beta function

B </\ — (1 — 2;%) , 1= %) is denoted by3*. Throughout the paper we will frequently use
these notations.
2. SOME LEMMAS
Lemma 2.1. LetI" () be gamma function. Thdr (z) > 0whenz > 2.
Proof. According to the paper [8], define psi function by

' (x)
2.1 = )
(2.1) V@) = T
This function can be written in form
> 1 1
wherec is Euler constant.
In particular,
n—1 1
(2.3) v()=—candv(n)=3"+-c (23 ..)
k=1
Itis obvious that)’ (z) > 0, = € (0, + o). Hencey (z) is increasing. It follows from

(2.3) and|(2.]1) that’ (1) < 0andI”(2) > 0. As aresult, there exists, € (1, 2), such
thatI” (zo) = 0. ClearlyI” (z) > Owhenz > 2.1

Lemma2.2.Letr > 1,0 < rs < land\ >1—rs. Then

o0

2.4) / ! A(%ysdt:B(A—(l—m),1—rs)
0

(1+1)

whereB (p, q) is the beta function.
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Proof. According to the definition of the beta function we have

1

B(p,q) = /up_l (1—uw)" " du.

Put ¢=1/u—1,then

e 1
1 1 rs
/ By (;) dt = /u/\_Q +rs (1 — U,)irs du
(1+41¢) )

0

This shows that the equality (2.4) is true.
Lemma2.3.Let0) <ps < landl —g¢s < A < 2. Define a functiord by

(2.5) O(s)={B\—(1—ps), L—ps)}'""{B(\—(1—gs), 1 —qs)}"*

whereB(m, n) is beta function. Thef(s) attains the minimuni*, whens = %

Proof. Based on the relatioB® (m,n) = ?Ez)i(zg wherel (z) is the gamma function, we can
write (2.3) as

@ (s) = o (B71)7)

where I,=T(1—-rs)T(A—(1—7s)), r=p,q.

Taking the derivative o® (s) we have
' (s) = @ (s)Q(s),

where( (s) = = (1 —ps) + ¥ (A — (1 —ps)) =¥ (1 —gs) + ¥ (A= (1 —gs)), herey (z)
is the psi function defined by (2.1). We choose thusuch thatl — ps = A — (1 —gs), so

_ _ 2= i 1 1 _ H 2=
thatl — gs = A — (1 — ps), hences = P Since that; + 2 =11t follows thats = =

We therefore haveé) (%) = 0. i.e. ¢ (%) = 0. Itis easy to deduce fro.2) that
' (x) > 0, it follows thatQ'(s) > 0, hencef)(s) is strictly increasing. Owing to the fact
that( <%> = 0,Q(s) > 0 whens > 22, This shows tha®’ (s) > 0. Similarly, we have
P’ (s) < 0 whens < % Consequently, the minimum df (s) is

() (0 (52)052) " (00 (-5 52) "

Sincel — 222 = )\ — (1—ﬂ> , 1—222 = )\ — (1 — H) andB (m,n) = B (n,m), we
q p p q
have the relation:

B(A—(1—%), 1—%>:B(A—(1—%>, 1—%).

We therefore obtai® (%) = B*. The lemma is proved

3. MAIN RESULTS

In the section, we will apply the above lemmas to build some new inequalities.
In order to ensure that' (z) > 0, we consider only: € [2, + o) (se€d 2.]), bellow.
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Theorem3.1.Leta,, b, > 0(n=2 3, --- ). If > (n)> " (In(en) — )" Pal < + o

n=2

and > (n!)> 79 (In(en) — ¢)'~9b¢ < + oo, wherec is Euler constant, then

(3.1) Z Z

m2n2m'+n'

o) 1/17
< B*{ (n))> 7P (In(en) — c)lpaﬁ}

. 1/q
X {Z (n!)%)‘*q (In(en) — c)l_qbz} ;

n=2

where the coefficienB* is the best possible. And the equality[in [3.1) holds if and orfly.if,
or {b,}is a zero-sequence.

Proof. Let’s introduce a parametersuch that) < ps < 1. Consider gamma function
I'(z),x € [2,400), and notice thal' (n + 1) = n!. For convenience, we denote that

am = Ay (D'(m + 1)) andb, = B, (I'(n + 1))"/7.

And then define two functions:

@2 o-fmilE - (ﬁ') andg = oA+ D} <ﬂ)l/s .

(m! + n)™? n! (ml+ n)¥1  \m!

Apply Holder’s inequality to estimate the right-hand side]of|(3.1) as follows:

(3.3) Z Z

m2n2

_ ZZ + 1)) (%)an(r/(mH))l/q <%)

——= m' + nl) Alp (m! + n!)k/q

S {iiap}”‘”{iim}“

m=2 n=2 m=2 n=2 m=2 n=2

00 1/ / s 1/q
- (Sana) (Saome)
n=2 n=2

wherew, (A\,n) = 3 (F/(LH) (n_!)ps andw, (\,n) = > I’ (m+1) (n_!)qs.

=, (a4 mn)Y ! (m!+n)* Am!

m'+n'

m=2
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By Lemmd 2.2, we have

(3.4) wp (A, n)
R I'(m+1) L(n+1)\"”
- mzz(F(”+1)+1ﬂ(m+1))A (F(m+1)>
r I (z + 1) D(n+1)\”
= 1/(r(n+1)+r(g:+1))A (F(x+1)> o
_ 7(F(n+1))’\(F’(:p+1)) <F(n+1)>p8dx
(14T (z+1)/T (n+1))* \'(@+1)
_ [ Tt
B / (1+1)* (t) «
1/T(n+1)

00 b 1/T (n+1) . N
= Tnt1) {0/1+t _) - 0/ (1+t)A<E)}
< (T(n+ 1 AB(\— (1 —ps),1—ps).

Similarly,
(3.5) we(\n) < (T (n+1)"*BA-(1-gs), 1—gs).

It follows from (3.3), [3.4) and (3]5) that

(3.6) Z Z by

m=2 n=2 (m| + TL'))\
00 1/p 00 1/q
< D(s) (Z (T (n+ 1) Ag;) (Z (T (n+1)) Bq>

where® (s) is defined by|(2.2).
It follows from Lemmg 2.3 that the minimum df (s) is B* whens = 22, where) sat-

isfies the constraint — £ < A < 2. Notice thatAl = (I"(n+ 1)"?a? and B! =
(I" (n + 1))' 914 Therefore we obtain fron (3.6) that

oo 1/p
(3.7) ZZ m' " n' < B (Z (T (n+1)" (r/(n+1))1pag>

m=2 n=2 n=2

oo 1/q
X (Z(r (n+1))1_A(F’(n+1))1qbZ> .

n=2
And it is obvious that the equality if (3.7) if and only{ié., }, or {b,, }is a zero-sequence.
It remains to show that the constant factotin (3.7) is the best possible.
Letd,, = (I (m+ 1)) M9 (m + 1)) andb, = (I (n+ 1)) @M1 (0 + 1)),
Assume that < £ < (A — 1) + 3, since the function$ () is strictly increasing irf2, +oc0),
we have
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+o00

(O
I
N

(T (z+1)""dl (= <§: I'(m+1)"" (I (m+1))

= i T (m+1)" @ (m+1) Par,

= (T@)"1r'a +§: T'(m+1))"" (I (m+1))
< @) "TTrE) + : OO(F( N EdF(I):2_1_€(3—2c)+g

wherec is Euler constant.
Similarly, we have

= 2
<> T+1) T n+1)) "0 < 27773 -20) + .
n=2

Hence > (I'(m+ 1)) (I (m+1)) Par, =2 +0(1). (= —0).

Similarly, > (C'(n + 1)) A (I (n + 1)) 0 =2+ O (1). (¢ — 0).
n=2
If B* is not best possible, then there exikts 0 andk less thanB* such that

0o 1/p
(3-8) ZZ (] +n. < k(Z<F<n+1>>1‘A<P’<n+1>>1‘pa¢;>

n=2

00 1/q
X <Z (T (n+1) T (n+1)"* 5%)

M DN

(k +0(1)) (e — 0).

On the other hand, let=T"(z + 1) andv = I" (y + 1), then we have

e} [e.e] ~

A by,
;:2; (m! + n!)*
S+ ) M (4 1) (D (0 + 1) M (04 1))
B mZ; ZQ (m! 4+ n!))‘

V

—(2=X+¢)/p,,—(2—XA+¢)/q
/ / Y Y dudv
u + v

2

_ / / o L mex gy
U + 'U

[\
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_ 1 1\ (2-A+e)/q —1-
_/ / (1+t)’\(?> dt pu'"Cdu

2 \2/T(z+1)

o0 (2—X+¢)/q

2 1 1
] L ()T

£ (1+¢)" \t

2/T(z+1)

If the lower limit -——=— ( of the integral is replaced by zero, then the resulting error is smaller
than(I (z + 1))/« wherea is positive and it is independent of In fact, we have

2/T(x+1) 2/T(z+1)

(2=A+e)/q —B
(1+t)" \¢ B

where =1— (2—A+¢)/q. If 0 <e < (A—1) + £, then we may take: such that

(2—=A) + ((A=1) + ¢q/2p) 1

a=1-— ==
q 2p
Consequently, we get
(3.9) ii%>l{3*+o(l)} (¢ = 0).
m=2 n=2 (m| + TL') €

Clearly, where is small enough, the inequality (3.8) is in contradiction wjth(3.9). Hence the
coefficientB* is the best possible value of which the inequality|(3.7) keeps valid.
At last, let us consider the weight function pf (3.7). Notice that

"1
—=1 ny
E 2 nn+c+e¢

k=1

wherec is Euler constantand, | 0 (n — oo ). Itis known from [2.1) and (2]3) that

(310) @\ m) = O+ 1) (1)

(n! )2 A~ T{lnn+51}
= (n)> M {In(en) — c}' " r=p; q

It shows from [(3.]7) and (3.10) that the inequality {3.1) is valid. The proof of the Theorem
?3.17? is completeds

We can attain some interesting results based on Theorém 3.1.
In particular, for\ = 1, B* is reduced to; ;- Hence other extension .1) is attained.
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Corollary 3.2. With the assumptions as Theor 3.0 {n!(In(en) — )} Pa2 < + oo
n=2

and 3" {n!(In(en) — ¢)}' 7742 < + oo, wherec is Euler constant, then
n=2

o0 1/1’
(3.11) sz,+n, < .L{Z{n!(ln(en) _c)}lpag}

m=2 n=2 SI (T(/p) n=2

s 1/q
{Z {n!(In(en) — c)}' bz} ,

where the coefficiensgm is the best possible. And the equality.ll) holds if and only if

{a,}, or {b,} is a zero-sequence.
Whenp = 2, based on Theorem 3.1, Hilbert's double series type inequality with parameter
A can be built.

Corollary 3.3. If Z ,)AH—Q < +o0 and Z < 400, Wherec is Euler con-

)—¢c) ln(en) )
stant, then
(3_12) #
22 Gt iy

00 1/2 ¢ o 1/2
A A a, b,
< B(3:3) {; (nh)* (In(en) — ¢) } {; (nD)* (In(en) — ¢) } ’

where the coefficienB (%, %) is beta function and it is the best possible value which the in-
equality [3.12) keeps valid. And the equality[in (3.12) holds if and onfy,i, or {b,} is a
zero-sequence.

In particular, for A = 1 we obtain from[(3.12) the following result immediately.

Corollary 3.4. If Z
then

- 1/2 ¢ o 1/2
a2 by
(3.13) Z Z m' T n' = {Z; n! (In(en) — ¢) } {Z; n! (In(en) — ¢) }

m=2 n=2

< 400 and Z n—2 < 400, Wherec is Euler constant,

)—¢)

n'(ln(en —c)

where the coefficient is best possible. And the equality jn (3.13) holds if and on{y.if}, or
{b,} is a zero-sequence.

4. SOME APPLICATION

In this section we shall give some extensions on Hardy-Littlewood’s theorem.
Let f (z )€ L?(0,1) andf (z) # 0 for all z. Define a sequendg:,, } by

1

an:/x”f(x)dx n=0,1,2, ....

0
Hardy-Littlewood [1] proved that

(4.2) a2 < | fA(x)dx
e
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wherer is the best constant that the inequaljty [4.1) keeps valid.
Some extensions df (4.1) will be given by means of *english/references* Coroflarjes 3.4, bel-
low.

Theorem 4.1.Let f (z) € L?(0,1) and f (z) # 0 for all z. Define a sequendi,, }by

1

an:/xr("ﬂ)_lﬂf(x)dx n= 2 3,...,

then

00 2 o0 1/p
(4.2) (Z ai) o 7T/p {Z (m! (In(em) — ¢))' 7" aﬁl}

2

0 Ve
X {Z (n! (In(en) — ¢))' ™4 a%} /0 f?(z)dx

n=2

where the constant factosﬁl”T/p is best possible.

Proof. By our assumptions, we may writé in the form:
1
i _ /anxr(”+1)_1/2f(x)d:1:
0

Applying Cauchy-Schwarz’s inequality and Corollary|3.4 to estimate the right hand sjde|of (4.2)
as follows:

(4.3) (i ai) = <i /l aan(n+1)1/2f(x)dx>
n=2 n=2"0

I
c\
oY

3
S
3
8
=3
3
£
T
=
(Y]
N~
QL
8
—

n=2
1 o© oo
_ / Zzamaan(m+l)+Fn+l 1dx/f (2)da
0 m=2 n=
0

m=2 n=2

I
N

= A A,
Z ml+nl)/ f
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Sincef(x) # 0 for all z, a,, # 0 for all n > 2. Consequently, it is impossible to take equality
in (4.3). It follows that the inequality (4.1) is valid and the theorem is therefore praved.

In particular, for case = 2, based or] (4]2), we have the following result:
Theorem 4.2. With the assumptions as the Theofenj 4.1, then

(4.4) (; ai) <7 {22 oy (1H(C€L:L) 3 } /0 f*(x)dx

where the constant factar is best possible.
Obviously, the inequalitie$ (4.2) ar{d (B.4) are extensions of (4.1).
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