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ABSTRACT. In this paper, it is shown that a new Hardy-Hilbert’s type inequality for double
series can be established by introducing a parameterλ (1 − q

p < λ ≤ 2, 1
p + 1

q = 1, p ≥
q > 1) and the weight function of the formωr (λ, n) = (n!)2−λ−r (ln(en) − c)1−r, wherec

is Euler constant andr = p, q. And the coefficientB
(
λ−

(
1− 2−λ

p

)
, 1− 2−λ

p

)
is proved

to be the best possible. And as mathematics esthetics, several important constantsπ, e andc
appear simultaneously in the coefficient and the weight function whenλ = 1. In particular, for
casep = 2, some new Hilbert’s type inequalities are obtained. As applications, some extensions
of Hardy-Littlewood’s inequality are given.
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1. I NTRODUCTION

Let {an} and{bn} be two sequences of nonnegative real numbers,1
p

+ 1
q

= 1 andp > 1. If
∞∑

n=1

ap
n < + ∞ and

∞∑
n=1

bqn < + ∞, then

(1.1)
∞∑

m=1

∞∑
n=1

ambn
m+ n

≤ π

sin π/p

(
∞∑

n=1

ap
n

)1/p( ∞∑
n=1

bqn

)1/q

,

where the coefficients π
sin π/p

contained in (1.1) is the best possible. And the equality in (1.1)
holds if and only if{an}, or{bn} is a zero-sequence (see [1]). This is the famous Hardy-Hilbert
theorem for double series. Recently, it has been studied in some papers, and some sharper
results were obtained (such as ([2]–[4]) etc.). Lately, the inequality (1.1) is extended in some
papers (such as ([5]-[7]) etc.). Now let us consider the following inequality:

(1.2)
∞∑

m=1

∞∑
n=1

ambn

(m! + n!)λ ≤ k (λ)

(
∞∑

n=1

ωp(λ, n)ap
n

)1/p( ∞∑
n=1

ωq(λ, n)bqn

)1/q

,

where1 − q
p
< λ ≤ 2 (p ≥ q > 1). The purpose of the present paper is to decide the

weight functionωr (λ, n) (r = p, q) of (1.2) and by introducing a parameters to find the
best possible value ofk (λ) which the inequality (1.2) keeps valid. As applications, we will
give some new extensions on Hardy-Littlewood’s theorem. For convenience, the beta function

B
(
λ−

(
1− 2−λ

p

)
, 1− 2−λ

p

)
is denoted byB∗. Throughout the paper we will frequently use

these notations.

2. SOME L EMMAS

Lemma 2.1. LetΓ (x) be gamma function. ThenΓ′ (x) > 0 whenx ≥ 2.

Proof. According to the paper [8], define psi function by

(2.1) ψ (x) =
Γ′ (x)

Γ (x)
.

This function can be written in form

(2.2) ψ (x) = −c−
∞∑

k=0

(
1

x+ k
− 1

k + 1

)
wherec is Euler constant.

In particular,

(2.3) ψ (1) = −c and ψ (n) =
n−1∑
k=1

1

k
− c (2, 3, . . . )

It is obvious thatψ′ (x) > 0, x ∈ (0, + ∞). Henceψ (x) is increasing. It follows from
(2.3) and (2.1) thatΓ′ (1) < 0 andΓ′ (2) > 0. As a result, there existsx0 ∈ (1, 2), such
thatΓ′ (x0) = 0. ClearlyΓ′ (x) > 0 whenx ≥ 2.

Lemma 2.2. Let r > 1, 0 ≤ rs < 1 andλ > 1− rs. Then

(2.4)

∞∫
0

1

(1 + t)λ

(
1

t

)rs

dt = B (λ− (1− rs), 1− rs)

whereB (p, q) is the beta function.
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Proof. According to the definition of the beta function we have

B(p, q) =

1∫
0

up−1 (1− u)q−1 du.

Put t = 1/u− 1, then

∞∫
0

1

(1 + t)λ

(
1

t

)rs

dt =

1∫
0

uλ−2 + rs (1− u)−rs du.

This shows that the equality (2.4) is true.

Lemma 2.3. Let0 ≤ ps < 1 and1− qs < λ ≤ 2. Define a functionΦ by

(2.5) Φ(s) = {B (λ− (1− ps) , 1− ps)}1/p {B (λ− (1− qs) , 1− qs)}1/q

whereB(m,n) is beta function. ThenΦ(s) attains the minimumB∗, whens = 2−λ
pq

.

Proof. Based on the relationB (m,n) = Γ(m)Γ(n)
Γ(m + n)

, whereΓ (x) is the gamma function, we can
write (2.5) as

Φ (s) = 1
Γ(λ)

(
I

1/p
p I

1/q
q

)
where Ir = Γ (1− rs) Γ (λ− (1− rs)) , r = p, q.

Taking the derivative ofΦ (s) we have

Φ′ (s) = Φ (s) Ω (s) ,

whereΩ (s) = −ψ (1− ps) + ψ (λ− (1− ps)) − ψ (1− qs) + ψ (λ− (1− qs)) , hereψ (x)
is the psi function defined by (2.1). We choose thuss such that1 − ps = λ − (1− qs), so
that1 − qs = λ − (1− ps), hences = 2−λ

p+q
. Since that1

p
+ 1

q
= 1, it follows thats = 2−λ

pq
.

We therefore haveΩ
(

2−λ
pq

)
= 0. i.e. Φ′

(
2−λ
pq

)
= 0. It is easy to deduce from (2.2) that

ψ′ (x) > 0, it follows thatΩ′(s) > 0, henceΩ(s) is strictly increasing. Owing to the fact

thatΩ
(

2−λ
pq

)
= 0,Ω (s) > 0 whens > 2−λ

pq
. This shows thatΦ′ (s) > 0. Similarly, we have

Φ′ (s) < 0 whens < 2−λ
pq

. Consequently, the minimum ofΦ (s) is

Φ
(

2−λ
pq

)
=
(
B
(
λ−

(
1− 2−λ

q

)
, 1− 2−λ

q

))1/p (
B
(
λ−

(
1− 2−λ

p

)
, 1− 2−λ

p

))1/q

.

Since1 − 2−λ
q

= λ −
(
1− 2−λ

p

)
, 1 − 2−λ

p
= λ −

(
1− 2−λ

q

)
andB (m,n) = B (n,m), we

have the relation:

B
(
λ−

(
1− 2−λ

q

)
, 1− 2−λ

q

)
= B

(
λ−

(
1− 2−λ

p

)
, 1− 2−λ

p

)
.

We therefore obtainΦ
(

2−λ
pq

)
= B∗. The lemma is proved.

3. M AIN RESULTS

In the section, we will apply the above lemmas to build some new inequalities.
In order to ensure thatΓ′ (x) > 0, we consider onlyx ∈ [2, + ∞) (see 2.1), bellow.
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Theorem 3.1.Letan, bn ≥ 0 (n = 2, 3, · · · ). If
∞∑

n=2

(n!)2−λ−p (ln(en)− c)1−pap
n < + ∞

and
∞∑

n=2

(n!)2−λ−q (ln(en)− c)1−qbqn < + ∞, wherec is Euler constant, then

∞∑
m=2

∞∑
n=2

ambn

(m! + n!)λ
≤ B∗

{
∞∑

n=2

(n!)2−λ−p (ln(en) − c)1−pap
n

}1/p

(3.1)

×

{
∞∑

n=2

(n!)2−λ−q (ln(en)− c)1−qbqn

}1/q

,

where the coefficientB∗ is the best possible. And the equality in (3.1) holds if and only if{an},
or {bn}is a zero-sequence.

Proof. Let’s introduce a parameters such that0 ≤ ps < 1. Consider gamma function
Γ (x) , x ∈ [2,+∞), and notice thatΓ (n+ 1) = n!. For convenience, we denote that

am = Am (Γ′(m+ 1))
1/q andbn = Bn (Γ′(n+ 1))

1/p
.

And then define two functions:

(3.2) α =
Am {Γ′ (n+ 1)}1/p

(m! + n!)λ/p

(
m!

n!

)s

andβ =
Bn {Γ′ (m+ 1)}1/q

(m! + n!)λ/q

(
n!

m!

)1/s

.

Apply Hölder’s inequality to estimate the right-hand side of (3.1) as follows:

∞∑
m=2

∞∑
n=2

ambn

(m! + n!)λ
(3.3)

=
∞∑

m=2

∞∑
n=2

Am (Γ′ (n+ 1))1/p

(m! + n!)λ/p

(
m!

n!

)s
Bn (Γ′ (m+ 1))1/q

(m! + n!)λ/q

(
n!

m!

)s

=
∞∑

m=2

∞∑
n=2

αβ ≤

{
∞∑

m=2

∞∑
n=2

αp

}1/p{ ∞∑
m=2

∞∑
n=2

βq

}1/q

=

(
∞∑

n=2

ωp (λ, n)Ap
n

)1/p( ∞∑
n=2

ωq (λ, n)Bq
n

)1/q

,

whereωp (λ, n) =
∞∑

m=2

Γ′(m+1)

(n! + m!)λ

(
n!
m!

)ps
andωq (λ, n) =

∞∑
m=2

Γ′(m+1)

(m! + n!)λ

(
n!
m!

)qs
.
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By Lemma 2.2, we have

ωp (λ, n)(3.4)

=
∞∑

m=2

Γ′(m+ 1)

(Γ (n+ 1) + Γ (m+ 1))λ

(
Γ (n+ 1)

Γ (m+ 1)

)ps

≤
∞∫

1

Γ′ (x+ 1)

(Γ (n+ 1) + Γ (x+ 1))λ

(
Γ (n+ 1)

Γ (x+ 1)

)ps

dx

=

∞∫
1

(Γ (n+ 1))−λ (Γ′ (x+ 1))

(1 + Γ (x+ 1)/Γ (n+ 1))λ

(
Γ (n+ 1)

Γ (x+ 1)

)ps

dx

=

∞∫
1/Γ(n+1)

(Γ (n+ 1))1−λ

(1 + t)λ

(
1

t

)ps

dt

= (Γ (n+ 1))1−λ


∞∫

0

1

(1 + t)λ

(
1

t

)ps

dt−
1/Γ (n+1)∫

0

1

(1 + t)λ

(
1

t

)ps


≤ (Γ (n+ 1))1−λB (λ− (1− ps) , 1− ps) .

Similarly,

(3.5) ωq (λ, n) ≤ (Γ (n+ 1))1−λB (λ− (1− qs) , 1− qs) .

It follows from (3.3), (3.4) and (3.5) that

∞∑
m=2

∞∑
n=2

ambn

(m! + n!)λ
(3.6)

≤ Φ (s)

(
∞∑

n=2

(Γ (n+ 1))1−λAp
n

)1/p( ∞∑
n=2

(Γ (n+ 1))1−λBq
n

)1/q

whereΦ (s) is defined by (2.2).
It follows from Lemma 2.3 that the minimum ofΦ (s) is B∗ whens = 2−λ

pq
, whereλ sat-

isfies the constraint1 − q
p
< λ ≤ 2. Notice thatAp

n = (Γ′ (n+ 1))1−p ap
n andBq

n =

(Γ′ (n+ 1))1−q bqn. Therefore we obtain from (3.6) that

∞∑
m=2

∞∑
n=2

ambn

(m! + n!)λ
≤ B∗

(
∞∑

n=2

(Γ (n+ 1))1−λ (Γ′(n+ 1))
1−p

ap
n

)1/p

(3.7)

×

(
∞∑

n=2

(Γ (n+ 1))1−λ (Γ′(n+ 1))
1−q

bqn

)1/q

.

And it is obvious that the equality in (3.7) if and only if{an}, or {bn}is a zero-sequence.
It remains to show that the constant factorB∗ in (3.7) is the best possible.
Let ãm = (Γ (m+ 1))−(2−λ+ε)/p (Γ′ (m+ 1)) and b̃n = (Γ (n+ 1))−(2−λ+ε)/q (Γ′ (n+ 1)).

Assume that0 < ε < (λ− 1) + q
2p

, since the functionsΓ (x) is strictly increasing in[2,+∞),
we have
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2

ε
=

∫ +∞

2

(Γ (x+ 1))−1−ε dΓ (x+ 1) <
∞∑

m=2

(Γ (m+ 1))−1−ε (Γ′ (m+ 1))

=
∞∑

m=2

(Γ (m+ 1))1−λ (Γ′ (m+ 1))
1−p

ãp
m

= (Γ (3))−1−ε Γ′ (3) +
∞∑

m=3

(Γ (m+ 1))−1−ε (Γ′ (m+ 1))

< (Γ (3))−1−ε Γ′ (3) +

∫ +∞

2

(Γ (x))−1−ε dΓ (x) = 2−1−ε (3− 2c) +
2

ε
,

wherec is Euler constant.
Similarly, we have

2

ε
<

∞∑
n=2

(Γ (n+ 1))1−λ (Γ′ (n+ 1))
1−q

b̃qn < 2−1−ε (3− 2c) +
2

ε
.

Hence
∞∑

m=2

(Γ (m+ 1))1−λ (Γ′ (m+ 1))1−p ãp
m = 2

ε
+O (1) . (ε→ 0).

Similarly,
∞∑

n=2

(Γ (n+ 1))1−λ (Γ′ (n+ 1))1−q b̃qn = 2
ε

+O (1) . (ε→ 0).

If B∗ is not best possible, then there existsk > 0 andk less thanB∗ such that

∞∑
m=2

∞∑
n=2

ãmb̃n

(m! + n!)λ
< k

(
∞∑

n=2

(Γ (n+ 1))1−λ (Γ′ (n+ 1))
1−p

ãp
n

)1/p

(3.8)

×

(
∞∑

n=2

(Γ (n+ 1))1−λ (Γ′ (n+ 1))
1−q

b̃qn

)1/q

=
2

ε
(k + ◦ (1)) ( ε → 0 ) .

On the other hand, letu = Γ (x+ 1) andv = Γ (y + 1), then we have

∞∑
m=2

∞∑
n=2

ãmb̃n

(m! + n!)λ

=
∞∑

m=2

∞∑
n=2

(Γ (m+ 1))−(2−λ+ε)/p (Γ′ (m+ 1)) (Γ (n+ 1))−(2−λ+ε)/q (Γ′ (n+ 1))

(m! + n!)λ

>

∞∫
2

∞∫
2

u−(2−λ+ε)/pv−(2−λ+ε)/q

(u+ v)λ
dudv

=

∞∫
2


∞∫

2

v−(2−λ+ε)/q

(u + v)λ
dv

u−(2−λ+ε)/pdu
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=

∞∫
2


∞∫

2/Γ(x+1)

1

( 1 + t )λ

(
1
t

)(2−λ+ε)/q
dt

u−1−εdu

=
2

ε

∞∫
2/Γ(x+1)

1

(1 + t)λ

(
1

t

)(2−λ+ε)/q

dt.

If the lower limit 2
Γ(x+1)

of the integral is replaced by zero, then the resulting error is smaller

than(Γ (x+ 1))−α/α, whereα is positive and it is independent ofε. In fact, we have

2/Γ(x+1)∫
0

1

(1 + t)λ

(
1

t

)(2−λ+ε)/q

dt <

2/Γ(x+1)∫
0

t−(2−λ+ε)/qdt =
(Γ (x+ 1))−β

β
,

whereβ = 1− (2− λ+ ε)/q. If 0 < ε < (λ− 1) + q
2p

, then we may takeα such that

α = 1− (2− λ) + ((λ− 1) + q/2p)

q
=

1

2p
.

Consequently, we get

(3.9)
∞∑

m=2

∞∑
n=2

ãmb̃n

( m! + n!)λ
>

1

ε
{B∗ + ◦(1)} ( ε → 0 ) .

Clearly, whenε is small enough, the inequality (3.8) is in contradiction with (3.9). Hence the
coefficientB∗ is the best possible value of which the inequality (3.7) keeps valid.

At last, let us consider the weight function of (3.7). Notice that

n∑
k=1

1

k
= lnn+ c+ εn,

wherec is Euler constant andεn ↓ 0 ( n→∞ ). It is known from (2.1) and (2.3) that

ωr(λ, n) = (Γ(n+ 1))1−λ (Γ′(n+ 1))
1−r(3.10)

= (n!)1−λ

{
n!

(
n∑

k=1

1
k
− c

)}1−r

= (n!)2−λ−r {lnn+ εn}1−r ≤ (n!)2−λ−r {lnn+ ε1}1−r

= (n!)2−λ−r {ln(en)− c}1−r . r = p, q.

It shows from (3.7) and (3.10) that the inequality (3.1) is valid. The proof of the Theorem
?3.1? is completed.

We can attain some interesting results based on Theorem 3.1.
In particular, forλ = 1,B∗ is reduced to π

sin π/p
. Hence other extension on (1.1) is attained.
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Corollary 3.2. With the assumptions as Theorem 3.1, if
∞∑

n=2

{n!(ln(en)− c)}1−p ap
n < + ∞

and
∞∑

n=2

{n!(ln(en)− c)}1−q bqn < + ∞, wherec is Euler constant, then

∞∑
m=2

∞∑
n=2

ambn
m! + n!

≤ π

sin (π/p)

{
∞∑

n=2

{n!(ln(en) − c)}1−p ap
n

}1/p

(3.11)

×

{
∞∑

n=2

{n!(ln(en)− c)}1−q bqn

}1/q

,

where the coefficient π
sin (π/p)

is the best possible. And the equality in (3.11) holds if and only if
{an}, or {bn} is a zero-sequence.

Whenp = 2, based on Theorem 3.1, Hilbert’s double series type inequality with parameter
λ can be built.

Corollary 3.3. If
∞∑

n=2

a2
n

(n!)λ(ln(en)−c)
< +∞ and

∞∑
n=2

b2n
(n!)λ(ln(en)−c)

< +∞, wherec is Euler con-

stant, then
∞∑

m=2

∞∑
n=2

ambn

(m! + n!)λ
(3.12)

≤ B
(

λ
2
, λ

2

){ ∞∑
n=2

a2
n

(n!)λ (ln(en)− c)

}1/2{ ∞∑
n=2

b2n
(n!)λ (ln(en)− c)

}1/2

,

where the coefficientB
(

λ
2
, λ

2

)
is beta function and it is the best possible value which the in-

equality (3.12) keeps valid. And the equality in (3.12) holds if and only if{an}, or {bn} is a
zero-sequence.

In particular, forλ = 1 we obtain from (3.12) the following result immediately.

Corollary 3.4. If
∞∑

n=2

a2
n

n!(ln(en)−c)
< +∞ and

∞∑
n=2

b2n
n!(ln(en)−c)

< +∞, wherec is Euler constant,

then

(3.13)
∞∑

m=2

∞∑
n=2

ambn
m! + n!

≤ π

{
∞∑

n=2

a2
n

n! (ln(en)− c)

}1/2{ ∞∑
n=2

b2n
n! (ln(en)− c)

}1/2

where the coefficientπ is best possible. And the equality in (3.13) holds if and only if{an}, or
{bn} is a zero-sequence.

4. SOME APPLICATION

In this section we shall give some extensions on Hardy-Littlewood’s theorem.
Let f (x )∈ L2 (0, 1) andf (x) 6= 0 for all x. Define a sequence{an} by

an =

1∫
0

xnf(x)dx n = 0, 1, 2, . . . .

Hardy-Littlewood [1] proved that

(4.1)
∞∑

n=0

a2
n < π

1∫
0

f 2(x)dx
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whereπ is the best constant that the inequality (4.1) keeps valid.
Some extensions of (4.1) will be given by means of *english/references* Corollaries 3.4, bel-

low.

Theorem 4.1.Letf (x) ∈ L2 (0, 1) andf (x) 6= 0 for all x. Define a sequence{an}by

an =

1∫
0

xΓ(n+1)−1/2f(x)dx n = 2, 3, . . . ,

then (
∞∑

n=2

a2
n

)2

<
π

sin π/p

{
∞∑

m=2

(m! (ln(em)− c))1−p ap
m

}1/p

(4.2)

×

{
∞∑

n=2

(n! (ln(en)− c))1−q aq
n

}1/q ∫ 1

0

f 2 (x) dx,

where the constant factor π
sin π/p

is best possible.

Proof. By our assumptions, we may writea2
n in the form:

a2
n =

1∫
0

anx
Γ(n+1)−1/2f(x)dx.

Applying Cauchy-Schwarz’s inequality and Corollary 3.4 to estimate the right hand side of (4.2)
as follows: (

∞∑
n=2

a2
n

)2

=

(
∞∑

n=2

∫ 1

0

anx
Γ(n+1)−1/2f(x)dx

)2

(4.3)

=

{∫ 1

0

(
∞∑

n=2

anx
Γ(n+1)−1/2

)
f(x)dx

}2

≤
∫ 1

0

(
∞∑

n=2

anx
Γ(n+1)−1/2

)2

dx

1∫
0

f 2(x)dx

=

∫ 1

0

∞∑
m=2

∞∑
n=2

amanx
Γ(m+1) + Γ(n+1)−1dx

1∫
0

f 2(x)dx

=

(
∞∑

m=2

∞∑
n=2

aman

m! + n!

)∫ 1

0

f 2(x)dx

≤ π

sin π/p

{
∞∑

m=2

(m! (ln(em)− c))1−p ap
m

}1/p

×

{
∞∑

n=2

(n! (ln(en)− c))1−q aq
n

}1/q 1∫
0

f 2 (x) dx.
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Sincef(x) 6= 0 for all x, an 6= 0 for all n ≥ 2. Consequently, it is impossible to take equality
in (4.3). It follows that the inequality (4.1) is valid and the theorem is therefore proved.

In particular, for casep = 2, based on (4.2), we have the following result:

Theorem 4.2.With the assumptions as the Theorem 4.1, then

(4.4)

(
∞∑

n=2

a2
n

)2

< π

{
∞∑

n=2

a2
n

n! (ln(en)− c)

}∫ 1

0

f 2 (x) dx

where the constant factorπ is best possible.

Obviously, the inequalities (4.2) and (4.4) are extensions of (4.1).
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