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1. INTRODUCTION

Let £ be a real Banach spac€, be a nonempty closed subsetiof T' be a self-mapping
onC andk € [0,1], p > 0 be two constantsT’ is said to bep-asymptotically contractive type
mapping with respect to the constanif
(1.1)  limsup sug{llT”fE = Ty||” = [lo = y|P = kl[(z = T"z) = (y = T"y) ||’} <0

n—oo e
forall y € C. Denote byF(T') the set of fixed points df’, thatis,F(T) = {x € C : Tx = z}.
T is calledp-asymptotically hemi-contractive type mapping with respect to the conktant
F(T) # ¢ and for eacly € F(T') we have
(1.2) lim sup sup{||7"z — T"q||” — ||z — q||" — k||lx — T"z||"} < 0.
n—oo zeC

These classes of mappings were introduced recently by Huanglet al. 2% Ifandk = 0 in
(1.3), then" is calledasymptotically nonexpansive type mapd#l Moreover, they remarked
that (1.1) and[(1]2) contain the asymptotically pseudo-contractive mapping and asymptotically
hemi-contractive mapping on a real Hilbert space as its special cases (see, for detail, [2, Remark
2.2]). In the sequel, we shall denote the set of all positive integeks doydN := N U {0}.

T is calleduniformly L-Lipschitzianif there exists a constarit > 0 such that

(1.3) [Tz = T"y|| < Lllz =y,

forall z,y € C'andn € N,

T is said to besemi-compacif C' is closed and for any bounded sequekeg}> , in C
with lim,, .o ||z, — Tz,|| = 0, there exists a subsequente, }22, of {z,};2, such that
lim; o xn; = q € C.

In 2004, for a mapping’ of C' into itself, Huang et al.[[2] considered the following modified
Ishikawa iterative with errors in the sense of Xul[12]irdefined by

Tg € C,
(14) Tp+1 = (1 - Qp — ’Yn)‘rn + a”Tny” + Vnln,
Yn = (1 - B, — 5n)xn + B, T + 0nUn,

where{«,.}, {7,,}, {8,,} and{d, } are real sequences in [0,1] afd, } and{v,} are arbitrary
sequences if'. In particular, if3, = 4, = 0 foralln € N, then ) reduces to the modified
Mann iterative sequence with errors in the sense of Xu [12] as follows:

(15) { Tg € 07

Tpr1 = (1 —an — 7,)Tn + @ T2y + 7, Un.

Using (1.4) and[(1]5), they proved strong convergence theorems for the iterative approxi-
mation of fixed points op-asymptotically hemi-contractive type mappings with respect to the
constant: € [0, 1] as below:

Theorem 1.1. (see [2, Theorem 3.1]).Let £ be a real p-uniformly convex Banach space,
1 < p < oo, C' be a nonempty bounded closed convex subsét @ind7 : C — C be a
semi-compact, uniformly-Lipschitzian andp-asymptotically hemi-contractive type mapping
with respect to a constante [0, 1]. Suppose thafz, } is the modified Mann iterative sequence
with errors defined by (115). If
() k< ca(l —ay)™', a=ayas(ad ' +a5");

(i) a1 < ay+7, <1 —ay;

(i) > 0= n <00
for all » € N and somex,, ay € (0,1), wherec is the positive constant appearing in inequality
(.3), then{xz,,} converges strongly to some fixed pointsf 7" in C.
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Theorem 1.2. (see [2, Theorem 3.2])Let E be a real p-uniformly convex Banach space,
1 < p < oo, C be a nonempty bounded closed convex subset ahdT : C' — C be a semi-
compact, uniformly_-Lipschitzian andp-asymptotically hemi-contractive type mapping with
respect to a constarit € [0, 1]. Suppose thafz,, } is the modified Ishikawa iterative sequence
with errors defined by (114). If

() [L(1—a)P <k <ca(l—ay)™ ", a=ajas(d ' +ad");
(i) a1 S+, B+ <1—ay
(i) Do ovn <00, Do 0, < 00
for all » € N and somex,, a, € (0,1), wherec is the positive constant appearing in inequality
(.3), then{x,,} converges strongly to some fixed poiptsf 7" in C.

In [10], Sun modified the implicit iteration process of Xu and Qril[13] and proved the modi-
fied implicit iteration process for a finite family of asymptotically quasi-nonexpansive mappings
converges strongly to a common fixed point of the family in a uniformly convex Banach space.
Let C' be a nonempty closed convex subset of a Banach spa&uippose thdf; : C — C'is
a given mapping for each= 1,2,..., N. Let {a,}>°,, {7,120, {5,120, {0n}5%, be real
sequences ifo, 1] and{u, }5°,, {v.}>°, be arbitrary sequences @i. Motivated and inspired
by Sun’s work, we now introduce the following two iteration processes generat€d; by ; .

One is the sequende:, };° , of the modified Ishikawa-Xu iterative type as follows: fare C,

r1 = (1 —ap — v9)7o + aoT1yo + Yoo,
Yo = (1 = By — do)xo + BoTrz0 + dovo,

T2 = (1 — 0 — 71)% + a1 Toyr + yqu,
v = (1= 05y —1)xr + B Toxy + dqv1,

yn—1=(1—PBn_qy —In-1)xN_1+ Oy INTN—1 + ON_1UN_1,
IN+1 = (1 — N — ’YN)xN + OCNT121/N +YNUN,

yv = (1= By — dn)an + ByTian + dnow,

_ 2
ToN = (1 — QagN—1 — 72N—1)$2N—1 + aon_1TNYan—1 + Von_1UaN—1,

{ N = (1 — ON-1 — 'VN—l)xN—l +anv—1TNyn—1 +YN_1UN—-1,

YonN-1 = (1 - ﬁ?Nfl - 52N—1)$2N—1 + ﬁzN—lT]%foN—l + 52N—1U2N—1a

Tan+1 = (1 — aan — Yon )Ty + aonTPyan + Yonton,
Yon = (1 — Bon — Oon)Zan + BonTion + donvon,
which can be written in a compact form as

(1.6) { Tp=(1—ap_1— 70 1)Tn-1+ 1T Yno1 + Yy 1Un—1,

Yn—1 = (1 - 57171 - 5n—1)xn—l + 5n71T7—:nxn—l + 5n—lvn—1a
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wheren = (m — 1)N +14,i = 1,2,..., N and the other is the following sequenge, }> , of
the modified Ishikawa-Liu iterative type (see, for example, [8] and [6])zfoe C,

r1 = (1 — ag)zo + Thyo + uo,
= (1 = Bg)wo + ByTix0 + 0,

(1 — o)z + arToys + u,
(1= By)xr + By Towy + vy,

zny = (1 —an-1)xy_1 +an1TNyn—1 + un_1,

ynv—1=(1—On_1)xn-1+ By_1TNTN-1+ VN1,

ynv = (1 — By)an + BTN + vy,

{ TN+1 = 1—aN)$N+aNT1yN+uN,
Ton = (1 — agn_1)Tan—1 + aon_1Toyon_1 + Usn_1,
Yon—1 = (1 — Bon_1)Tan—1 + Boy_1TTan_1 + van_1,

{ Ton1 = (1 — aan)Tany + aanTPyan + uan,

yon = (1 = Bon)an + BonTiaan + van,

which can be written in a compact form as
Tp = (1 - an—l)xn—l + an—ngnyn—l + Up—1,
Yn—1= (1= B 1)Tn1 + B 11} Tp_1 + Upy,

wheren = (m — 1)N +4,i=1,2,..., N. Note that if V = 1, then [1.6) and (1]7) reduce to
the modified Ishikawa iterative with errors in the sense of Xu and Liu, respectively. Moreover,
if 3, =0, =20in ) for alln € N, then the sequencer, }>°, of the modified Mann-Xu
iterative type as follows:

(1.7)

(18) Tn = (1 — Qp1 — ’Yn,l)xn—l + an—lTTann—l T Vp—1Un-1,

withn = (m — 1)N +4,i = 1,2,..., N. Additionally, if 3, = v, = 0in (L.7) foralln € N,
then the sequende:,, }°° , of the modified Mann-Liu iterative type as follows:

(1.9) Tp=(1—ap1)Tn1+ an 1T Tp1 + Up_1,

withn = (m—1)N+1i,i=1,2,..., N. Similarly, if N = 1, then [1.8) and (1]9) reduce to the
modified Mann iterative with errors in the sense of Xu and Liu, respectively.

Using iteration schemels (1.6) afd (1.8), under appropriate conditions on real seugrjces
{B,} {7.} and{é,,} in [0, 1], we improve Theorern 1.1 and 1.2 by removing the boundedness
condition imposed o4’ and extending the map to a finite family of thessymptotically hemi-
contractive type mappings. Moreover, we will also study the sequence of the modified Ishikawa-
Liu and Mann-Liu iterative types for approximating common fixed points of a finite family
of the p-asymptotically hemi-contractive type mappings in a peahiformly convex Banach
space. In particular, our theorems holdlip ¢, andW'* spaces fol < p < co.
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2. PRELIMINARIES AND LEMMAS

Let £ be an arbitrary real Banach space. The modulus of convexity of the function
dg : (0,2] — [0,1] defined by

) 1
(2.1) 0p(e) == inf{l = Zllz +yll : lzfl = 1, lyll = L. [l =yl = e}

A Banach spacé is calleduniformly convexf and only if §z(¢) > 0 for all € € (0, 2]. Let J,
(p > 1) denote the generalized duality mapping fréhinto 2Z” given by

(2.2) Jo(@) ={f € E": (z, f) = ||=[” and ] f]| = [|=[I"~"},

where E* denotes the dual space 6fand(.,.) denotes the generalized duality pairing. In
particular,/; is calledthe normalized duality mappirend it is usually denoted hy. It is well
known thatJ,(z) = ||z|P~2J(x) if  # 0. A Banach spacé is calledp-uniformly conveif
there exists a constait> 0 such that z(¢) > deP forall 0 < ¢ < 2. Itis known (see e.g. [11])

that _ .
I { 2-uniformly convex ifl < p < 2,
p

p-uniformly convex ifp > 2.

In the sequel we shall need the following results.
Lemma 2.1. (seel[11, Theorem 1]Letp > 1 be a given real number. Léf be ap-uniformly
convex Banach space. Then, there exists a constarnt such that
(2.3) Az + (1 = Nyll” < Mz[]” + (1 = Nlyl]” = Wp(A) [l — ",
forall A € [0,1] andz,y € E, whereW, () := AP(1 — X\) + A(1 — N)P.
Lemma 2.2. (see [11, Corollary 1]).Letp > 1 be a given real number. Then the following
statements about a Banach spdcare equivalent:

(i) E is p-uniformly convex;

(i) There is a constant¢ > 0 such that for every,y € E, f, € J,(x), the following

inequality holds:

(2.4) [z +yll” = [lz]|” + ply, fo) + sllyll”-
Remark 2.1. (see[1, Remark 1]). First, replacingby (z — y) in inequality [2.4), thery by
(—y) and using the Cauchy-Schwarz inequality, we have
(2.5) o+ gl < 2P + pliyll - ll= + gl
Lemma 2.3. (see[8, Lemma 1])Let{y, }°°,, {¢,, }>°, and{w, }>°, be sequences of nonneg-
ative real numbers satisfying the inequality

e}

wheren, is some nonnegative integer. Xt~ w, < coand) > v, < oo, thenlim, .. ¢,
exists. In particular, if{¢,}>°, has a subsequence which converges strongly to zero, then
lim,, .~ ¢, = 0.

3. MAIN RESuULTS

Now, we state and prove the following theorems:

Theorem 3.1.LetC' be a nonempty closed convex subset of apaatiformly convex Banach
spaceE withp > 1. LetT; : C' — C be uniformlyL-Lipschitzian anch-asymptotically hemi-
contractive type mapping with respect to a constan& [0, 1] for eachi = 1,2,..., N such
that ﬂiNzl F(T;) # ¢. Let{u,}>, and{v,}>>, be bounded sequencesdhand {«,}>,
{8,120, {710, and {0, }° , be sequences i, 1] satisfying the following conditions:
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() [L(1 —an)]P < k < ca(l —az)™", a = aras(a?" + a5 ),

(i) a1 < g2, 2 <1 —a5,0 <7, 0, < 1

(i) Dot Yn < 00, >l n < 00

for all n € N and some:y, ay € (0, 1), wherec is the constant appearing in inequali.3) and
k := max,<;<n{k;}. Suppose that one member of the farfiily} , is semi-compact. Then the

sequencez, }>° is defined by{ (1]6) converges strongly to a common fixed point of the family

{T}HE

Proof. Takeq € N, F(T;). PutM := max{sup,x |[un — qll, sup,cx [[vn —q||} < co. By
the definition of{z,, } and Lemma 2]1, we have

|20 —al” = [[(1=an-1=Y1)(@n-1—9) + 01 (T3 Yn-1—q) + Vo1 (Un1 =) [|”
Qp_1 Qp_q
— 1 — 1 — T n—1 — Tm n—1 "
( %-JK 1_771_1)(95 1 Q)+1_ n—l( n Yn-1 Q)}

p

Y1 (Un—1 — q)

< (1= |l(1= =) P EEE,
o /ynil 1— fYnfl ! 1 1— n—1 " Y=t 1
+7n71Mp
< (I—ap1 =Y ) Tn-1 — ql” + ana | T Y1 — q|?
Qe "
@) el =W (T2 s = Tl 42,007
n—1

whereT* = T with n = (m — 1)N + i for eachi = 1,2,..., N. Since eacl{; is p-
asymptotically hemi-contractive type mapping with respect to a constaiit follows from
(1.7) that there exists a positive integgrsuch that

(3.2) 1T Yn-1 = all” < Nyn-1 = qll” + killyn—1 = Ty |17,

(33) Hﬂmxnfl - QHP < Hl’n,1 - QHP + ki”xnfl - Timxnfl”pv

foralln > n; and each = 1,2,..., N. Let/ := max{n; : i = 1,2,..., N} < oo and since
k =max{k; :i=1,2,...,N}. Then, by[(3.R) and (3 3), we have

(3.4) 1T Y1 =P < NYn1 = P + Ellyn—1 — Ty yn |7,

(3.5) [T w1 —qll” < Nlww1 — all” + Ellzn-r = T zpa |7,

foralln > /.

Observe that for alh > 1 we have

1T yn—1 —qll = Lllyn—1 — 4l

L1 = By = On-D)|wn1 — qll + B | T3 201 — 4|
F0n-1flvn-1 —qll]

L(1 4 L)||lzn-—1 — ql| + LM,

IN

(3.6)

IN
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lon-1 = all + 113" yn—1 — qll}”

[L(1+ L)[lzp-1— gl + M(1+ L)]" (by (3.6))
2max{L(1+ L)||zn_1 —q||, M(1 + L)}]?

2L(1 4 L)P||#p-1 — q||” + [2M (1 + L)]?

M ||x,—1 — q||” + M; for some constant/; > 0,
(2n-s = all + lloas — gl}?

([ — all + M)

2| zn1 — ql” + (2M)?

Ms||zn—1 — q||” + M, for some constant/, > 0.

||Un—1 - T:znyn—lnp

(3.7)

|1 — vp_1|”

VAN VAN VAN VAN VANRN VAN VANRR VAN VAN

(3.8)

By the definition of{y,_,}, Lemmd 2.1.,[(3]5)[ (3]8) anfi (3.7), we obtain that foralt ¢,
[y —qll” = [[(1=8_1—=0n-1)(@n1—q) + B 1 (T vn1—q) +0n-1(vn1—q)||”

(1 6,0) [(1 - fT) (es = 0) 4 T (T - qﬁ

p

+5n—1 (Un—l - Q)

IN

(1 - 5n—1)

+0,_1 MP
(1 - ﬁn—l - 5n—1)Hxn—1 - QHP + 6n—1||Tr1ann—1 - QHP

—c(1 = 0p1)W, (1 fn(;_l) |Tp1 — T xp 1 ||” + 0py MP

(1) e e

IN

IN

(1= G0l ncr —all” {a(l S, (1 - ) - mlk}
(39) X Hfﬂn,1 — T:L’I.nilup + 5n,1Mp,

|Zn1=Ynall” = |(1=81=0n-1)(@n1—Tn 1) + By (Tn1—T 20 1)
+0p—1(Tn_1—0p-1)||"

(1—0,_1) [(1 -1 ?"5‘:1) (Zpo1 — Tp_1)

(xn—l - T:an—l)

p

+5n—1 (xn—l - Un—l)

(1= 125 ) s =

p

-1
1- 5n—1

IN

(1—0,-1)

(1 =T wp )| +0n-1llTn1 — vpal”

IN

P
( fos ) s — T 2|17 + 602 (Molln 1 — gl + M),
(3.10)
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“yn—l - qunyn—lnp
= [[(1 =61 —0n1) (@1 =T Y1) + By (1 w01 — T Y1)
+5n71<vn71 - Trznynfl)Hp

/an m n— m m
= [[(1=6n1) Kl— 1_5n1_1 (Tn1 =T} "yn1) + 1?57:_1(% Tn1— T3 Yn1)
p
+5n—l<vn—l - Tr,Tyn—l)
B B P
< (1—-96,_ 1—-—— ne1 — 1y, — L (T"xp_ — Ty,
< 1) ( -5, (@n-1 = T3y 1)+1_5n71<n‘1’ 1= 1 Yn—1)
+5n—1||vn—1 - Tr:nyn—lup
< (=Bt = dn-llzn = T ynaI” + B 117 w01 — T yna ||
ﬁn— m
~olt = By (222 ) Bt = T2l 4 80ms (W = alP + 1)
—Un—1
m 14 P ﬁnfl g m P
< (=81 = dn)lwny = Ty [P + B i L T“ [Fom R e MY |
FO s LPBua (Ml = P+ M) = 1= 8,0, (1255 )
— Up—1
Xwn—1 = T3 Tpa ||’ + 0p-1(Mil|zn-1 — gl|” + My)  (by (3.10))
< (L= Bpoy = dn-t)llwn—1 = Ty ||”

— |e(1 = 6,_1)W, L — B _,L? h ’ [ —— Y
n p 1 _ 5“/71 n—1 1 o 6n71 n n *n
(3.11) 48,1 (Ms||zp—1 — ¢||P + M3) for some constant/; > 0.

Substituting[(3.9) and (3.11) intp (3.4) and simplifying, we get

177" Y1 — aqll”
< (1= 0n-1 4 0n1kMs)||n-1 — | + k(1 = By = du-t)|@n-1 — T Y|P

—{C(l — 5n—1)Wp (1€n—51_1> — ﬂn—lk + k C(l — 5n—1)Wp (1€n—51_1>

— P L ’ _m P
ﬁn—l 1-¢ L ||ZEn_1 n 'r’fl—1||

(3.12) +0,_1(MP + EMs), foralln > 4.

Using (3.12) in[(3.L), we then obtain that for all> ¢,

< (L4 0po1 Ms) |21 — P
Qp_q

— [0(1 ~ Y)Wy (ﬁ

- In—-1

)ﬁmmu—mA—%numl—mwlw
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—Qp— 1{ W (1 )_ n— 1k
s () s () o

(3.13) +(d,-1+7,_1)M,; for some constant/, > 0.

Observe thatV, < P - ) > a > 0andv, (lfg—;) > a > 0. Then, by (i) and (ii), we have

Qp_1

- Tn-1

cu—%qma( )—anmu—mA—%1>

> (1—m ) [CW (L) _ (L) k}
11— V-1 1- Tn—1
(3.14) > (1=, lea— (1 - ax)k] >0
and
C(l — 0p_1 ( ) Bk
Bn 1 P Bn—l b
o [ea -8 o (7225 |

( 61wn( -

c(1+E)(1— b, )W, (1 f"(snl_l) — kB, [1 + L (1 énénl_l) }
C(l + k‘)(l - 5n_1)a — k’(l — 5n—1)(1 - ag)[l + Lp(l — az)p]
c(14+k)(1—=08,1)a—ca(l —6,1)[1 + LP(1 — ay)?]

(3.15) = (1—0dn_1)calk — LP(1 — ag)?] > 0.

Pute := min{ca — (1 —aq)k, calk — LP(1 — a)?]} > 0. Then, using|(3.14) and (3.15) in (3}13),
we obtain

AVARLY,

[zn—=qll” < (1+ 1 Mz)||lzn1 — g’ = (1 = vooi)el@nr = T Y ||”
_Oén—l(1 - 5n—1><€|’xn—1 - Trznxn—l”p + (571—1 + P)/nfl)M4
(316) < (1—’—5”_1M3)”CL’”_1 — qu + (5n—1+7n—1)M47 for all n > l,
Since>" 8, < co andY > v, < oo, if follows from Lemmd 2.8 thatim,, .. ||z, — g||”

exists and hencgl|x,, — ¢||”} is bounded.
Observe that for ath > 1 we have

[en =T ena” < (J2n =gl + 1T 200 = ql)”
(3.17) < (14 L)P||zp1 —q|?
and from [3.6) we have
zn = qll + 173" yn—1 — all)”

[(1+ L+ L?)||wn-1 — gl + LM
Ms||xn—1 — ¢||” + M5 for some constant/s > 0.

||xn—1 - T;;nyn_lnp

VARVANRVAN

(3.18)

Thus {||xn—1 — T xn—1||P} @and{||z,—1 — T y,—1||P} are bounded.
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Let M := max{sup, g [|[2a—ql|", supeq [|tn—1=T7" Tn1 ||, sUD, ey [|0n—1 =T yn—1 [P} <
oo. Applying (i), (iii) and (3.16), we get that
ellwn1 = T Ypall” + arel|wn—1 — T wn ||
ellzn1 =T Ynal|” + (an1 + vpoy@r)el|vna — T wn o ||P
Vo1l Tn—1 = T ynal|P + (@161 + ypq@1)el| T — T wn 1 ||
+(L+ 0n1M3) || -1 — q|” = |z — ql|” + (6n-1 + V1) M4
[2n—1 = qll” = llzn = qll" 4 dn-a(e+Ms) Mg + Ma] 4 7, [(e+ea1) Mg + M]

0asn — oo.

IA A

IN

!

This implies thatim,, ., ||z,—1 — T"y,—1|| = 0 @andlim,, ., ||x,—1 — Tz, _1|| = 0. Since
Tp — Tp—1 = an—l(Tényn—l - xn—l) + ’Ynfl(un—l - xn—l)

and{u,_; —z,_1}is bounded. ThuBm,, ., ||z, —z,_1|| = 0. Hencelim, . ||z, —Z,1i|| =

0foreachi =1,2,..., N. Foralln > N, we havel, = T,_y so that
1T — |
< N e = TN z@-m—ll + 1T 2 e v)-1 = Tae -1

Hzm-m—1 = |

(3.19) < (4 L)[|zn — zg-ny1ll + 1T N T m-n)-1 = Tin-n)-1l]-
Hence,
|20 — Tozn|
< ww = zpall ey = T wp || + |1 w0y — T || + ([T 20 — Ty ||
(3:20) < (1 L)len — ol + n s — T ]|+ LITD 0 — ]
S (U Dl =l + £+ D)l = a0t + s = T

+L|| an N)—1 — T(n—N) 4] = 0asn — .
Thus, foreach =1,2,..., N, we have

Hxn — ToyiTnl|

< lon = @il + 12n4i — TosiTnrill + | Totingi — Tl
(3.21) < (4 Dz — wopill + 20t — Tagitngil — 0asn — oo.
It follows thatlim,, ., ||z, — Tiz,|| = 0 foreachi = 1,2,... N.

Since one member dfT;}), is semi-compact, then there exists a subsequéngg of the
sequencgz, } such that{z,, } converges strongly te € C' and hence

Iz = Tiz|| = lim ||, — Ty, || = 0
Jj—00
foreachi = 1,2,...,N. Thatis,z € ﬂj\il F(T;). Replacing the in inequality ) by we
obtain that
(3.22) [n = 2[|P < (L4 0p—1 Ms)[|2n—1 — 2[” + (8n—1 + V1) Ma,

forall n > ¢. Since{r,,} converges strongly te and (iii) holds, it follows from|(3.2) ') and
Lemma. 2.8 thatim,, ., ||acn —z|| =0, i.e.,{z,} converges strongly to a common fixed point
of {T;}¥,. This completes the prook.
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Theorem 3.2. Let £’ be a realp-uniformly convex Banach space wjih> 1. LetT; : ¥ — E
be uniformlyL-Lipschitzian anth-asymptotically hemi-contractive type mapping with respect
to a constant; € [0, 1] for eachi = 1,2,..., N such thai\, F(T;) # ¢.
Let {u,}22, and {v, }22, be sequences ifi such thatd > [ju,|| < oo andd 27 |jva|l <

oo and{a, }r°, and{s,}> , be sequences i, 1] satisfying the following conditions:

() [L(1 —ay)]P <k < ca(l —ay)™ ', a=aas(a?™" +ab™);

(i) a1 < ay, B, <1 —a.,
forall n € Nand some, a, € (0, 1), wherec is the constant appearing in inequality.3) and
k := max;<;<y{k;}. Suppose that one member of the farfiily} 7 , is semi-compact. Then the
sequencdz, }>° , is defined by(1.7) converges strongly to a common fixed point of the family

{T:}Ls-

Proof. Takeq € N*, F(T;). Since|u,| — 0 and|v,|| — 0 asn — oc.
Thus, there exist, € N ande € (0, 1) such that

(3.23) 1—pllun_y| >e and 1—pllva_y| >e
for all n > ny. By the definition of{z,, }, Lemmd 2.1 and (2]5), we have
[zn =gl = [[(1 = an-1)(@n-1 = ¢+ tn1) + 1 (T Y1 — ¢ + up—)[|”

< (IT—ano)llzn-1 =g+ upall’ + anal| T Yn1 — ¢+ tna|”
—cWylom-1)l|lzn-1 = Ty |]”

(1= an-D)lzn = qllP +p(1 = an-1)l[una |l |20 — g +upa [P~
a1 [T Yu—1 = all” + pan-illwn—1 | 1 T3 Y1 — ¢ + wna [P
(3.24) —cWy(an—1)||Tn—1 — T, yn-1]|?’, foralln > 1.

Observe that, by (3.23), (2.5) and Lemmd 2.1, fonalt n, we have

IN

[2n1 =g+ un a7t < T+ lzng — g+ tn |
< 1 [Jznog = gl + pllun-all |zn1 — ¢+ una |77
(3.25) < e (1A [lza — gllP),
-1 =gl = [[(1 = Bp)(@n-1 — @) + By (T 01 — @) + vna||”
< (=B ) (@1 —q) + Bt (T 01 — @)
+pllvn-all lyn-1 — qlI’~*
< (1=Bpllzn —allP + B, I 17 w01 — gl
+pllvn-1ll (1 + |yn-1 — qll”)
< A+ LP)|[zp—1 = qll” + pllvn-ll (1 + lyn—1 — q|l”)
(3.26) < e 1+ L) ||lzar — qllP + e plloaall,
1T Y1 — ¢ + |7
< T+ T Yn1 — g+ upa|?
< 1T Y1 — all” + pllwn—a | 1T Yn1 — g + up [P
< e M1+ LPlyn —qlP)
< e+ LPe (1 + LP) ||y — qlP + LPe ™ plluna|l]  (by (3:28))
(3.27) < M;(1+ [|zp—1 —q||” + [Jvn-1]]), for some constant; > 0.
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By the definition of{y,_; }, Lemmd 2.1 and (2]5), we get

lyn-1—=all” = (1 = Bp1)(@n-1 — @+ va-1) + Bt (T 01 — g+ v [P
< (= Bolzn-r — g+ vl + B 1T @01 — ¢ + vaa [P
—cWo (B ) wnr — T wp ||
< (=B llwa—r = all” + p(1=Bp_D) vl |z —g+va—a [P~
Bl T w1 — gl + pBo s v | T 01 — g+ vpa [P
(3.28) —W,(Bp_ ) Tn-1 — T xp4||P, foralln >1,

Hyn—l - Tﬁnyn—al

IA

—cWo (B ) |wn—1 — T ||

IA

(3.29) —-cW,(B,_1)l|lxn-1 — T} 'xp_e|”, foralln>1.

Observe that for alk > ny, we have

||xn—1 —q + Un—1||p_1
(3.30)
||T£nxn—1_q"i‘vn—al_l

(3.31)

||In—1 _T;Lnyn—l Hp

IAIAIA

(3.32)

<
<
<

VANVANVAN

1 + ||xn—1 —q + 'Un—lup

L+ [zt = qlI” + pllvaill lzn-1 = g + va—a [P

6_1(1 + Hﬂfn,1 - qup)7

1+ || T 21 — q+ vaq|]?

I = B (@nr = T Y1+ 0n1) + By (T 201 = T3 Y1 4 vn) [P
1A = Bu-Dllen = T yna + vna P + B i 1T 201 = T Yoy + vna [

(1= B lzaa =Ty I+ p(1 = By llvaa | |21 =T yns +ona |
Bl T Tt =Ty |7+ P8 s on-a 1T 2t = Ty + v [P

L+ 1T 201 = all” + plloa-all 1T 21— g+vaa [P

e (1+ LP[|lzn-1 — ql”),

(lzn—1 = qll + 11" y—1 — ql|)*
[(1+ L+ L%)||xn-1 —q|| + LM (by (3.6))

Ms([[n-1 = qll” + 1),

|Tn—1 =T Yn—1 + Un—1||p_1
1 -+ Hl‘nfl — T:Lynfl + Un,IHp

(3.33)

||2En_1—yn_1||p <
<
<
(3.34) <
|01 = Y|P
(3.35)

My([lzn—1 =gl +[[on-1l),

<
<

AJMAA Vol. 3, No. 1, Art. 11, pp. 1-17, 2006

(lzn—1 = qll + |yn-1 — all)¥
2P (| zn-1 — qll” + |yn—1 — ql”)
21+ e M1+ LP)] |zn-1 — q||” + 2P p||vn_1]|

L+ |zn-1 — Yn-1]]?
14+ My([|xn—1 — ql” + [[vn-1]])

for some constamt/z > 0,

<
< 1+ ||zt = Tl ynall? + pllvacall |zt = T yn—1 + va—a [P
< e M1+ Mg(||lzn1 —q|P +1)] (by (3:32)),

(by (3.39)),

(by (3.26))
for some constanmt/y > 0,
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T3 @01 = T Y1 + vna [P

< 1+ [[T%n-1 = T Yn—1 + Una|?
< AT w1 = Ty P + pllvaa [ 1T wn -1 = Tyt + v [P
< e+ LPlleny — yna|P)
< e+ LPMy(flen—1 — all” + [loaa D] (by (B39))
(3.36) < Mi(1+ ||zp_1 —q||” + ||vn_1]]), for some constant/;, > 0,
113 @n1 = T3 yna [P
< LPllznot =y |P
= LB,y (zn1 — T 1) — O ||
(3.37) 2By l[zn-1 = T wp [P + pLPlopa || |21 — g [P~

IA A

LPB, -y = Tz |lP + pLP [lop[I[1 + Mo([[n-1 — ql]” + [[on-1]])]
(by (3.3%))
In virtue of (3.2) and[(3]3), we infer that for all > ¢ (3.4) and [(3.p) hold for somé > n,.
Using (3.5),[(3.3D) and (3.81) i (3]28), we conclude that for.aHl ¢,
[yn—1 —all”
< (1= Bp-)llzn = allP + pllonalle™ 1+ [lzn1 — qll?)
+Bnallzn—y — qll’ + kB, [|n—1 — T3z |7
+pllvn—1lle™ (1 + LP|lzn—1 — qll") = Wy(Bo)lwnr = T waa|P
= [L+pe (1 + L7)[[vn-1]l] Iz — qll?
—[eWy(Baoy) = kB |21 — T wna|P + 2pe™ " |vp]|
< (14 MullonalDllen- = gll” = [Wp(B, 1) = kB alllen-1 = T na|]”
(3.38) +Mii||va_1]|, for some constant/,; > 0.
Moreover, using[(3.33)[ (3.87) ar{d (3}36)[in (3.29), we get that
Yn—1 = T3 Yna]|”
< (U= Boo)llzn—1 = Ty PP + pllva-ille™ 1+ Ms(l|lzn—1 — ql” +1)]
O LA 1 = Ty P+ L opa [|[1 + Mo([[2n-1 — gl + [vn-1])]
Fplvn-1l[Mio(L + [[2n—1 — qll” + lon-1l]) = W (B i) lzn— — T3z |]”
= ple”™ Mg+ LP My + Myg)[vn—1l lzn—1 — g’ + (1 = B )l2n—1 = Ty [P
~[Wo(Ber) = BRE L) |n oy = T |7
+ple™ (14 Ms) + LP(1 + My|lvp-1]]) + Mio(1 + [[va-1]])] [[vn-1]
< Muslvaal[ [|#n-1 = qll” + (1 = BuoD)l[#n-1 — T3 yn ||
(3:39)  —[eW,(Bur) = BR LY |wny = T wn |7+ Mas|[va I,
for some constant/,, > 0 becausd ||v,||}5°, is bounded.
Thus, substituting (3.38) and (3]39) info (3.4), we have
1T Y1 — ql”
< [T+ (M + kM) |[vpa ] [[#n-1 = ql]” + (M1 + kMiz) [|v-|]
AW, (Br1) = KBy + KWy (By) = BRE LY |2y — TP
(3.40) +k(1 = BpDlzn—1 = T3 yn-1 ",
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for all n > ¢. Now using[(3.2p),[(3.40) anfl (3]27) in (3]24), we obtain that
[zn—gll” < (1= on1)llzn-1 = qlI” + plltn_ille™ (1 + [|zn1 — ql|")
tan-1[1 + (M1 + kM) ||[va-al]] |2n-1—q|l” + (M +EkMiz) [|vn-1|
—n A { Wy (Bt) =By +R[W (B, ) = B0 LPT} (|1 = T |P
than-—1(1 = By_1) |01 — T Yo"
+p[tn | M7 (14| 2n-1 = qlIP+[vaal]) — Wyl |2 =T yna |7

< [L+ple™ + Mo)|lup |l + (Mg + kM) e ||| 201 — gl/?
—[cWp(an-1) = kay—1(1 = B, 1z — T Yo [|”
— 0t {Wy(Bt) = KBy + KWy (8,20 = B L)} [ =T [P
(3.41) ple™ + Mr(1 + o)) Jun-a]l + (Miy + kMi2) [[vn-]l,
foralln > /.
Observe thatV,(a,—1) > a > 0 andW,(3,_;) > a > 0. Thus, by (i) and (ii), we get
(3.42) Wylan—1) —kan_1(1 —3,_1) > ca—k(1 —ag) >0
and

CWP(Bn—l) - kﬁn—l + k[cwp(ﬂ ) ﬁerle]
C<1+k)Wp(/6n—l) _kﬁn—1<1+ﬁn71 )
> c(1+k)a— k(1 —a)[L + (1 — ap)"L7]
(3.43) > calk — (1 —ag)?L?] > 0.
Pute as in Theorerp 3]1. Using (3.42) and (3.43)[in (3.41) yields that for &l¢ we have
lzn —ql|” < 1+ Mis([Junall + [[on-1 D] lzn—1 — all” — ellzn—1 = T3y |”
(3.44) —ayel|vn—1 — T wp [P + Mig([[up—al + ||vn-1l])
for some constant/,3 > 0. This implies that
(3.45) |lzn — q|” < [1 + Mis([|unl + [lon-alD] lzn-1 — all” + Mas(lup—1 + l[va-1]])

forall n > ¢. Sinced " [lun|| < oo and">" ||un| < oo, it follows from Lemmg 2.3 that
lim, . ||z, — ¢||? exists. So, by[(3.44), we have

8”xn—l - T:znyn—lnp + aﬁ”%—l - Tn xn—1||p
< [+ Misltns |+ 01 ID] 101 — 1P — 1 — ql” + Mas(lltn 1]l 1 )
— 0asn — oo.

This implise thatim,, . ||zn—1 — T)"yn—1|| = 0 @andlim,, . ||xpn—1 — Tz, —1]| = 0. Since
Tp — Tp—1 = an71(T£nyn71 - xnfl) + Up—1

andlim,,_,« ||u,|| = 0. Thuslim,, . ||z, — z,—1|| = 0. The rest of the proof follows the lines
similar to Theorem 3]1 and is, therefore, omitted. This completes the proof.

Theorem 3.3. LetC' be a nonempty closed convex subset of apaatiformly convex Banach
spacel withp > 1. LetT; : C' — C be uniformlyL-Lipschitzian anch-asymptotically hemi-
contractive type mapping with respect to a constan& [0, 1] for eachi = 1,2,..., N such
thatY, F(T;) # ¢. Let{u,}>>, be a bounded sequencedhand {a,,}>>, and {~, }>>, be
sequence i, 1] satisfying following the conditions:

() k < ca(l —ay)™", a=ayas(a? +abt);

i) a; < 0<y,<1,;

AJMAA Vol. 3, No. 1, Art. 11, pp. 1-17, 2006 AJMAA


http://ajmaa.org

ITERATIVE APPROXIMATION OF COMMON FIXED POINTS 15

(i) 30707, < 0,
for all n € Nand somey, a, € (0, 1), wherec is the constant appearing in inequalify (R.3) and
k := max;<;<y{k;}. Suppose that one member of the farfiify} 7 , is semi-compact. Then the
sequencdz, }>2 is defined by[ (1]8) converges strongly to a common fixed point of the family

{T:HL,

Proof. Takeq € Y, F(T;). PutM := sup,, . ||un — ¢|| < oo. By the definition of{z, } and
Lemmdg 2.1, we have

lzn — qll”

= ”(1 —Qp1 — ’Vn—l)(l'n—l - Q) + O‘nfl(Ténﬂ?n—l — Q) + ’Yn—l(un—l - Q>Hp

=) (17 725 ) (s = )+ 2 (T — )

— Tn-1 — Vn-1

Qn—1

p

Y1 (Un—1 — q)

p
Q-1 Op—1
< (1I- 1-—- n-1 — T"x, 11— _MP
< 0= (1= 12 ) - 04 (20| s
< (1= et = T Dlowt — 4l + Qs Tt — gl

Qp—1

(3.46)  —c(l—7v,_)W, (1_—%_1

Substituting[(3.5) intd (3.46) gives

Ol
low=alP < Fawcs = alP = [elt =90, (125 ) = haucy
n—1

) ot = T2 | + 3 M.

(3.47) X2y = T  ||P 4 v, MP

for all n > n; and somey; € N. SincelV, (ﬁ;*;) >a>0andlete = ca— (1 —ag)k > 0,
it follows from (3.47) that

(3.48) Hxn - QHP < ”xn—l - Q||p — (I =y p)ellwn = T wpa||P + 7, MP,

for all n > n;. Now, the rest of the proof follows the lines similar to Theoren] 3.1 and is,
therefore, omitted. This completes the propf.

Theorem 3.4. Let F be a realp-uniformly convex Banach space wiih> 1. LetT; : £ — E
be uniformlyL-Lipschitzian and-asymptotically hemi-contractive type mapping with respect
to a constant; € [0,1] for eachi = 1,2,..., N such thaf\, F(T;) # ¢. Let{u,}>>, be
a sequence it such thaty > ||u,|| < oo and{«,}2, be a sequence ifi), 1] satisfying the
following conditions:

() k < ca(l —ay)™", a=ayas(a? " +abt);

(i) a1 <, <1 —ay,
for all n € N and some, a; € (0, 1), wherec is the constant appearing in inequal and
k := max;<;<y{k;}. Suppose that one member of the farfiily} 7 , is semi-compact. Then the
sequencez, }>°, is defined by{1.9) converges strongly to a common fixed point of the family

{T}E

Proof. Takeq € ﬂfvle(Ti). Since||u,|| — 0 asn — oo. Thus, there exist, € N and
e € (0,1) such thatl — p||u,_1]| > e for all n > n,y. By the definition of{z,,}, Lemmg 2.]L and
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(29), we get
lzn —qll” = (1 = an-1)(Tn-1— ¢+ tn1) + ana (T 201 — ¢+ )P
S (1 - an—l)Hxn—l —q + un—1||p + Oén—lHqunxn—l —dq + un—1||p
—cWy(an-1)||zn-1 — T w1l
< (= ap-)|lzamr = all” + (1 = ap-)upi || 20-1 — g + woa [P
+an—1||T¢7Ln:En—1 - QHP +pan—1”un—1“ ”Tglxn—l —q + un—1||p_1
(3.49) —cWylam-1)||wn—1 — T xn||P, foralln > 1.
Replacing the,,_; in inequality [3.31) byu,_; we obtain that for alk > n,, we have
(3.50) 1T 201 — @+ una P71 < e7H (1 A+ LP |21 — ).

Using (3.25),[(3.6) and (3.50) if (3}49) we have
o = all” < (1= an-1)llznr = ql” + pllun-lle™ (L + [l — q|I")
tan 1| Tn-1 = qll” + an1kl|rn — T @[
Apllun—ille™ (L + LP|lzu—s — qll") = eWp(an—1)llwn—1 = T @ ||
= [L+pe™ (1 + L) Jup-1|] w01 — ql”
(3.51) —[cWy(an-1) = apik] |2n-1 = T o [|” + 2p€_1||un—1||v

for all n > n; and somew; > n,. SinceW,(a,—1) > a > 0 and lete = ca — (1 — az)k > 0.
Hence, from[(3.51), we conclude that

zn —qllP < [14pe™' (1 + LP)Junall] |21 — qlI” = el|#n1 — T} w1 ||
(3.52) +2pe’1]|un,1|],

for all n > n;. Then, the rest of the proof follows the lines similar to Theofem 3.2 and is,
therefore, omitted. This completes the propf.

Remark 3.1. Our Theoren 3]1 and 3.3 improve and extend the corresponding results in Schu
[9, Theorem 1.5] and Liu |5, Theorem 1, 2 and 3] to the more general iteration scheme with
errors; and from Hilbert spaces to the much more general Banach spaces that incluge the
andW!» spaces foil < p < 0.
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