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1. I NTRODUCTION

Let E be a real Banach space,C be a nonempty closed subset ofE, T be a self-mapping
onC andk ∈ [0, 1], p > 0 be two constants.T is said to bep-asymptotically contractive type
mapping with respect to the constantk if

(1.1) lim sup
n→∞

sup
x∈C

{‖T nx− T ny‖p − ‖x− y‖p − k‖(x− T nx)− (y − T ny)‖p} ≤ 0

for all y ∈ C. Denote byF (T ) the set of fixed points ofT , that is,F (T ) = {x ∈ C : Tx = x}.
T is calledp-asymptotically hemi-contractive type mapping with respect to the constantk if
F (T ) 6= φ and for eachq ∈ F (T ) we have

(1.2) lim sup
n→∞

sup
x∈C

{‖T nx− T nq‖p − ‖x− q‖p − k‖x− T nx‖p} ≤ 0.

These classes of mappings were introduced recently by Huang et al. [2]. Ifp = 1 andk = 0 in
(1.1), thenT is calledasymptotically nonexpansive type mapping[4]. Moreover, they remarked
that (1.1) and (1.2) contain the asymptotically pseudo-contractive mapping and asymptotically
hemi-contractive mapping on a real Hilbert space as its special cases (see, for detail, [2, Remark
2.2]). In the sequel, we shall denote the set of all positive integers byN andN := N ∪ {0}.
T is calleduniformlyL-Lipschitzianif there exists a constantL > 0 such that

(1.3) ‖T nx− T ny‖ ≤ L‖x− y‖,
for all x, y ∈ C andn ∈ N.
T is said to besemi-compactif C is closed and for any bounded sequence{xn}∞n=0 in C

with limn→∞ ‖xn − Txn‖ = 0, there exists a subsequence{xnj
}∞j=0 of {xn}∞n=0 such that

limj→∞ xnj
= q ∈ C.

In 2004, for a mappingT of C into itself, Huang et al. [2] considered the following modified
Ishikawa iterative with errors in the sense of Xu [12] inC defined by

(1.4)

 x0 ∈ C,
xn+1 = (1− αn − γn)xn + αnT

nyn + γnun,
yn = (1− βn − δn)xn + βnT

nxn + δnvn,

where{αn}, {γn}, {βn} and{δn} are real sequences in [0,1] and{un} and{vn} are arbitrary
sequences inC. In particular, ifβn = δn = 0 for all n ∈ N, then (1.4) reduces to the modified
Mann iterative sequence with errors in the sense of Xu [12] as follows:

(1.5)

{
x0 ∈ C,
xn+1 = (1− αn − γn)xn + αnT

nxn + γnun.

Using (1.4) and (1.5), they proved strong convergence theorems for the iterative approxi-
mation of fixed points ofp-asymptotically hemi-contractive type mappings with respect to the
constantk ∈ [0, 1] as below:

Theorem 1.1. (see [2, Theorem 3.1]).Let E be a realp-uniformly convex Banach space,
1 < p < ∞, C be a nonempty bounded closed convex subset ofE, andT : C → C be a
semi-compact, uniformlyL-Lipschitzian andp-asymptotically hemi-contractive type mapping
with respect to a constantk ∈ [0, 1]. Suppose that{xn} is the modified Mann iterative sequence
with errors defined by (1.5). If

(i) k < ca(1− a2)
−1, a = a1a2(a

p−1
1 + ap−1

2 );
(ii) a1 ≤ αn + γn ≤ 1− a2;

(iii)
∑∞

n=0 γn <∞
for all n ∈ N and somea1, a2 ∈ (0, 1), wherec is the positive constant appearing in inequality
(2.3), then{xn} converges strongly to some fixed pointsq of T in C.
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Theorem 1.2. (see [2, Theorem 3.2]).Let E be a realp-uniformly convex Banach space,
1 < p < ∞, C be a nonempty bounded closed convex subset ofE, andT : C → C be a semi-
compact, uniformlyL-Lipschitzian andp-asymptotically hemi-contractive type mapping with
respect to a constantk ∈ [0, 1]. Suppose that{xn} is the modified Ishikawa iterative sequence
with errors defined by (1.4). If

(i) [L(1− a2)]
p < k < ca(1− a2)

−1, a = a1a2(a
p−1
1 + ap−1

2 );
(ii) a1 ≤ αn + γn, βn + δn ≤ 1− a2;

(iii)
∑∞

n=0 γn <∞,
∑∞

n=0 δn <∞

for all n ∈ N and somea1, a2 ∈ (0, 1), wherec is the positive constant appearing in inequality
(2.3), then{xn} converges strongly to some fixed pointsq of T in C.

In [10], Sun modified the implicit iteration process of Xu and Ori [13] and proved the modi-
fied implicit iteration process for a finite family of asymptotically quasi-nonexpansive mappings
converges strongly to a common fixed point of the family in a uniformly convex Banach space.
Let C be a nonempty closed convex subset of a Banach spaceE. Suppose thatTi : C → C is
a given mapping for eachi = 1, 2, . . . , N . Let {αn}∞n=0, {γn}∞n=0, {βn}∞n=0, {δn}∞n=0 be real
sequences in[0, 1] and{un}∞n=0, {vn}∞n=0 be arbitrary sequences inC. Motivated and inspired
by Sun’s work, we now introduce the following two iteration processes generated by{Ti}N

i=1.
One is the sequence{xn}∞n=0 of the modified Ishikawa-Xu iterative type as follows: forx0 ∈ C,{

x1 = (1− α0 − γ0)x0 + α0T1y0 + γ0u0,

y0 = (1− β0 − δ0)x0 + β0T1x0 + δ0v0,{
x2 = (1− α1 − γ1)x1 + α1T2y1 + γ1u1,

y1 = (1− β1 − δ1)x1 + β1T2x1 + δ1v1,

...{
xN = (1− αN−1 − γN−1)xN−1 + αN−1TNyN−1 + γN−1uN−1,

yN−1 = (1− βN−1 − δN−1)xN−1 + βN−1TNxN−1 + δN−1vN−1,{
xN+1 = (1− αN − γN)xN + αNT

2
1 yN + γNuN ,

yN = (1− βN − δN)xN + βNT
2
1 xN + δNvN ,

...{
x2N = (1− α2N−1 − γ2N−1)x2N−1 + α2N−1T

2
Ny2N−1 + γ2N−1u2N−1,

y2N−1 = (1− β2N−1 − δ2N−1)x2N−1 + β2N−1T
2
Nx2N−1 + δ2N−1v2N−1,{

x2N+1 = (1− α2N − γ2N)x2N + α2NT
3
1 y2N + γ2Nu2N ,

y2N = (1− β2N − δ2N)x2N + β2NT
3
1 x2N + δ2Nv2N ,

...

which can be written in a compact form as

(1.6)

{
xn = (1− αn−1 − γn−1)xn−1 + αn−1T

m
n yn−1 + γn−1un−1,

yn−1 = (1− βn−1 − δn−1)xn−1 + βn−1T
m
n xn−1 + δn−1vn−1,
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wheren = (m− 1)N + i, i = 1, 2, . . . , N and the other is the following sequence{xn}∞n=0 of
the modified Ishikawa-Liu iterative type (see, for example, [8] and [6]): forx0 ∈ C,{

x1 = (1− α0)x0 + α0T1y0 + u0,

y0 = (1− β0)x0 + β0T1x0 + v0,{
x2 = (1− α1)x1 + α1T2y1 + u1,

y1 = (1− β1)x1 + β1T2x1 + v1,

...{
xN = (1− αN−1)xN−1 + αN−1TNyN−1 + uN−1,

yN−1 = (1− βN−1)xN−1 + βN−1TNxN−1 + vN−1,{
xN+1 = (1− αN)xN + αNT

2
1 yN + uN ,

yN = (1− βN)xN + βNT
2
1 xN + vN ,

...{
x2N = (1− α2N−1)x2N−1 + α2N−1T

2
Ny2N−1 + u2N−1,

y2N−1 = (1− β2N−1)x2N−1 + β2N−1T
2
Nx2N−1 + v2N−1,{

x2N+1 = (1− α2N)x2N + α2NT
3
1 y2N + u2N ,

y2N = (1− β2N)x2N + β2NT
3
1 x2N + v2N ,

...

which can be written in a compact form as

(1.7)

{
xn = (1− αn−1)xn−1 + αn−1T

m
n yn−1 + un−1,

yn−1 = (1− βn−1)xn−1 + βn−1T
m
n xn−1 + vn−1,

wheren = (m − 1)N + i, i = 1, 2, . . . , N . Note that ifN = 1, then (1.6) and (1.7) reduce to
the modified Ishikawa iterative with errors in the sense of Xu and Liu, respectively. Moreover,
if βn = δn = 0 in (1.6) for alln ∈ N, then the sequence{xn}∞n=0 of the modified Mann-Xu
iterative type as follows:

(1.8) xn = (1− αn−1 − γn−1)xn−1 + αn−1T
m
n xn−1 + γn−1un−1,

with n = (m − 1)N + i, i = 1, 2, . . . , N . Additionally, if βn = vn = 0 in (1.7) for alln ∈ N,
then the sequence{xn}∞n=0 of the modified Mann-Liu iterative type as follows:

(1.9) xn = (1− αn−1)xn−1 + αn−1T
m
n xn−1 + un−1,

with n = (m− 1)N + i, i = 1, 2, . . . , N . Similarly, if N = 1, then (1.8) and (1.9) reduce to the
modified Mann iterative with errors in the sense of Xu and Liu, respectively.

Using iteration schemes (1.6) and (1.8), under appropriate conditions on real sequences{αn},
{βn}, {γn} and{δn} in [0, 1], we improve Theorem 1.1 and 1.2 by removing the boundedness
condition imposed onC and extending the map to a finite family of thep-asymptotically hemi-
contractive type mappings. Moreover, we will also study the sequence of the modified Ishikawa-
Liu and Mann-Liu iterative types for approximating common fixed points of a finite family
of thep-asymptotically hemi-contractive type mappings in a realp-uniformly convex Banach
space. In particular, our theorems hold inLp, `p andW 1,p spaces for1 < p <∞.
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2. PRELIMINARIES AND L EMMAS

Let E be an arbitrary real Banach space. The modulus of convexity ofE is the function
δE : (0, 2] → [0, 1] defined by

(2.1) δE(ε) := inf{1− 1

2
‖x+ y‖ : ‖x‖ = 1, ‖y‖ = 1, ‖x− y‖ ≥ ε}.

A Banach spaceE is calleduniformly convexif and only if δE(ε) > 0 for all ε ∈ (0, 2]. Let Jp

(p > 1) denote the generalized duality mapping fromE into 2E∗
given by

(2.2) Jp(x) := {f ∈ E∗ : 〈x, f〉 = ‖x‖p and‖f‖ = ‖x‖p−1},
whereE∗ denotes the dual space ofE and 〈., .〉 denotes the generalized duality pairing. In
particular,J2 is calledthe normalized duality mappingand it is usually denoted byJ . It is well
known thatJp(x) = ‖x‖p−2J(x) if x 6= 0. A Banach spaceE is calledp-uniformly convexif
there exists a constantd > 0 such thatδE(ε) ≥ dεp for all 0 < ε ≤ 2. It is known (see e.g. [11])
that

Lp is

{
2-uniformly convex if1 < p ≤ 2,
p-uniformly convex ifp ≥ 2.

In the sequel we shall need the following results.

Lemma 2.1. (see [11, Theorem 1]).Letp > 1 be a given real number. LetE be ap-uniformly
convex Banach space. Then, there exists a constantc > 0 such that

(2.3) ‖λx+ (1− λ)y‖p ≤ λ‖x‖p + (1− λ)‖y‖p − cWp(λ)‖x− y‖p,

for all λ ∈ [0, 1] andx, y ∈ E, whereWp(λ) := λp(1− λ) + λ(1− λ)p.

Lemma 2.2. (see [11, Corollary 1]).Let p > 1 be a given real number. Then the following
statements about a Banach spaceE are equivalent:

(i) E is p-uniformly convex;
(ii) There is a constants > 0 such that for everyx, y ∈ E, fx ∈ Jp(x), the following

inequality holds:

(2.4) ‖x+ y‖p ≥ ‖x‖p + p〈y, fx〉+ s‖y‖p.

Remark 2.1. (see [1, Remark 1]). First, replacingx by (x − y) in inequality (2.4), theny by
(−y) and using the Cauchy-Schwarz inequality, we have

(2.5) ‖x+ y‖p ≤ ‖x‖p + p‖y‖ · ‖x+ y‖p−1.

Lemma 2.3. (see [8, Lemma 1]).Let{ϕn}∞n=0, {ψn}∞n=0 and{wn}∞n=0 be sequences of nonneg-
ative real numbers satisfying the inequality

(2.6) ϕn+1 ≤ (1 + wn)ϕn + ψn, ∀n ≥ n0

wheren0 is some nonnegative integer. If
∑∞

n=0wn < ∞ and
∑∞

n=0 ψn < ∞, thenlimn→∞ ϕn

exists. In particular, if{ϕn}∞n=1 has a subsequence which converges strongly to zero, then
limn→∞ ϕn = 0.

3. M AIN RESULTS

Now, we state and prove the following theorems:

Theorem 3.1. LetC be a nonempty closed convex subset of a realp-uniformly convex Banach
spaceE with p > 1. LetTi : C → C be uniformlyL-Lipschitzian andp-asymptotically hemi-
contractive type mapping with respect to a constantki ∈ [0, 1] for eachi = 1, 2, . . . , N such
that

⋂N
i=1 F (Ti) 6= φ. Let {un}∞n=0 and {vn}∞n=0 be bounded sequences inC and {αn}∞n=0,

{βn}∞n=0, {γn}∞n=0 and{δn}∞n=0 be sequences in[0, 1] satisfying the following conditions:
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(i) [L(1− a2)]
p < k < ca(1− a2)

−1, a = a1a2(a
p−1
1 + ap−1

2 );
(ii) a1 ≤ αn

1−γn
, βn

1−δn
≤ 1− a2, 0 ≤ γn, δn < 1;

(iii)
∑∞

n=0 γn <∞,
∑∞

n=0 δn <∞

for all n ∈ N and somea1, a2 ∈ (0, 1), wherec is the constant appearing in inequality (2.3) and
k := max1≤i≤N{ki}. Suppose that one member of the family{Ti}N

i=1 is semi-compact. Then the
sequence{xn}∞n=0 is defined by (1.6) converges strongly to a common fixed point of the family
{Ti}N

i=1.

Proof. Takeq ∈
⋂N

i=1 F (Ti). PutM := max{supn∈N ‖un − q‖, supn∈N ‖vn −q‖} < ∞. By
the definition of{xn} and Lemma 2.1, we have

‖xn − q‖p = ‖(1−αn−1−γn−1)(xn−1−q) + αn−1(T
m
n yn−1−q) + γn−1(un−1−q)‖p

=

∥∥∥∥∥(1− γn−1)

[(
1− αn−1

1− γn−1

)
(xn−1 − q) +

αn−1

1− γn−1

(Tm
n yn−1 − q)

]

+γn−1(un−1 − q)

∥∥∥∥∥
p

≤ (1− γn−1)

∥∥∥∥(
1− αn−1

1− γn−1

)
(xn−1 − q) +

αn−1

1− γn−1

(Tm
n yn−1 − q)

∥∥∥∥p

+γn−1M
p

≤ (1− αn−1 − γn−1)‖xn−1 − q‖p + αn−1‖Tm
n yn−1 − q‖p

−c(1− γn−1)Wp

(
αn−1

1− γn−1

)
‖xn−1 − Tm

n yn−1‖p + γn−1M
p,(3.1)

whereTm
n = Tm

i with n = (m − 1)N + i for eachi = 1, 2, . . . , N . Since eachTi is p-
asymptotically hemi-contractive type mapping with respect to a constantki, it follows from
(1.2) that there exists a positive integerni such that

‖Tm
i yn−1 − q‖p ≤ ‖yn−1 − q‖p + ki‖yn−1 − Tm

i yn−1‖p,(3.2)

‖Tm
i xn−1 − q‖p ≤ ‖xn−1 − q‖p + ki‖xn−1 − Tm

i xn−1‖p,(3.3)

for all n ≥ ni and eachi = 1, 2, . . . , N . Let ` := max{ni : i = 1, 2, . . . , N} < ∞ and since
k = max{ki : i = 1, 2, . . . , N}. Then, by (3.2) and (3.3), we have

‖Tm
n yn−1 − q‖p ≤ ‖yn−1 − q‖p + k‖yn−1 − Tm

n yn−1‖p,(3.4)

‖Tm
n xn−1 − q‖p ≤ ‖xn−1 − q‖p + k‖xn−1 − Tm

n xn−1‖p,(3.5)

for all n ≥ `.
Observe that for alln ≥ 1 we have

‖Tm
n yn−1 − q‖ = L‖yn−1 − q‖

≤ L[(1− βn−1 − δn−1)‖xn−1 − q‖+ βn−1‖Tm
n xn−1 − q‖

+δn−1‖vn−1 − q‖]
≤ L(1 + L)‖xn−1 − q‖+ LM,(3.6)
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‖vn−1 − Tm
n yn−1‖p ≤ [‖vn−1 − q‖+ ‖Tm

n yn−1 − q‖]p

≤ [L(1 + L)‖xn−1 − q‖+M(1 + L)]p (by (3.6))

≤ [2 max{L(1 + L)‖xn−1 − q‖,M(1 + L)}]p

≤ [2L(1 + L)]p‖xn−1 − q‖p + [2M(1 + L)]p

≤ M1‖xn−1 − q‖p +M1 for some constantM1 > 0,(3.7)

‖xn−1 − vn−1‖p ≤ (‖xn−1 − q‖+ ‖vn−1 − q‖)p

≤ (‖xn−1 − q‖+M)p

≤ 2p‖xn−1 − q‖p + (2M)p

≤ M2‖xn−1 − q‖p +M2 for some constantM2 > 0.(3.8)

By the definition of{yn−1}, Lemma 2.1, (3.5), (3.8) and (3.7), we obtain that for alln ≥ `,

‖yn−1 − q‖p = ‖(1−βn−1−δn−1)(xn−1−q) + βn−1(T
m
n xn−1−q)+δn−1(vn−1−q)‖p

=

∥∥∥∥∥(1− δn−1)

[(
1−

βn−1

1−δn−1

)
(xn−1 − q) +

βn−1

1−δn−1

(Tm
n xn−1 − q)

]

+δn−1(vn−1 − q)

∥∥∥∥∥
p

≤ (1− δn−1)

∥∥∥∥(
1−

βn−1

1−δn−1

)
(xn−1 − q) +

βn−1

1− δn−1

(Tm
n xn−1 − q)

∥∥∥∥p

+δn−1M
p

≤ (1− βn−1 − δn−1)‖xn−1 − q‖p + βn−1‖Tm
n xn−1 − q‖p

−c(1− δn−1)Wp

(
βn−1

1− δn−1

)
‖xn−1 − Tm

n xn−1‖p + δn−1M
p

≤ (1− δn−1)‖xn−1 − q‖p −
[
c(1− δn−1)Wp

(
βn−1

1− δn−1

)
− βn−1k

]
×‖xn−1 − Tm

n xn−1‖p + δn−1M
p,(3.9)

‖xn−1−yn−1‖p = ‖(1−βn−1−δn−1)(xn−1−xn−1) + βn−1(xn−1−Tm
n xn−1)

+δn−1(xn−1−vn−1)‖p

=

∥∥∥∥∥(1− δn−1)

[(
1−

βn−1

1− δn−1

)
(xn−1 − xn−1)

+
βn−1

1− δn−1

(xn−1 − Tm
n xn−1)

]
+δn−1(xn−1 − vn−1)

∥∥∥∥∥
p

≤ (1− δn−1)

∥∥∥∥∥
(

1−
βn−1

1− δn−1

)
(xn−1 − xn−1)

+
βn−1

1− δn−1

(xn−1 − Tm
n xn−1)

∥∥∥∥∥
p

+δn−1‖xn−1 − vn−1‖p

≤
(

βn−1

1− δn−1

)p

‖xn−1 − Tm
n xn−1‖p + δn−1(M2‖xn−1 − q‖p +M2),

(3.10)

AJMAA, Vol. 3, No. 1, Art. 11, pp. 1-17, 2006 AJMAA

http://ajmaa.org


8 JUI-CHI HUANG

‖yn−1 − Tm
n yn−1‖p

= ‖(1− βn−1 − δn−1)(xn−1 − Tm
n yn−1) + βn−1(T

m
n xn−1 − Tm

n yn−1)

+δn−1(vn−1 − Tm
n yn−1)‖p

=

∥∥∥∥∥(1− δn−1)

[(
1−

βn−1

1−δn−1

)
(xn−1 − Tm

n yn−1) +
βn−1

1−δn−1

(Tm
n xn−1 − Tm

n yn−1)

]

+δn−1(vn−1 − Tm
n yn−1)

∥∥∥∥∥
p

≤ (1− δn−1)

∥∥∥∥(
1−

βn−1

1−δn−1

)
(xn−1 − Tm

n yn−1) +
βn−1

1−δn−1

(Tm
n xn−1 − Tm

n yn−1)

∥∥∥∥p

+δn−1‖vn−1 − Tm
n yn−1‖p

≤ (1− βn−1 − δn−1)‖xn−1 − Tm
n yn−1‖p + βn−1‖Tm

n xn−1 − Tm
n yn−1‖p

−c(1− δn−1)Wp

(
βn−1

1−δn−1

)
‖xn−1 − Tm

n xn−1‖p + δn−1(M1‖xn−1 − q‖p +M1)

≤ (1− βn−1 − δn−1)‖xn−1 − Tm
n yn−1‖p + βn−1L

p

(
βn−1

1−δn−1

)p

‖xn−1 − Tm
n xn−1‖p

+βn−1L
pδn−1(M2‖xn−1 − q‖p +M2)− c(1− δn−1)Wp

(
βn−1

1− δn−1

)
×‖xn−1 − Tm

n xn−1‖p + δn−1(M1‖xn−1 − q‖p +M1) (by (3.10))

≤ (1− βn−1 − δn−1)‖xn−1 − Tm
n yn−1‖p

−
[
c(1− δn−1)Wp

(
βn−1

1− δn−1

)
− βn−1L

p

(
βn−1

1− δn−1

)p]
‖xn−1 − Tm

n xn−1‖p

+δn−1(M3‖xn−1 − q‖p +M3) for some constantM3 > 0.(3.11)

Substituting (3.9) and (3.11) into (3.4) and simplifying, we get

‖Tm
n yn−1 − q‖p

≤ (1− δn−1 + δn−1kM3)‖xn−1 − q‖p + k(1− βn−1 − δn−1)‖xn−1 − Tm
n yn−1‖p

−

{
c(1− δn−1)Wp

(
βn−1

1− δn−1

)
− βn−1k + k

[
c(1− δn−1)Wp

(
βn−1

1− δn−1

)

−βn−1L
p

(
βn−1

1− δn−1

)p
]}

‖xn−1 − Tm
n xn−1‖p

+δn−1(M
p + kM3), for all n ≥ `.(3.12)

Using (3.12) in (3.1), we then obtain that for alln ≥ `,

‖xn − q‖p

≤ (1 + δn−1M3)‖xn−1 − q‖p

−
[
c(1− γn−1)Wp

(
αn−1

1− γn−1

)
− αn−1k(1− βn−1 − δn−1)

]
‖xn−1 − Tm

n yn−1‖p
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−αn−1

{
c(1− δn−1)Wp

(
βn−1

1− δn−1

)
− βn−1k

+k

[
c(1− δn−1)Wp

(
βn−1

1− δn−1

)
− βn−1L

p

(
βn−1

1− δn−1

)p] }
‖xn−1 − Tm

n xn−1‖p

+(δn−1 + γn−1)M4 for some constantM4 > 0.(3.13)

Observe thatWp

(
αn−1

1−γn−1

)
≥ a > 0 andWp

(
βn−1

1−δn−1

)
≥ a > 0. Then, by (i) and (ii), we have

c(1− γn−1)Wp

(
αn−1

1− γn−1

)
− αn−1k(1− βn−1 − δn−1)

≥ (1− γn−1)

[
cWp

(
αn−1

1− γn−1

)
−

(
αn−1

1− γn−1

)
k

]
≥ (1− γn−1)[ca− (1− a2)k] > 0(3.14)

and

c(1− δn−1)Wp

(
βn−1

1− δn−1

)
− βn−1k

+k

[
c(1− δn−1)Wp

(
βn−1

1− δn−1

)
− βn−1L

p

(
βn−1

1− δn−1

)p]
= c(1 + k)(1− δn−1)Wp

(
βn−1

1− δn−1

)
− kβn−1

[
1 + Lp

(
βn−1

1− δn−1

)p]
≥ c(1 + k)(1− δn−1)a− k(1− δn−1)(1− a2)[1 + Lp(1− a2)

p]

≥ c(1 + k)(1− δn−1)a− ca(1− δn−1)[1 + Lp(1− a2)
p]

= (1− δn−1)ca[k − Lp(1− a2)
p] > 0.(3.15)

Putε := min{ca− (1−a2)k, ca[k−Lp(1−a2)
p]} > 0. Then, using (3.14) and (3.15) in (3.13),

we obtain

‖xn−q‖p ≤ (1 + δn−1M3)‖xn−1 − q‖p − (1− γn−1)ε‖xn−1 − Tm
n yn−1‖p

−αn−1(1− δn−1)ε‖xn−1 − Tm
n xn−1‖p + (δn−1 + γn−1)M4

≤ (1+δn−1M3)‖xn−1 − q‖p + (δn−1+γn−1)M4, for all n ≥ `,(3.16)

Since
∑∞

n=0 δn < ∞ and
∑∞

n=0 γn < ∞, if follows from Lemma 2.3 thatlimn→∞ ‖xn − q‖p

exists and hence{‖xn − q‖p} is bounded.
Observe that for alln ≥ 1 we have

‖xn−1 − Tm
n xn−1‖p ≤ (‖xn−1 − q‖+ ‖Tm

n xn−1 − q‖)p

≤ (1 + L)p‖xn−1 − q‖p(3.17)

and from (3.6) we have

‖xn−1 − Tm
n yn−1‖p ≤ (‖xn−1 − q‖+ ‖Tm

n yn−1 − q‖)p

≤ [(1 + L+ L2)‖xn−1 − q‖+ LM ]p

≤ M5‖xn−1 − q‖p +M5 for some constantM5 > 0.(3.18)

Thus,{‖xn−1 − Tm
n xn−1‖p} and{‖xn−1 − Tm

n yn−1‖p} are bounded.
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LetM6 := max{supn∈N ‖xn−q‖p, supn∈N̄ ‖xn−1−Tm
n xn−1‖p, supn∈N ‖xn−1 −Tm

n yn−1‖p} <
∞. Applying (ii), (iii) and (3.16), we get that

ε‖xn−1 − Tm
n yn−1‖p + a1ε‖xn−1 − Tm

n xn−1‖p

≤ ε‖xn−1 − Tm
n yn−1‖p + (αn−1 + γn−1a1)ε‖xn−1 − Tm

n xn−1‖p

≤ γn−1ε‖xn−1 − Tm
n yn−1‖p + (αn−1δn−1 + γn−1a1)ε‖xn−1 − Tm

n xn−1‖p

+(1 + δn−1M3)‖xn−1 − q‖p − ‖xn − q‖p + (δn−1 + γn−1)M4

≤ ‖xn−1 − q‖p − ‖xn − q‖p + δn−1[(ε+M3)M6 +M4] + γn−1[(ε+εa1)M6 +M4]

→ 0 asn→∞.

This implies thatlimn→∞ ‖xn−1 − Tm
n yn−1‖ = 0 andlimn→∞ ‖xn−1 − Tm

n xn−1‖ = 0. Since

xn − xn−1 = αn−1(T
m
n yn−1 − xn−1) + γn−1(un−1 − xn−1)

and{un−1−xn−1} is bounded. Thuslimn→∞ ‖xn−xn−1‖ = 0. Hence,limn→∞ ‖xn −xn+i‖ =
0 for eachi = 1, 2, . . . , N . For alln > N , we haveTn = Tn−N so that

‖Tm−1
n xn − xn‖

≤ ‖Tm−1
n xn − Tm−1

n−Nx(n−N)−1‖+ ‖Tm−1
n−Nx(n−N)−1 − x(n−N)−1‖

+‖x(n−N)−1 − xn‖
≤ (1 + L)‖xn − x(n−N)−1‖+ ‖Tm−1

n−Nx(n−N)−1 − x(n−N)−1‖.(3.19)

Hence,

‖xn − Tnxn‖
≤ ‖xn − xn−1‖+ ‖xn−1 − Tm

n xn−1‖+ ‖Tm
n xn−1 − Tm

n xn‖+ ‖Tm
n xn − Tnxn‖

≤ (1 + L)‖xn − xn−1‖+ ‖xn−1 − Tm
n xn−1‖+ L‖Tm−1

n xn − xn‖(3.20)

≤ (1 + L)‖xn − xn−1‖+ L(1 + L)‖xn − x(n−N)−1‖+ ‖xn−1 − Tm
n xn−1‖

+L‖Tm−1
n−Nx(n−N)−1 − x(n−N)−1‖ → 0 asn→∞.

Thus, for eachi = 1, 2, . . . , N , we have

‖xn − Tn+ixn‖
≤ ‖xn − xn+i‖+ ‖xn+i − Tn+ixn+i‖+ ‖Tn+ixn+i − Tn+ixn‖
≤ (1 + L)‖xn − xn+i‖+ ‖xn+i − Tn+ixn+i‖ → 0 asn→∞.(3.21)

It follows thatlimn→∞ ‖xn − Tixn‖ = 0 for eachi = 1, 2, . . . , N .
Since one member of{Ti}N

i=1 is semi-compact, then there exists a subsequence{xnj
} of the

sequence{xn} such that{xnj
} converges strongly toz ∈ C and hence

‖z − Tiz‖ = lim
j→∞

‖xnj
− Tixnj

‖ = 0

for eachi = 1, 2, . . . , N . That is,z ∈
⋂N

i=1 F (Ti). Replacing theq in inequality (3.16) byz we
obtain that

(3.22) ‖xn − z‖p ≤ (1 + δn−1M3)‖xn−1 − z‖p + (δn−1 + γn−1)M4,

for all n ≥ `. Since{xnj
} converges strongly toz and (iii) holds, it follows from (3.22) and

Lemma 2.3 thatlimn→∞ ‖xn − z‖ = 0, i.e.,{xn} converges strongly to a common fixed point
of {Ti}N

i=1. This completes the proof.
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Theorem 3.2. LetE be a realp-uniformly convex Banach space withp > 1. LetTi : E → E
be uniformlyL-Lipschitzian andp-asymptotically hemi-contractive type mapping with respect
to a constantki ∈ [0, 1] for eachi = 1, 2, . . . , N such that

⋂N
i=1 F (Ti) 6= φ.

Let {un}∞n=0 and{vn}∞n=0 be sequences inE such that
∑∞

n=0 ‖un‖ < ∞ and
∑∞

n=0 ‖vn‖ <
∞ and{αn}∞n=0 and{βn}∞n=0 be sequences in[0, 1] satisfying the following conditions:

(i) [L(1− a2)]
p < k < ca(1− a2)

−1, a = a1a2(a
p−1
1 + ap−1

2 );
(ii) a1 ≤ αn, βn ≤ 1− a2,

for all n ∈ N and somea1, a2 ∈ (0, 1), wherec is the constant appearing in inequality(2.3) and
k := max1≤i≤N{ki}. Suppose that one member of the family{Ti}N

i=1 is semi-compact. Then the
sequence{xn}∞n=0 is defined by(1.7) converges strongly to a common fixed point of the family
{Ti}N

i=1.

Proof. Takeq ∈
⋂N

i=1 F (Ti). Since‖un‖ → 0 and‖vn‖ → 0 asn→∞.
Thus, there existn0 ∈ N ande ∈ (0, 1) such that

(3.23) 1− p‖un−1‖ > e and 1− p‖vn−1‖ > e

for all n ≥ n0. By the definition of{xn}, Lemma 2.1 and (2.5), we have

‖xn − q‖p = ‖(1− αn−1)(xn−1 − q + un−1) + αn−1(T
m
n yn−1 − q + un−1)‖p

≤ (1− αn−1)‖xn−1 − q + un−1‖p + αn−1‖Tm
n yn−1 − q + un−1‖p

−cWp(αn−1)‖xn−1 − Tm
n yn−1‖p

≤ (1− αn−1)‖xn−1 − q‖p + p(1− αn−1)‖un−1‖ ‖xn−1 − q + un−1‖p−1

+αn−1‖Tm
n yn−1 − q‖p + pαn−1‖un−1‖ ‖Tm

n yn−1 − q + un−1‖p−1

−cWp(αn−1)‖xn−1 − Tm
n yn−1‖p, for all n ≥ 1.(3.24)

Observe that, by (3.23), (2.5) and Lemma 2.1, for alln ≥ n0 we have

‖xn−1 − q + un−1‖p−1 ≤ 1 + ‖xn−1 − q + un−1‖p

≤ 1 + ‖xn−1 − q‖p + p‖un−1‖ ‖xn−1 − q + un−1‖p−1

≤ e−1(1 + ‖xn−1 − q‖p),(3.25)

‖yn−1 − q‖p = ‖(1− βn−1)(xn−1 − q) + βn−1(T
m
n xn−1 − q) + vn−1‖p

≤ ‖(1− βn−1)(xn−1 − q) + βn−1(T
m
n xn−1 − q)‖p

+p‖vn−1‖ ‖yn−1 − q‖p−1

≤ (1− βn−1)‖xn−1 − q‖p + βn−1‖Tm
n xn−1 − q‖p

+p‖vn−1‖ (1 + ‖yn−1 − q‖p)

≤ (1 + Lp)‖xn−1 − q‖p + p‖vn−1‖ (1 + ‖yn−1 − q‖p)

≤ e−1(1 + Lp)‖xn−1 − q‖p + e−1p‖vn−1‖,(3.26)

‖Tm
n yn−1 − q + un−1‖p−1

≤ 1 + ‖Tm
n yn−1 − q + un−1‖p

≤ 1 + ‖Tm
n yn−1 − q‖p + p‖un−1‖ ‖Tm

n yn−1 − q + un−1‖p−1

≤ e−1(1 + Lp‖yn−1 − q‖p)

≤ e−1[1 + Lpe−1(1 + Lp)‖xn−1 − q‖p + Lpe−1p‖vn−1‖] (by (3.26))

≤ M7(1 + ‖xn−1 − q‖p + ‖vn−1‖), for some constantM7 > 0.(3.27)
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By the definition of{yn−1}, Lemma 2.1 and (2.5), we get

‖yn−1−q‖p = ‖(1− βn−1)(xn−1 − q + vn−1) + βn−1(T
m
n xn−1 − q + vn−1)‖p

≤ (1− βn−1)‖xn−1 − q + vn−1‖p + βn−1‖Tm
n xn−1 − q + vn−1‖p

−cWp(βn−1)‖xn−1 − Tm
n xn−1‖p

≤ (1−βn−1)‖xn−1 − q‖p + p(1−βn−1)‖vn−1‖ ‖xn−1−q+vn−1‖p−1

+βn−1‖Tm
n xn−1 − q‖p + pβn−1‖vn−1‖ ‖Tm

n xn−1 − q + vn−1‖p−1

−cWp(βn−1)‖xn−1 − Tm
n xn−1‖p, for all n ≥ 1,(3.28)

‖yn−1 − Tm
n yn−1‖p

= ‖(1− βn−1)(xn−1 − Tm
n yn−1 + vn−1) + βn−1(T

m
n xn−1 − Tm

n yn−1 + vn−1)‖p

≤ ‖(1− βn−1)‖xn−1 − Tm
n yn−1 + vn−1‖p + βn−1‖Tm

n xn−1 − Tm
n yn−1 + vn−1‖p

−cWp(βn−1)‖xn−1 − Tm
n xn−1‖p

≤ (1− βn−1)‖xn−1−Tm
n yn−1‖p + p(1− βn−1)‖vn−1‖ ‖xn−1−Tm

n yn−1+vn−1‖p−1

+βn−1‖Tm
n xn−1−Tm

n yn−1‖p + pβn−1‖vn−1‖ ‖Tm
n xn−1 − Tm

n yn−1 + vn−1‖p−1

−cWp(βn−1)‖xn−1 − Tm
n xn−1‖p, for all n ≥ 1.(3.29)

Observe that for alln ≥ n0, we have

‖xn−1 − q + vn−1‖p−1 ≤ 1 + ‖xn−1 − q + vn−1‖p

≤ 1 + ‖xn−1 − q‖p + p‖vn−1‖ ‖xn−1 − q + vn−1‖p−1

≤ e−1(1 + ‖xn−1 − q‖p),(3.30)

‖Tm
n xn−1−q+vn−1‖p−1 ≤ 1 + ‖Tm

n xn−1 − q + vn−1‖p

≤ 1 + ‖Tm
n xn−1 − q‖p + p‖vn−1‖ ‖Tm

n xn−1−q+vn−1‖p−1

≤ e−1(1 + Lp‖xn−1 − q‖p),(3.31)

‖xn−1−Tm
n yn−1‖p ≤ (‖xn−1 − q‖+ ‖Tm

n yn−1 − q‖)p

≤ [(1 + L+ L2)‖xn−1 − q‖+ LM ]p (by (3.6))

≤ M8(‖xn−1 − q‖p + 1), for some constantM8 > 0,(3.32)

‖xn−1 − Tm
n yn−1 + vn−1‖p−1

≤ 1 + ‖xn−1 − Tm
n yn−1 + vn−1‖p

≤ 1 + ‖xn−1 − Tm
n yn−1‖p + p‖vn−1‖ ‖xn−1 − Tm

n yn−1 + vn−1‖p−1

≤ e−1[1 +M8(‖xn−1 − q‖p + 1)] (by (3.32)),(3.33)

‖xn−1−yn−1‖p ≤ (‖xn−1 − q‖+ ‖yn−1 − q‖)p

≤ 2p(‖xn−1 − q‖p + ‖yn−1 − q‖p)

≤ 2p[1 + e−1(1 + Lp)] ‖xn−1 − q‖p + 2pe−1p‖vn−1‖ (by (3.26))

≤ M9(‖xn−1−q‖p+‖vn−1‖), for some constantM9 > 0,(3.34)

‖xn−1 − yn−1‖p−1 ≤ 1 + ‖xn−1 − yn−1‖p

≤ 1 +M9(‖xn−1 − q‖p + ‖vn−1‖) (by (3.34)),(3.35)
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‖Tm
n xn−1 − Tm

n yn−1 + vn−1‖p−1

≤ 1 + ‖Tm
n xn−1 − Tm

n yn−1 + vn−1‖p

≤ 1 + ‖Tm
n xn−1 − Tm

n yn−1‖p + p‖vn−1‖ ‖Tm
n xn−1 − Tm

n yn−1 + vn−1‖p−1

≤ e−1(1 + Lp‖xn−1 − yn−1‖p)

≤ e−1[1 + LpM9(‖xn−1 − q‖p + ‖vn−1‖)] (by (3.34))

≤ M10(1 + ‖xn−1 − q‖p + ‖vn−1‖), for some constantM10 > 0,(3.36)

‖Tm
n xn−1 − Tm

n yn−1‖p

≤ Lp‖xn−1 − yn−1‖p

= Lp‖βn−1(xn−1 − Tm
n xn−1)− vn−1‖p

≤ Lpβp
n−1‖xn−1 − Tm

n xn−1‖p + pLp‖vn−1‖ ‖xn−1 − yn−1‖p−1(3.37)

≤ Lpβp
n−1‖xn−1 − Tm

n xn−1‖p + pLp‖vn−1‖[1 +M9(‖xn−1 − q‖p + ‖vn−1‖)]
(by (3.35))

In virtue of (3.2) and (3.3), we infer that for alln ≥ ` (3.4) and (3.5) hold for somè≥ n0.
Using (3.5), (3.30) and (3.31) in (3.28), we conclude that for alln ≥ `,

‖yn−1 − q‖p

≤ (1− βn−1)‖xn−1 − q‖p + p‖vn−1‖e−1(1 + ‖xn−1 − q‖p)

+βn−1‖xn−1 − q‖p + kβn−1‖xn−1 − Tm
n xn−1‖p

+p‖vn−1‖e−1(1 + Lp‖xn−1 − q‖p)− cWp(βn−1)‖xn−1 − Tm
n xn−1‖p

= [1 + pe−1(1 + Lp)‖vn−1‖] ‖xn−1 − q‖p

−[cWp(βn−1)− kβn−1] ‖xn−1 − Tm
n xn−1‖p + 2pe−1‖vn−1‖

≤ (1 +M11‖vn−1‖)‖xn−1 − q‖p − [cWp(βn−1)− kβn−1]‖xn−1 − Tm
n xn−1‖p

+M11‖vn−1‖, for some constantM11 > 0.(3.38)

Moreover, using (3.33), (3.37) and (3.36) in (3.29), we get that

‖yn−1 − Tm
n yn−1‖p

≤ (1− βn−1)‖xn−1 − Tm
n yn−1‖p + p‖vn−1‖e−1[1 +M8(‖xn−1 − q‖p + 1)]

+βp+1
n−1L

p‖xn−1 − Tm
n xn−1‖p + pLp‖vn−1‖[1 +M9(‖xn−1 − q‖p + ‖vn−1‖)]

+p‖vn−1‖M10(1 + ‖xn−1 − q‖p + ‖vn−1‖)− cWp(βn−1)‖xn−1 − Tm
n xn−1‖p

= p(e−1M8 + LpM9 +M10)‖vn−1‖ ‖xn−1 − q‖p + (1− βn−1)‖xn−1 − Tm
n yn−1‖p

−[cWp(βn−1)− βp+1
n−1L

p] ‖xn−1 − Tm
n xn−1‖p

+p[e−1(1 +M8) + Lp(1 +M9‖vn−1‖) +M10(1 + ‖vn−1‖)] ‖vn−1‖
≤ M12‖vn−1‖ ‖xn−1 − q‖p + (1− βn−1)‖xn−1 − Tm

n yn−1‖p

−[cWp(βn−1)− βp+1
n−1L

p] ‖xn−1 − Tm
n xn−1‖p +M12‖vn−1‖,(3.39)

for some constantM12 > 0 because{‖vn‖}∞n=0 is bounded.
Thus, substituting (3.38) and (3.39) into (3.4), we have

‖Tm
n yn−1 − q‖p

≤ [1 + (M11 + kM12)‖vn−1‖] ‖xn−1 − q‖p + (M11 + kM12) ‖vn−1‖
−{cWp(βn−1)− kβn−1 + k[cWp(βn−1)− βp+1

n−1L
p]} ‖xn−1 − Tm

n xn−1‖p

+k(1− βn−1)‖xn−1 − Tm
n yn−1‖p,(3.40)
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for all n ≥ `. Now using (3.25), (3.40) and (3.27) in (3.24), we obtain that

‖xn−q‖p ≤ (1− αn−1)‖xn−1 − q‖p + p‖un−1‖e−1(1 + ‖xn−1 − q‖p)

+αn−1[1 + (M11 + kM12)‖vn−1‖] ‖xn−1−q‖p + (M11+kM12) ‖vn−1‖
−αn−1{cWp(βn−1)−kβn−1+k[cWp(βn−1)−β

p+1
n−1L

p]} ‖xn−1−Tm
n xn−1‖p

+kαn−1(1− βn−1) ‖xn−1 − Tm
n yn−1‖p

+p‖un−1‖M7(1+‖xn−1−q‖p+‖vn−1‖)− cWp(αn−1)‖xn−1−Tm
n yn−1‖p

≤ [1 + p(e−1 +M7)‖un−1‖+ (M11 + kM12)‖vn−1‖] ‖xn−1 − q‖p

−[cWp(αn−1)− kαn−1(1− βn−1)] ‖xn−1 − Tm
n yn−1‖p

−αn−1{cWp(βn−1)−kβn−1+k[cWp(βn−1)−β
p+1
n−1L

p]} ‖xn−1−Tm
n xn−1‖p

p[e−1 +M7(1 + ‖vn−1‖)] ‖un−1‖+ (M11 + kM12) ‖vn−1‖,(3.41)

for all n ≥ `.
Observe thatWp(αn−1) ≥ a > 0 andWp(βn−1) ≥ a > 0. Thus, by (i) and (ii), we get

(3.42) cWp(αn−1)− kαn−1(1− βn−1) ≥ ca− k(1− a2) > 0

and

cWp(βn−1)− kβn−1 + k[cWp(βn−1)− βp+1
n−1L

p]

= c(1 + k)Wp(βn−1)− kβn−1(1 + βp
n−1L

p)

≥ c(1 + k)a− k(1− a2)[1 + (1− a2)
pLp]

≥ ca[k − (1− a2)
pLp] > 0.(3.43)

Putε as in Theorem 3.1. Using (3.42) and (3.43) in (3.41) yields that for alln ≥ ` we have

‖xn − q‖p ≤ [1 +M13(‖un−1‖+ ‖vn−1‖)] ‖xn−1 − q‖p − ε‖xn−1 − Tm
n yn−1‖p

−a1ε‖xn−1 − Tm
n xn−1‖p +M13(‖un−1‖+ ‖vn−1‖)(3.44)

for some constantM13 > 0. This implies that

(3.45) ‖xn − q‖p ≤ [1 +M13(‖un−1‖+ ‖vn−1‖)] ‖xn−1 − q‖p +M13(‖un−1‖+ ‖vn−1‖)
for all n ≥ `. Since

∑∞
n=0 ‖un‖ < ∞ and

∑∞
n=0 ‖vn‖ < ∞, it follows from Lemma 2.3 that

limn→∞ ‖xn − q‖p exists. So, by (3.44), we have

ε‖xn−1 − Tm
n yn−1‖p + a1ε‖xn−1 − Tm

n xn−1‖p

≤ [1 +M13(‖un−1‖+‖vn−1‖)] ‖xn−1 − q‖p − ‖xn − q‖p +M13(‖un−1‖+‖vn−1‖)
→ 0 asn→∞.

This implise thatlimn→∞ ‖xn−1 − Tm
n yn−1‖ = 0 andlimn→∞ ‖xn−1 − Tm

n xn−1‖ = 0. Since

xn − xn−1 = αn−1(T
m
n yn−1 − xn−1) + un−1

andlimn→∞ ‖un‖ = 0. Thuslimn→∞ ‖xn − xn−1‖ = 0. The rest of the proof follows the lines
similar to Theorem 3.1 and is, therefore, omitted. This completes the proof.

Theorem 3.3. LetC be a nonempty closed convex subset of a realp-uniformly convex Banach
spaceE with p > 1. LetTi : C → C be uniformlyL-Lipschitzian andp-asymptotically hemi-
contractive type mapping with respect to a constantki ∈ [0, 1] for eachi = 1, 2, . . . , N such
that

⋂N
i=1 F (Ti) 6= φ. Let{un}∞n=0 be a bounded sequence inC and{αn}∞n=0 and{γn}∞n=0 be

sequence in[0, 1] satisfying following the conditions:

(i) k < ca(1− a2)
−1, a = a1a2(a

p−1
1 + ap−1

2 );
(ii) a1 ≤ αn

1−γn
≤ 1− a2, 0 ≤ γn < 1;
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(iii)
∑∞

n=0 γn <∞,

for all n ∈ N and somea1, a2 ∈ (0, 1), wherec is the constant appearing in inequality (2.3) and
k := max1≤i≤N{ki}. Suppose that one member of the family{Ti}N

i=1 is semi-compact. Then the
sequence{xn}∞n=0 is defined by (1.8) converges strongly to a common fixed point of the family
{Ti}N

i=1.

Proof. Takeq ∈
⋂N

i=1 F (Ti). PutM := supn∈N ‖un − q‖ < ∞. By the definition of{xn} and
Lemma 2.1, we have

‖xn − q‖p

= ‖(1− αn−1 − γn−1)(xn−1 − q) + αn−1(T
m
n xn−1 − q) + γn−1(un−1 − q)‖p

=

∥∥∥∥∥(1− γn−1)

[(
1− αn−1

1− γn−1

)
(xn−1 − q) +

αn−1

1− γn−1

(Tm
n xn−1 − q)

]

+γn−1(un−1 − q)

∥∥∥∥∥
p

≤ (1− γn−1)

∥∥∥∥(
1− αn−1

1−γn−1

)
(xn−1 − q) +

αn−1

1−γn−1

(Tm
n xn−1−q)

∥∥∥∥p

+ γn−1M
p

≤ (1− αn−1 − γn−1)‖xn−1 − q‖p + αn−1‖Tm
n xn−1 − q‖p

−c(1− γn−1)Wp

(
αn−1

1− γn−1

)
‖xn−1 − Tm

n xn−1‖p + γn−1M
p.(3.46)

Substituting (3.5) into (3.46) gives

‖xn − q‖p ≤ ‖xn−1 − q‖p −
[
c(1− γn−1)Wp

(
αn−1

1− γn−1

)
− kαn−1

]
×‖xn−1 − Tm

n xn−1‖p + γn−1M
p(3.47)

for all n ≥ n1 and somen1 ∈ N. SinceWp

(
αn−1

1−γn−1

)
≥ a > 0 and letε = ca− (1− a2)k > 0,

it follows from (3.47) that

(3.48) ‖xn − q‖p ≤ ‖xn−1 − q‖p − (1− γn−1)ε‖xn−1 − Tm
n xn−1‖p + γn−1M

p,

for all n ≥ n1. Now, the rest of the proof follows the lines similar to Theorem 3.1 and is,
therefore, omitted. This completes the proof.

Theorem 3.4. LetE be a realp-uniformly convex Banach space withp > 1. LetTi : E → E
be uniformlyL-Lipschitzian andp-asymptotically hemi-contractive type mapping with respect
to a constantki ∈ [0, 1] for eachi = 1, 2, . . . , N such that

⋂N
i=1 F (Ti) 6= φ. Let {un}∞n=0 be

a sequence inE such that
∑∞

n=0 ‖un‖ < ∞ and{αn}∞n=0 be a sequence in[0, 1] satisfying the
following conditions:

(i) k < ca(1− a2)
−1, a = a1a2(a

p−1
1 + ap−1

2 );
(ii) a1 ≤ αn ≤ 1− a2,

for all n ∈ N and somea1, a2 ∈ (0, 1), wherec is the constant appearing in inequality(2.3) and
k := max1≤i≤N{ki}. Suppose that one member of the family{Ti}N

i=1 is semi-compact. Then the
sequence{xn}∞n=0 is defined by(1.9) converges strongly to a common fixed point of the family
{Ti}N

i=1.

Proof. Takeq ∈
⋂N

i=1 F (Ti). Since‖un‖ → 0 asn → ∞. Thus, there existn0 ∈ N and
e ∈ (0, 1) such that1− p‖un−1‖ > e for all n ≥ n0. By the definition of{xn}, Lemma 2.1 and
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(2.5), we get

‖xn − q‖p = ‖(1− αn−1)(xn−1 − q + un−1) + αn−1(T
m
n xn−1 − q + un−1)‖p

≤ (1− αn−1)‖xn−1 − q + un−1‖p + αn−1‖Tm
n xn−1 − q + un−1‖p

−cWp(αn−1)‖xn−1 − Tm
n xn−1‖p

≤ (1− αn−1)‖xn−1 − q‖p + p(1− αn−1)‖un−1‖ ‖xn−1 − q + un−1‖p−1

+αn−1‖Tm
n xn−1 − q‖p + pαn−1‖un−1‖ ‖Tm

n xn−1 − q + un−1‖p−1

−cWp(αn−1)‖xn−1 − Tm
n xn−1‖p, for all n ≥ 1.(3.49)

Replacing thevn−1 in inequality (3.31) byun−1 we obtain that for alln ≥ n0, we have

(3.50) ‖Tm
n xn−1 − q + un−1‖p−1 ≤ e−1(1 + Lp‖xn−1 − q‖p).

Using (3.25), (3.5) and (3.50) in (3.49) we have

‖xn − q‖p ≤ (1− αn−1)‖xn−1 − q‖p + p‖un−1‖e−1(1 + ‖xn−1 − q‖p)

+αn−1‖xn−1 − q‖p + αn−1k‖xn−1 − Tm
n xn−1‖p

+p‖un−1‖e−1(1 + Lp‖xn−1 − q‖p)− cWp(αn−1)‖xn−1 − Tm
n xn−1‖p

= [1 + pe−1(1 + Lp)‖un−1‖] ‖xn−1 − q‖p

−[cWp(αn−1)− αn−1k] ‖xn−1 − Tm
n xn−1‖p + 2pe−1‖un−1‖,(3.51)

for all n ≥ n1 and somen1 ≥ n0. SinceWp(αn−1) ≥ a > 0 and letε = ca − (1 − a2)k > 0.
Hence, from (3.51), we conclude that

‖xn − q‖p ≤ [1 + pe−1(1 + Lp)‖un−1‖] ‖xn−1 − q‖p − ε‖xn−1 − Tm
n xn−1‖p

+2pe−1‖un−1‖,(3.52)

for all n ≥ n1. Then, the rest of the proof follows the lines similar to Theorem 3.2 and is,
therefore, omitted. This completes the proof.

Remark 3.1. Our Theorem 3.1 and 3.3 improve and extend the corresponding results in Schu
[9, Theorem 1.5] and Liu [5, Theorem 1, 2 and 3] to the more general iteration scheme with
errors; and from Hilbert spaces to the much more general Banach spaces that include theLp, `p
andW 1,p spaces for1 < p <∞.
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