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1. INTRODUCTION

Consider the following two point boundary value problem corresponding to the nonlinear
second order ODE :

1) { y' (@)= f oy @),y @), x€lab)
y(a)=a, y)=p  ofeR
The existence and uniquenesgif[a, b] of the solution of) is studied in|[2] using a fixed
point theorem on vector valued generalized metric spaces, which have an equivalent enunciation
with TheoreniZ11.
It is known that the problenm (1.1) is equivalent with the following integro-differential equa-
tion ( seel[1],[2] and[5] ) :
b

-a—/G(x,s)f(s,y(s),y’(s))ds,

a

T —a b—zx

(1.2) yla)=g—— B+, —

x € [a,b].
If we are interested by the parameter dependence of the solution of eqliatjon (1.2), then this
equation becomes,

T —a b—=x

b
— ~6+b_a-a—/G(I,s)f(s,y(s,)\),y;(s,)\),)\)ds,

(1.3) y(z,\) =

x € [a,b], X € [c,d], whereG (z, s) is the well known Green'’s function.

Using the Perov’s fixed point theorem ( sek [B], [4] and [8] ) and a result of I. A. Rus|(isee [8]
), we obtain here the smooth dependence, of the solutign df (1.3) and of his derivative, by the
parameten. A similar result of smooth dependence by the end pairgadb of the solution of
fredholm integral equations which use an ideea of Sotomayor (_5ee [9] ) was obtained by I. A.
Rus in [8].

2. PRELIMINARIES

Let X be a nonempty set amdl: X — X an operator. The fixed points set4fwill be
Fy={re X:Ax) =z}

Definition 2.1. ( Rus, [6] or [7] ) Let(X,d) be a metric space. An operatdr: X — X is
Picard operator if there exists € X such that :

(8) Fa = {a"},

(b) the sequencéA™(zy)).en CONverges tar*, for all z, € X, where A’ = 1y, A! = A,
A" = Ao A"t Vn € N*,

Definition 2.2. ( Rus, [6] or [7] ) Let(X,d) be a metric space. An operatdr: X — X is
weakly Picard operator if the sequenc#(zy)),cn converges for alk; € X and the limit (
which may depend on, ) is a fixed point ofA.

For the following notion, letX # (), n € Nandd : X x X — R" where,
R? ={z = (21,...,2,) ER" 12, >0, Vi=1,n}.

Definition 2.3. (in [4] or [2] ) The pair (X, d) is generalized metric space iff the functidn
have the following properties :
(gml)d(z,y) > 0,Vz,y € X andd(z,y) =0 <=z =1y

AJMAA Vol. 3, No. 1, Art. 10, pp. 1-8, 2006 AIJMAA


http://ajmaa.org

PARAMETER DEPENDENCE FOR SECOND ORDER NONLINEARDE’S 3

(@m2)d(y,z) = d(z,y), Vz,y € X
(@m3)d(z,y) < d(z,z) + d(z,y), Vz,y,z € X.
The functiond is called generalized metric.

The euclidean spad®” is ordered by the relation :

forz = (z1,....,20), vy = (Y1, ..., yn) € R™.
A generalized metric space is complet if any fundamental sequenk€esrconvergent. Let
M, (R, ) the set of matrices with all elements positive.

Definition 2.4. (in [4] ) Let (X, d) be a generalized metric space. A miap X — X satisfy a
generalized Lipschitz inequality if there exists a mattix 1, (R, ) such that :

d(T(z),T(y)) < Ad(z,y), Va,ye€X.

Theorem 2.1. ( Perov,[3], [4] ) Let (X, d) be a generalized metric space add: X — X a
mapping which have the generalized Lipschitz inequality property with a m@tex\/,, (R ).
If all eigenvalues of) lies in the open unit ball from the complex plane, then :

(i) the operatorA has a unique fixed point* € X

(i) for any =y € X, the sequencér,,) ..y C X defined byr,, = A(x,,_1), Vm € N* is
convergent tac*

(iii) the following inequality holds :

(2.1) (@, 7*) < Q" (I, — Q)™ d(wo, 1), Ym € N'.
Using this Perov’s fixed point theorem, I. A. Rus obtains the result :

Theorem 2.2. ( of fiber generalized contractions, R{8] ) Let (X,d) be a metric space (
generalized or not ) andY, p) be a complete generalized metric spag&{,y) € R" ). Let
A: X xY — X xY be acontinuous operator and’ : X x Y — Y an operator. Suppose
that :

() B: X — X is a weakly Picard operator

(i) A(z,y) = (B(x),C(z,y)), forallz € X,y e Y

(iii) there exists a matrix) € M, (R, ), with @™ — 0 asm — oo, such that

p(Clz,11), Clz, 12)) < Q- p(yr, y2),

forall x € X, y; andy, € Y.
Then, the operator! is weakly Picard operator. Moreover, i is Picard operator, themd is
Picard operator.

Remark 2.1. ( see[[4] ) For a matrix) € M, (R, ), the following properties are equivalent :
(i) Q™ — 0asm — oo,
(i) all eigenvalues of) lies in the open unit ball from the complex plane.

3. THE MAIN RESULT

Deriving the equatior] (1]3) in respect withwe obtain,

b
— oG
i_:_ a_x(xvs>f(57y(87)‘)7yé(57)\)7/\)d87

a

(3.1) Yo (2, ) =

x € |a,b], X € [¢,d].
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Denotingz = v/, from (1.3) and[(3]1), we can take in consideration the system of integral
equations,

y(z, ) =22 3452 . a0 — [G(x,s) [ (s,y(5,A),2(s,\),\) ds

(3.2)
b
z(z, \) —*60‘ — [ (2, 8) f (5, (5,A),2(s,A), A ds, z € [a,b],\ € [c,d],
where
(sfa)(bf:c)7 if s <z
G(Iu 5) = { (;pfic};(%fs)’ if s> 1
and
_(sfa) .
8—G(x,s): (b—_b;)a » ifs<x
8:13 e |f s> x.
Let

C([a,b] x [e,d]) ={y : [a,b] X [c,d] — R | y continuous}
and on this set we define the Chebyshev’s norm,
Jullc = max{[u(z, y)| : © € [a,b], y € [cd]}.
Let
X =Y = C(la,0] x [e,d]) x C([a,b] x [e. d))
and on this product space we consider the generalized nigtrick x X — R2, defined by
de((yr, 21), (h2, 22)) = (lyn = w2lle 5 20 — 22lle), - V(Y 21), (g2, 22) € X

We define the operators,
B:X — X, C:XxX—-X

andA: X x X — X x X, by
B(y, z) = (Bi(y, 2), Ba(y, 2))

b

— ~ﬁ—i—b_a-a—/G(:c,s)f(s,y(s,)\),z(s,A),)\)ds

33)  Bily,2)(x,A) =

(3.4) By (y, 2) (z,A) = — /

a

(3.5) + % ($,y(8,A),2(8,A), A) - u(s,A) + g—i (s,y(8,A),2(s8,\),A)-v(s,\)]ds

b

Cal(y: ), (0,0 (2:3) = = [ 2 (025) (G (5,50 2 (5.0), 1) +

a
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(3.6) + % (s, (8, A),2(8,A), A\) - u(s, \) + g—‘; (s,y(8,A),2(s,A), ) -v(s,\)]ds

and
A((y> Z)? (uv U)) = (B(ya Z>> C((Q? Z)a (u> U)))
For (y, z) € X fixed, consider the system,
(x)\——fos [8—f( y(s,A),z(s,A), A+
+5L (5,5 (5,0),2 (s, 0, A) u(s, \) + 5 (5,9 (s,0), 2 (s, ), A) - v(s, M)]ds
(3.7)

)\):—}8—(} (x,s) - ﬁ(s y(s,A),2(s,A), A\)+

\ +% (s,y(s,\),z(s,\) ’“)\) u(s, A) + (s y(5,0),2(5,A),\)-v(s, \)]ds.

We will suppose that the following conditions hold.
(Cy) (continuity ) : f € C([a,b] X R? x [¢,d]) ;
(C) (boundedness) : there exif > 0 such that

@ uo, N <M, Y(@u,v,)) € o8] x R x [¢,d]

(Cs3) (Lipschitz) : there exist,; > 0, L, > 0 such that

‘8f(a:,u,v,)\) Of (x,u,v,\)

<
ou ‘ < L, ‘ v

‘ < Ly, Y(x,u,v,A) € [a,b] x R* x [¢,d].

(Cy) (smoothness) f(z,-,-,-) € CY(R?* X [¢,d]), Vz € [a,b)].

Theorem 3.1.
(a) With the conditions (9, (C), (Cs), if Li(b — a)* < 1 and Ly(b — a) < 3, then
the system[ (3]2) of integral equations hasXnan unique solutior(y z*) such that
y*, 20 € CY([a,b] x [c,d)), y*(-, A) € C?[a,b], VA€ [c,dandLy* = z

(b) With the conditions (©—(C,), if L1(b — a)?> < 1 and Ly(b — a) < then the pair
(Zy*, &=*) is the unique solution if'([a, ] x [c,d]) C Y of the syste.?) for the

fixed pair(y, z) = (y*, z*).

Proof. By the conditions (¢) and (G) follows that B(X) C C([a,b] x [c,d]). Elementary
calculus lead to :

|B1(y1,21) (2, X) — Bi1(y2, 22) (x, \)] <
<(b—a)||Gllo- (Lillyy —v2lle + L2 |21 — 22|o) <

2
<O L plle +La 1= 2alle). V(e X) € [0.t] x [e.d
and
[Ba(y1, 21) (#,A) = Ba(y2, 22) (2, A)| <
<) |22 (Ll walle + Lo 121~ 2llo) <
Tlle
< Gb—a)Lilly —welle + Lo 21— 2lle)s Yo, A) € [, x [e,d].
Then,

do(B(y1, 21), B(y2, 22)) < ( %éll((g:g))z %éjégis))z ) ~de((y1, 21); (Y2, 22)),
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Y(y1, 1), (Y2, 22) € X.
Since the eigenvalues of the matrix,

Q _ ( %Ll(b — CL)2 iLQ(b — CL)Z )
Ll(b — (l) Lg(b — CL)
are\; = 0andX; = 1Li(b— a)®> + Ly(b — a), from the conditionsL; (b — a)? < 1 and
Ly(b — a) < 3 we infer that|\;| < 1 and soQ™ — 0 whenm — oc.
Applying the Perov’s fixed point Theorgm 2.1, we conclude that the opeBaitais inC'([a, b] x
[c, d]) a unique fixed pointy*, z*) and the sequendg,,, z,,) converges uniformly tgy*, z*)
in C([a,b] x [c,d]) for any (yo, 29) € X, where

b

r—a b—uw
e G £ (s (5 2 (5.0) N s

a

Ym (, /\) =

0 —« 0G

b—a B %(xvs)f<s7ym—l (87)‘)7Zm—1 <S’>\)’)\>d87

Vm e N*, V(z,\) € la,b] x [c,d].
Consequently,

(3.8) Zm (T, ) =

r—a _l_b—x
b—a b—a

(3.9) Yy (x,\) =

and N
Z*(wa)‘):i:j /Z:Zf(s7y (37)‘)72*(8?>‘)>)‘)d5_
b
(3.10) —/2:2 CF (5,07 (8,0), 2% (s, 0), \) ds,

V(z,A) € [a,b] x [c,d].
With the condition (G) we see that

xT

g -« s—a . y B
%Z/ (l’,)\)— b—a +/b—a f(say (57)‘)72 (S,)\),)\)ds

a

b

_/b—s ~f(s,y" (s,A), 2" (s,\), A)ds
b—a

and thereforeZ y* = =*. With the same condition we infer that, z* € C"([a, b] % [c, d]).
BecauseZ y* = 2* we conclude thay*(-, \) € C%[a,b], VA € [c,d].

It is easy to see that'(a, \) = «, y*(b,\) =3, VA€ ¢ d| and

(%z* (x,\) = f(z,y" (2, ), 2" (x,\),\), V(z,\) € la,b] X [c,d],
that is,

82 * a *

852 (2, 0) = fz,y" (2, ), a—i (2, 0), ), Y(z,\) € [a,8] x [c,d].
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(b) Consider the operator

Cl(y",z%),:): Y =Y,
which in the conditions (©, (C;) and (G), is well defined. The condition (§ permits to
consider the Lipschitz constants from the condition)(&s

of
dy
From elementary calculus we obtain,
‘Cl((y*v Z*), (uhvl)) (I, /\) - Cl((y*7 Z*)7 (Ug, U2)) (ZL’, )‘)| <
b
< / |G (z,8)| (L1 |u1(s, A) — ua(s, A)| + Lo |v1(s, A) — va(s, \)|)ds <

a

Ly =

andL, = H%H

< (b 4&) (Ly Jlur — usl|o + La||v1 — v2|lo),  V(x, A) € [a,b] x [c,d]
and
Cally". ), (11, 0)) (2, 0) = Cally” 7). (2 ) (. V)] <
< (b—a)(Ly |lur — usl|o + Lo ||lvr —v2llo),  Y(z,A) € [a,b] x [c,d].
Then,

de(C((y", %), (ur,v1)), C((y7, 2%), (u2,12))) < Qde((ur, v1), (uz, v2)),
V(u1,v1), (ug,v2) € Y and@Q™ — 0 for m — oo.
From Theorerh 2]2 we infer that the operatdnas inX xY" a unique fixed point(y*, z*), (u*, v*)) €
X x Y, thatis
O((y*u Z*)7 (u*v U*)) = (u*a U*)'
Moreover, fory, € C2([a,b] X [c,d]), 20 = Zyo , uo = Yo » Vo = 2 2 the sequence defined
by
(@ Ym) s (Wins Vi) ) = (A™ (Yo, 20); (20, Vo)) )m
converges uniformly to(y*, z*), (u*,v*)) In X x Y.
From the conditions (0, (C,) and (G) we ifer thaty,, € C?%([a,b] x [c,d]), zn € C([a,b] x
le,d]), tm,vm € C([a,b] X [¢,d]), VYm e Nand

OYm

Un Y, Zm= o 32"
ox
— —um * d _ _7m *
Ui, B3 =u and v, N =v,
that is,
P T
oz’ oM ON
|

Corollary 3.2. Under the conditions of Theorégm B.1 the two point boundary value problem
Toy (2, 0) = fla,y (2,0), Zy (2,0),0),  (2,) € [a,0] x [¢,d].
y(a,\) =a, yb,N) =5, VA € [c,d]

has in

C*H([a,b] x [e,d]) = {y : [a,8] x [c,d] = R |y € C*([a, ] x [c,d])

and y(-, \) € C?a,b], V\€|[c,d]}

a unique solutiony* such that,* and his partial derivative in respect hyare smooth dependent
by the parameteA.
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Proof. Follows directly by the proof of Theorejn 3.4.
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