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2 Liu LANZHE

1. INTRODUCTION

Let T" be a Calderon-Zygmund singular integral operator, a well-known result of Coifman,
Rochberg and Weiss (segl [7]) states that the commuiatdl f = T'(bf) — bT f (where
b € BMO) is bounded orl?(R"™) for 1 < p < oco. Chanillo (seel[1]) proves a similar result
whenT is replaced by the Riesz potentials. [n [9],[10], these results on the Triebel-Lizorkin
spaces and the casec Lip3 (whereLipg is the homogeneous Lipschitz space) are obtained.
The purpose of this paper is to prove the boundedness for some vector-valued multilinear oper-
ators associated to certain fractional singular integral operators on the Triebel-Lizorkin spaces.
In fact, we shall establish the boundedness on the Triebel-Lizorkin spaces for the vector-valued
multilinear operators only under certain conditions on the size of the operators. As applica-
tions, the boundedness for the vector-valued multilinear operators associated to the Calderén-
Zygmund singular integral operator and fractional integral operator on the Triebel-Lizorkin
spaces are obtained.

2. NOTATIONS AND RESULTS

Throughout this paper) will denote a cube of:™ with side parallel to the axes, and for a
cubeq, let fo = |Q]™* fQ f(x)dr and f#(z) = sug Q! fQ |f(y) — foldy. Forl < p < oo
IS

and0 < § < n, let

Msy(£)0) =5 ( (o / i) "

zeQ
we denotel/; . (f) = M,(f) if § = 0, which is the Hardy-Littlewood maximal function when
r=1.Forg > 0andp > 1, IetFpﬂvoo be the homogeneous Triebel-Lizorkin space, the Lipschitz

spaceh; is the space of functions such that
£l = sup AP @) /1) < oo,

z,h € R"

h#0

whereA’ denotes thé-th difference operator (see[10]).
We are going to consider the fractional singular integral operator as follows.

Definition 2.1. LetT : S — S’ be a linear operator and there exists a locally integrable function
K(z,y)onR" x R"\ {(z,y) € R" x R" : x = y} such that

Tyg(x)= | K(z,y)g(y)dy
RTL
for every bounded and compactly supported functjorLet m; be the positive integerg (=
1,--+0),m +---+m =mandA; be the functions o™ (j = 1,- - -,[). Forl < r < oo,

the vector-valued multilinear operator associated ie defined by

[e.e]

1/r
I Ta(f) ()] = (Z\TA(fi)(fﬂ)V) ,

i=1

where l
H‘: ij 1(14,.1:,3])
Ta(fi)(z) = LT K (w,y) fiy) dy
Rn |l — y|
and .
R, 1(Ajs3,y) = Aj(z) — Z JDO‘AJ‘(Q)@C —y)*
lo|<m;
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We also denote that

00 1/r [e's)
() (@)l = (Z!T(fmw) and |1, = (Z\ﬁ-(@!’")

Note that whenn = 0, T4 is just the vector-valued commutator @f and A (see[11]).
While whenm > 0, it is non-trivial generalizations of the commutators. It is well known that
multilinear operators are of great interest in harmonic analysis and have been widely studied
by many authors (seel[2]{[6],][8]). The purpose of this paper is to study the boundedness for
the multilinear operator on Triebel-Lizorkin spaces. We shall prove the following theorem in
Sectior{B.

Theorem 2.1.Letl < r < 00,0 < 3 < 1/land D*A; € Az for all a with || = m; and
j=1,--- 1. Supposéd is the fractional singular integral operator as Definition such tHat,
is bounded fronL.?(R") to LY(R") for0 < <n,1 <p<n/dandl/p—1/qg=6/n. If T
satisfies the following size condition:

1/r

Ta(f)(@) = Ta(f)(zo)l, < C]]

l
j=1

( > D"“JAjAﬂ> QI M o(| f1) ()
laj|=m
for any cubeR) = Q(zo, 1) with f = {f;}, suppf; C (2Q)¢, = € Q and somd < s < co. Then
(@). |T4l, is bounded fromLr(R") to F/%=(R") for 0 < § < n, 1 < p < n/s,
1/p—1/q=24/n;
(b).|T4|, is bounded froni.?(R™) to L¢(R™) for0 < 6 < n—I03,1 < p < n/(6+10)
andl/p—1/q= (0 +15)/n.

From the theorem, we get the following

Corollary 2.2. Letl <r < o00,0<d <n,e>0,0 < <min(1/l,e/l) and D*A; € Ag for
all o with |a| = mandj = 1,---,[. SupposeX is a locally integrable function o™ x R"
satisfies
K (,y)| < Cla —y[7"°
and
|K(y.x) — K(z,2)| < Cly — 2| |z — 2[ 7"
if 2|y — z| < |z — z|. Denote

T(fi)(x) = - K(z,y)fi(y)dy
and "
Ta(f)(x)], = (ZITA%)(%)I’“) :
where -

l
Taf)@) = | Lo ijf 1;“:” 29 ko) i
for every bounded and compactly supported funcfipand = € (suppf;)¢. SupposeT|, is
bounded from.?(R") to LY(R") for0 <6 <n,1 <p<n/dandl/q=1/p—3J/n. Then
(@). |T4|, is bounded fromLr(R") to F/%=(R") for 0 < § < n, 1 < p < n/s,
1/p—1/q=14/n;
(b).|T4|, is bounded fronL?(R™) to LI(R™) for0 < 6 < n—I3,1 < p < n/(6+1p)
andl/p—1/q= (6 +15)/n.
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3. PROOF OF THEOREM 2.1

To prove the theorem, we need the following lemmas.

Lemma 3.1. (see[[10])For 0 < B < 1,1 < p < oo, we have

1
Sgp|Q|1—+ﬁ/n/Q|f(x)_fQ|dx supmf |Q|1+ﬁ/n/ |f(x) — c|dz

Lemma 3.2. (see[10])For 0 < 8 < 1,1 < p < oo, we have

1 1 1 e
bl| ; zsup—/bx—b dxmsup—(—/ba:—b pdx) :

Lemma 3.3. (see[[10])Letb € Agandl < s < oo, then

(6 = bo) fxol

Lemma 3.4. (seel[1])Suppose that < r < 00,1 < s<p<n/dandl/q=1/p—d/n. Then
M55 (L F 1)l |ze < CHIf o] e

Lemma 3.5. (see[5])Let A be a function onR" and DA € LI(R") for || = m and some
g > n. Then

1 1/q
21 <l 3 (i 2 40)
) Z,y

laf=m

~
~

11l pproe =

Ly Lpr

Lo < Clbll QY101 Mo £).

whereQ(z,y) is the cube centered atand having side lengthy/n|z — y|.

Proof of Theorerpi 2]1We first prove a sharp estimate dra(f)|.. Without loss of generality,

we may assumeé = 2. Fix a cube®) = Q(xg,d) andgz € Q. LetQ = 5v/nQ and A;(z) =

A] (x)— Z é(DaA])Ql.a’ thean(AJ, xZ, y) = Rm(A], x, y) andDaA] = DaA]—(DaA]>Q
|a|=m

for |a| = m;. We splitf = g+ h = {g:} + {h:} with g; = fixg andh; = fixgn 5. Write

Hizl ij-‘rl (Ajv Z, y)

TA(ﬁ)(x) - " |[)3 _ y|m K(.I, y)fl(y)dy
) 3
= Rm AJ y
1=y J+1(m] - y)K(x,y)hi(y)dy
Rn |.f13 — y|
[T, B, (43 2,y)
+ = LK () gily) dy
|z —y|
mz A 3 Ly T — o a1 A
- Z [ B DB I pe i )R v, )il
|a1|—m1 i |‘T - y|
oy (A1 2, 2
- 3 [ Rl I pe ) R ) )y
|ova|= mg i |$ - y|
1 (x — y)a1+a2Da1f~11(y)D02A2(y)
+ . o] / o ym K (z,y)g:(y)dy,

laa|=m1, |az|=ma2
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then, by Minkowski’ inequality,

W / ITA() @) — [Ta(h) (o) | da
1/r
< |Q|1+2ﬁ/"/(Z|TA F)e) — T4k )(x0)|r> “

< 1 / i H]‘:1 ij (A]a Z, y)
- ‘Q|1+2,B/n o \ &

— |Jan |z —y[™
C

\Q | 1+28/n

K(x,y)gi(y)dy

r\ 1/r
) dx
r\ 1/7

g / 2. / eal B~y D Ay (y) K (2, y)gi(y)dy dx

|z —y|™

=1 ‘al‘ =m1

C
* W
r\ 1/7
m1A7xy x_yaz as A
" / 2 / 1|x—y|(m " Do Au(y) K (2 )i )y dx
i=1 ||az|=msy V1"
C
" o
r\ 1/r
00 T—y a1+a2Da1A DOQA y
’ /Q 2| 2 / |x—y|1"5) 2 )K(:U,y)gi(y)dy dx

=1 | Jau| = m
loa| = ma

1/r
* ‘Q’HZW”/(ZW (hi)($0)|T> dx

= [1+[2+[3+[4—|—[5.

Now, let us estimaté,, I, I3, I, andI;, respectively. For: € Q andy € (), using Lemm5
and Lemmé 3]2, we get

LAEIER]
< Cle—y|™ Y sup|D*Aj(x) — (D*4y)g]
o} =m #€CQ
< Cla—y"QI™ Y (DAl

laj=m

thus, by theg(L®, L7)-boundedness qf |, with 1 < s < n/d andl/q = 1/s — 6 /n, we obtain

N

CIT| X 1Al | i [ @ @)

i=1 \ayl=m;
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1/q
< cII{ X 1mmai, | ([ )

7=1 \ oy l=m;

1/s
< cT1| > womal, | Qe ( /Q \f(x)lidx)

J=1 \lajl=m;

N 1 . 1/s
< cII{ X 10, | (e [ i)

J=1 \lajl=m;

< CII{ X 1Dalis, | Mso(1f1)().

7=1 \ oy l=m;

For I,, using Lemma 33, we get, far< s < n/d andl/q = 1/s — §/n,

o 1 a1 A
L < C ) [ID®A, Y, |Q‘1—+BM/Q‘T(D Arg)(z)|rdx

|az|=m2 |t |=ma

IN

C Y D= Al Do TP A = (D™ A)g)g)l|salQl 7/

|oa|=ma o [=ma

< C Y DA, QI Yy I(DMA - (DM A)g)

|az|=m2 lai|=m

OH ( > |DaJAj/\B) M (1f1r)(Z).

|ovj|=m;

IN

For I3, similar to the proof ofl,, we get

|ovj|=m;

Iy < cH ( ) D%Amﬁ) M; o (1f1,)(#).

Similarly, for I, denotings = pgs for 1 <p <n/d, ¢1,q2,93 > 1,1/q1 + 1/q2 + 1 /g3 = 1 and
1/t =1/p — §/n, we obtain

Iy

IA

|y |[=my,|az|=ma

IN

i i 1/t
D DR el ( / n |T<Da1AlDa2AQg><x>|:dx)

la|=m1,|az|=m2

IA

B B 1/p
c X ([ ipm e p il e )

|t |=my,|az|=ma
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Z 28/ 1 1/pg3
< c o (it [
|1 |[=ma,|az|=m2 |Q‘1_86/n Q
1 5 1/pq1 1 R 1/pgz
% (T/ |D“1A1(x)|p‘hdx) (T/ |Da2A2(x)|pQ2dx)
Q /¢ Q| Ja
2
<

CIT| X2 ID™ Al | Mss(11)(@)

L \laj|=m;

For I5, using the size condition af, we have

L<CIL| Do DA A, | Mss(H)(@).

J=1 \lejl=m;

We now put these estimates together, and taking the supremum ogesath that: € (), and
using Lemma 3]1 ar{d 3.4, we obtain

2
I TaC) el gzoe <CTTL Do 1D Al | I1F1 |0

7=1 \Joyl=m;

This completes the proof ofi).
For (b), by the same argument as in proof af,(we have

1 2 |
@/QHTA(f)(x)lr—|TA(h)(xg)]r]d:c§CH ST D% Alla, | Msrass(f1),

i=1 \Jagl=m;

thus, we get the sharp estimatelof as following

(ITA(f)!r)#SCH Y DY A[a, | Marass(If15).

1 \lajl=m;

Now, using Lemma 3]4, we get

NZa(Dlellze < CHITaNHllze <CTT | D2 1DV AflIA, | 11 Mss25.(1f1)]ls

7= \lol=m;

2
cIT S5 D= alis, | II1f1 e

J=1 \laj|=m;

IN

This completes the proof ob) and the theoreny

Proof of Corollary2.2.1t suffices to verify thafl” satisfies the size condition in Theorem|2.1.
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Tx(fi)(@) — Tx(fi)(wo)
_ K(z,y)  K(zo,y) ) (A
- [ HR’"J 55505
+ /n (le(fh;x,y) - le(fh;:co,y)) WK(mo,y)ﬁ(y)dy
) i i
+ / (R ,(Agw,y) — RmQ(Az;mo,y)> Wﬂxmy)ﬁ(y)@
_ Ruy(Asiey)x—y)™ o Ry(Asizoy)@o—y)™ |
alz_ml /n i |z —y[m (@) w0 — y|™ (@0, y)_
x DAy )fz( y)dy _
. le (Al; x,y)(x - y)az . Rm1 (1211; l’o,y)(l‘o - y)QQK
a;m ! /n I |z —y|™ Klz.y) |z — y|™ (o, y)_
x D Ay(y) fily)dy
1 (CL’ _ y)a1+a2 B (:L,O - y)a1+a2
+ al:m;ml:m gl /n [ |x—y|m K(%ZJ) |x0—y|m K(.To,?J)
x DAy (y) D™ Ay(y) fi(y)dy

JD 4 @ L g® 4 g® 4 g6y 5O

By Lemmg 3.5 and the following inequality, fore Ag,

C (Q)°andz € Q = Q(z0,1). We write

1
[b(a) = bal < =7 [ Iblls,lz —ylPdy < [IblIx, (|2 — zo| + )",
QI Jo

we get

|Rin, (Ajs 2, )| < Z 1D Ay |, (J& = y| + d)™*P.

|or|=m;

Note thatjz — y| ~

lzo — y| for z € Q andy € R™ \ ), we obtain, by the condition of,

2
|ZL’—x0| |I:_x0|8 ~
RO \ |70 — y|m Tt g — gfrenes ) LLITn
2
< cII{ X 14l
J=1 \lej|=m;
<3 / o = %) |2 — Zol* |fi(y)ldy
o 7 2Ft1Q\2FQ |rg — y|nt1-0-26 © |py — y|nte—9-28 i
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2 [oe)
= CH Z 1D Aj|| 4, IQFW”Z(QWB—D+2k(2ﬁ—s))

j:1 |aj|:mj k=0

1
- () |dy,
T /Mrf(y)\ y

thus, by Minkowski’ inequality, fod < s < oo,

o)

H Yo DM A, | 1QPY™ Y (2K 4 98BIy

<
J=1 \leyl=m; k=0
1
Py AL,
2 o0
< CII[ DO DAy, | 1QPY™Y (2801 4 ok(F=a))
T=E Nlayl=m; k=0
1 . 1/s
(g L, k)
2
< CII| Do 1ID¥All5, | 1QP" Mso(If1:)(x).

=1 \layl=m;

For JZ@), by the formula (see [5]):

3 3 1 3
ij(Aj;x,y) - Ry, (Aj;z0,y) = Z —!Rm].,W(D”Aj; x,z0)(x —y)"

In|<m;

and Lemma 315, we get, far< s < oo,

A
Q
—

1/7" 2
r T
)< el X i )3 A

k+1Q\2kQ |.T0 —

i=1 =1 \lal=m;
2
< CIT | Do DA lla, | 1QIP™ Ms (| f1:) ().
=1 \lal=m;

Similarly,

) 1/r 2

(b)) <l 3 1o, 1000
i=1 =1 \Jal=m;

For J, similar to the estimates of" and.J*, we obtain, forl < s < oo,
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g

(Bier)
X

|t |=m1

X Ry (Azs 2, 9)[[ D™ As(y)]| £ (9) |y
£ 0 [ R(Aia) - R (Aaian.y)
R™M\Q

(z —y) K(z,y) (r0—y)* K(z0,Yy)

|z —y|™ |zo — y|™

IN

|t |=m1
ro — y)“ K (xg, o 7
x Moo= K0 s 7, 4y ly
‘550—1/|
2 [e’s)
< CII [ Do 1D4)lla, | 1QP#™) (28071 4 9kCA=0))
j:1 ‘(Xl:m]' k=0
e
|2kQ|1—35/n 2k Yy
2
< CILL Do ID“Ajlla, | QP M; o1 f1)(F).
j=1 \lal=m,

Similarly,

00 1/r 2
(Z 7> ) <CTI| X 1DeAlla, | 1QPY" My (| f1.)(%).
i=1 j=

1 \Jal=m,
1/r
T)

For J, we get

5

79

<c ¥ / (x —y)* "2 K(x,y) (2o —y)" " K(x0,y) ’
- |ar|=m1,|az|=m2 R™M\Q |93 - y|m |$0 - y|m
X |D* Ay (y)||D** As(y)|| f (y)]dy

o0

|z — x| | — xo®
< C +
o ¥ S (St

lar|=m1,|az|=m2 k=0

| D% As(y) 1D As(y)|1f ()| dy

2
CII Do %A,

7=1 \Jay|=m;

X

IA

o0

|z — 0 | — xol®
X »d
k=0 /2k+1(2\2k62 (|370 — y|rrtom2s i e Fw)l-dy
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2
< CII{ X 1A lis, | 1QP"Ms (| fl,) ().

J=1 \ |y |=m;
Thus
ITA(f) (@) = Ta(F) (o)l < C Y |IDAl|5,| QP Ms 5| £1) ().
|a|=m

This completes the proof of the corollany.

4. APPLICATIONS

In this section we shall apply the Theorem and Corollary to some particular operators such
as the Calderon-Zygmund singular integral operator and fractional integral operator. Let
1 <r<oo, D*A; € Agfor|a] =mandj =1, 1.

Application 1. Calderon-Zygmund singular integral operator.

Let T be the Calderén-Zygmund operator(sée[6]] [12]), the vector-valued multilinear opera-
tor related tdl" is defined by

oo 1/r
[ Ta(f) ()] = <Z|TA<fi)($)|r> ,

where

Hl': ij+1 (A j3 Ly y)
Ta(fi)(z) = = K (2 y) fily)dy.
Rn |z =y
Then it is easily to see thdt satisfies the conditions in Corollary 2.2 with= 0, thusT) is
bounded fromL*(R") to F7>°(R") for 0 < # < 1/I,1 < p < oo and fromL*(R") to L*(R")

foro< g <1/l,1<p<n/(lB)andl/p—1/q=13/n.

Application 2. Fractional integral operator with rough kernel.

For0 < ¢ < n, letTy be the fractional integral operator with rough kernel defined by(see[8],
[12]) .
Qxr—y
Tg(x :/ ———=g(y)dy,
(@) g T —y|"0 )
the vector-valued multilinear operator relatediids defined by

[e'e) 1/r
5 () ()], = (Z IT,‘fl(fz-)(w)IT) :
where

Hl':l ij+1 (Aj; Z, Z/)
T5(f:)(x) = . ! PR Qz —y) fi(y)dy

and () is homogeneous of degree zero B, [, , Q(z')do(2’) = 0 andQ € Lip.(S"")

for some0 < ¢ < 1, that is there exists a constaht > 0 such that for any:,y € S* 1,

1Q(x) — Qy)| < Llz — y[*. WhenQ = 1, T° is the Riesz potentials. Thef; satisfies
the conditions in Corollary. Thug} is bounded fromZL*(R") to Féﬁ’oo(R”) for0 < 8 <

min(1/l,e/l),1 <p<n/d, 1/p—1/q=d/nandfromLP(R™)to LIY(R™)for0 < § < n—10,

0<f<min(l/l,e/l),1 <p<n/(6+1p)andl/p—1/q= (6 +15)/n.
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