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2 T. N. SHANMUGAM AND S. SIVASUBRAMANIAN

1. I NTRODUCTION

LetA be the class of functionsf normalizedby

(1.1) f(z) = z +
∞∑

n=2

anz
n

which areanalytic in the openunit diskU = {z ∈ C : |z| < 1} . Let S be the subclass ofA,
the class of functions which are alsounivalentin U .

A functionf ∈ A is said to be starlike of orderα, 0 ≤ α < 1, if and only if

(1.2) Re

{
zf

′
(z)

f(z)

}
> α, z ∈ U.

This class is denoted byS∗(α) whereS∗(0) = S∗, the class of functions that are starlike.
A function f ∈ A is said to be in the classK(α), the class of functions which are convex

univalent of orderα, if zf
′
(z) ∈ S*(α). Clearly K(0) = K, the class of convex univalent

functions.
A functionf ∈ A is said to be uniformly convex inU if f(z) is a normalized convex function

and has the property that for every circular arcγ contained in the unit discU , with centerζ also
in U , the image arcf(γ) is a convex arc . This class was introduced by Goodman [4]. Kanas
and Wísniowska [7] defined the classk − UCV as

(1.3) k − UCV :=

{
f ∈ A : Re

{
1 +

zf
′′
(z)

f ′(z)

}
> k

∣∣∣∣zf ′′
(z)

f ′(z)

∣∣∣∣ , (0 ≤ k < ∞)

}
.

Note that the classk−UCV is an extension of the classUCV studied by Goodman [4, 5]. The
ClassUCV describes geometrically the domain of values of the expression

1 + zf
′′
(z)

f ′ (z)
, z ∈ U as a parabolic regionΩ =

{
ω ∈ C : (Im(ω))2 < 2Re(ω)− 1

}
. A one

variable characterization for the classUCV was independently given by F. Rønning [14], and
Ma and Minda [11] asf ∈ UCV if and only if

(1.4) Re

{
1 +

zf
′′
(z)

f ′(z)

}
>

∣∣∣∣zf ′′
(z)

f ′(z)

∣∣∣∣ , z ∈ U.

Using the analytic condition (1.4), Rønning [14] defined a new class calledSp consisting of
functionsf ∈ A satisfying

(1.5) Re

{
zf

′
(z)

f(z)

}
≥
∣∣∣∣zf ′

(z)

f(z)
− 1

∣∣∣∣ , z ∈ U.

Kanas and Wísniowska [8] extended the classSp as

(1.6) k − ST :=

{
f ∈ A : Re

{
zf ′(z)

f(z)

}
> k

∣∣∣∣zf ′(z)

f(z)
− 1

∣∣∣∣ , (0 ≤ k < ∞)

}
.

The various properties of the classk−UCV andk−ST was extensively studied by Kanas and
Srivastava [9]. Bharathi et al. [1] defined a new classUCV (α, β) as follows.
Forα ≥ 0, 0 ≤ β < 1,

(1.7) UCV (α, β) :=

{
f ∈ A : Re

{
1 +

zf
′′
(z)

f ′(z)

}
≥ α

∣∣∣∣zf ′′
(z)

f ′(z)

∣∣∣∣+ β, z ∈ U

}
.

AJMAA, Vol. 2, No. 2, Art. 7, pp. 1-9, 2005 AJMAA

http://ajmaa.org


ON THE HOHOV CONVOLUTION OF THE CLASS Sp(α, β) 3

They gave a sufficient condition for a function to be inUCV (α, β) in terms of the coefficient
of the function. The classSp(α, β) was also defined in [1], as

(1.8) Sp(α, β) :=

{
f ∈ A : Re

{
zf

′
(z)

f(z)

}
≥ α

∣∣∣∣zf ′
(z)

f(z)
− 1

∣∣∣∣+ β, z ∈ U

}
.

Let f(z) =
∞∑

n=0

anz
n, g(z) =

∞∑
n=0

bnz
n. Then the Hadamard product or convolution off(z)

andg(z), written as(f ∗ g)(z) is defined by

(1.9) (f ∗ g)(z) =
∞∑

n=0

anbnz
n.

The Gaussian hypergeometric functionF (a, b; c; z) = 2F1(a, b; c; z) is defined by

(1.10) F (a, b; c; z) =
∞∑

n=0

(a)n(b)n

(c)n(1)n

zn,

wherea, b, c are complex numbers andc 6= 0,−1,−2, .... and(a)n, the Pochhammer symbol
( or ascending factorial) defined by

(1.11) (a)n =

{
1 for n = 0
a (a + 1) ... (a + n− 1) for n = 1, 2, 3... .

It is known that

(1.12) F (a, b; c; 1) =
Γ(c− a− b)Γ(c)

Γ(c− a)Γ(c− b)
, Re(c− a− b) > 0.

Also the functionF (a, b; c; z) is bounded ifRe(c − a − b) > 0. For f ∈ A, we recall the
operatorIa,b;c(f) of Hohlov [6] which mapsA into itself defined by

(1.13) [Ia,b;c(f)](z) = zF (a, b; c; z) ∗ f(z)

where * denotes the Hadamard’s convolution.
Let τ ∈ C \ {0} ,−1 ≤ B < A ≤ 1. A functionf ∈ A is said to be in the class<τ (A, B) if

it satisfies the inequality

(1.14)

∣∣∣∣ f ′(z)− 1

(A−B)τ −B[f ′(z)− 1]

∣∣∣∣ < 1, z ∈ U.

The class<τ (A, B) was introduced by Dixit and Pal [3] . For the choices of
τ = e−iη cos η

(
−π

2
< η < π

2

)
, A = 1− 2β (0 ≤ β < 1) andB = −1,

the class<τ (A, B) reduces to the class<η(γ) by Ponnusamy and Rønning [13], where

(1.15) <η(γ) :=
{

f ∈ A : Re
(
eiη(f ′(z)− γ)

)
> 0;

(
z ∈ U ;−π

2
< η <

π

2
; 0 ≤ γ < 1

)}
.

Parvatham and Prabhakaran [12] obtained sufficient condition for the Gaussian
hypergeometric functionzF (a, b; c; z) to be in the classSp. The classSp(α, β) was discussed
in detail by Swaminathan [17]. Motivated essentially by the aforementioned works, we obtain
sufficient condition for the operatorIa,b;c(f) to be in the classSp(α, β).
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4 T. N. SHANMUGAM AND S. SIVASUBRAMANIAN

2. THE CLASS UCV (α, β)

We state the following results which will be used to prove our main results.

Theorem 2.1. [9, Theorem 2.3, p. 21]A functionf(z) of the form (1.1) is inUCV (α, β) if it
satisfies the condition

(2.1)
∞∑

n=2

n (n(1 + α)− (α + β)) |an| ≤ 1− β.

Theorem 2.2. [1, Theorem 2.6, p. 23], A functionf(z) of the form (1.1) is inSp(α, β) if it
satisfies the condition

(2.2)
∞∑

n=2

(n(1 + α)− (α + β)) |an| ≤ 1− β.

Lemma 2.3. [1, Lemma 2, p. 767](i) For a 6= 1, b 6= 1 andc 6= 1 with c > max [0, a + b− 1],
∞∑

n=0

(a)n(b)n

(c)n(1)n+1

=
1

(a− 1)(b− 1)

[
Γ(c− a− b + 1)Γ(c)

Γ(c− a)Γ(c− b)
− (c− 1)

]
.

(ii) Fora, b > 0 andc > a + b + 3
∞∑

n=0

(n + 1)3 (a)n(b)n

(c)n(1)n

=
Γ(c− a− b)Γ(c)

Γ(c− a)Γ(c− b)

[
(a)3(b)3

(c− a− b− 3)3

+ 6
(a)2(b)2

(c− a− b− 2)2

+ 7
ab

(c− a− b)
+ 1

]
.

(iii) Fora, b > 0 andc > a + b + 2
∞∑

n=0

(n + 1)2 (a)n(b)n

(c)n(1)n

=
Γ(c− a− b)Γ(c)

Γ(c− a)Γ(c− b)

[
1 +

(a)2(b)2

(c− a− b− 2)2

+ 3
ab

(c− a− b)

]
.

(iv) Fora, b > 0 andc > a + b + 1
∞∑

n=0

(n + 1)
(a)n(b)n

(c)n(1)n

=
Γ(c− a− b)Γ(c)

Γ(c− a)Γ(c− b)

[
1 +

ab

(c− a− b− 1)

]
.

Lemma 2.4. [3] If f ∈ <τ (A, B) is of form (1.1), then

(2.3) |an| ≤ (A−B)
|τ |
n

, n 6= 1.

Theorem 2.5.Letf ∈ <τ (A, B), a, b ∈ C \ {0} andc > |a|+ |b|+ 1. If

(2.4) (A−B)|τ |
{

Γ(c)Γ(c− |a| − |b|)
Γ(c− |a|)Γ(c− |b|)

[(
1 + α

1− β

)(
|ab|

c− |a| − |b| − 1

)
+ 1

]
− 1

}
≤ 1

thenIa,b;c(f) ∈ UCV (α, β).

Proof.

zF (a, b; c; z) = z +
∞∑

n=2

(a)n−1(b)n−1

(c)n−1(1)n−1

zn

and

(2.5) Ia,b;c(f) = z +
∞∑

n=2

(a)n−1(b)n−1

(c)n−1(1)n−1

anz
n.
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By the Theorem 2.1, we only need to show that

(2.6)
∞∑

n=2

n (n(1 + α)− (α + β))

∣∣∣∣(a)n−1(b)n−1

(c)n−1(1)n−1

an

∣∣∣∣ ≤ 1− β.

In view of Lemma 2.4, we have
∞∑

n=2

n [n(1 + α)− (α + β)]
∣∣∣ (a)n−1(b)n−1

(c)n−1(1)n−1
an

∣∣∣
≤ (A−B) |τ |

∞∑
n=2

[n(1 + α)− (α + β)]
(|a|)n−1(|b|)n−1

(c)n−1(1)n−1

= (A−B) |τ |

[
(1 + α)

∞∑
n=1

[
(|a|)n(|b|)n

(c)n(1)n−1

]
+ (1− β)

∞∑
n=1

(|a|)n(|b|)n

(c)n(1)n

]
.

By using the Pochhammer symbol(a)n = a(a + 1)n−1, we get the right hand side of the above
expression as

(A−B) |τ |

[
(1 + α)

|ab|
c

∞∑
n=1

(|a|+ 1)n−1(|b|+ 1)n−1

(c + 1)n−1(1)n−1

+ (1− β)
∞∑

n=1

(|a|)n(|b|)n

(c)n(1)n

]
.

From (1.12), the above expression becomes

(A−B) |τ |
(

(1 + α)
|ab|
c

Γ(c− |a| − |b| − 1)Γ(c + 1)

Γ(c− |a|)Γ(c− |b|)
+ (1− β)

[
Γ(c− |a| − |b|)Γ(c)

Γ(c− |a|)Γ(c− |b|)
− 1

])
.

The above quantity is bounded above by1− β if and only if (2.4) holds .

Takingα = 1, β = 0 andf ∈ <η(γ) in Theorem 2.5, we get the following result of Kim and
Ponnusamy [10].

Corollary 2.6. Letf ∈ <η(γ) , a, b ∈ C \ {0} andc > |a|+ |b|+ 1,

(2.7) 2(1− γ) cos η

{
Γ(c)Γ(c− |a| − |b|)
Γ(c− |a|)Γ(c− |b|)

[
2

(
|ab|

c− |a| − |b| − 1

)
+ 1

]
− 1

}
≤ 1,

thenIa,b;c(f) ∈ UCV.

Theorem 2.7.Letf ∈ S, a, b ∈ C \ {0} andc > |a|+ |b|+ 3. If

Γ(c)Γ(c− |a| − |b|)
Γ(c− |a|)Γ(c− |b|)[

(1− β) + (1 + α)
(|a|)3(|b|)3

(c− |a| − |b| − 3)3

+
(|a|)2(|b|)2

(c− |a| − |b| − 2)2

(6 + 5α− β)

]
+

(2.8)
Γ(c)Γ(c− |a| − |b|)
Γ(c− |a|)Γ(c− |a|)

[
|ab|

(c− |a| − |b| − 3)
(7 + 4α− 3β)

]
≤ 2(1− β)

then,Ia,b;c(f) ∈ UCV (α, β).

Proof. Sincef ∈ S, we have

(2.9) |an| ≤ n.

An application of Lemma 2.1, together with (2.9) gives the Theorem 2.7.

Takingf(z) = z
1−z

in Theorem 2.7, we have the following result obtained by
Swaminathan [17].
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Corollary 2.8. If a, b > 0 andc > a + b + 2 then a sufficient condition forzF (a, b; c; z) to be
in UCV (α, β) is that

Γ(c− a− b)Γ(c)

Γ(c− a)Γ(c− b)

[
1 +

(
3 + 2α − β

1− β

)(
ab

c− a− b− 1

)
+

(
1 + α

1− β

)(
(a)2(b)2

(c− a− b)2

)]
≤ 2.

Takingf(z) = z
1−z

, α = 1 in Theorem 2.7, we get the following result of Cho et al. [2].

Corollary 2.9. If a, b > 0 andc > a + b + 2 then a sufficient condition forzF (a, b; c; z) to be
in UCV (β) is that

Γ(c− a− b)Γ(c)

Γ(c− a)Γ(c− b)

[
1 +

(
5− β

1− β

)(
ab

c− a− b− 1

)
+

(
2

1− β

)(
(a)2(b)2

(c− a− b)2

)]
≤ 2.

Takingf(z) = z
1−z

, α = 1, β = 0 in Theorem 2.7, we get the following result of Kim and
Ponnusamy [10].

Corollary 2.10. If a, b ∈ C\{0} andc > |a|+|b|+1, then a sufficient condition forzF (a, b; c; z)
to be inUCV is that

Γ(c− |a| − |b|)Γ(c)

Γ(c− |a|)Γ(c− |b|)

[
1 + 5

(
|ab|

c− |a| − |b| − 1

)
+ 2

(
(|a|)2(|b|)2

(c− |a| − |b|)2

)]
≤ 2.

3. THE CLASS Sp(α, β)

Theorem 3.1.Letf ∈ <τ (A, B), a, b ∈ C\{0} with |a| 6= 1, |b| 6= 1. If c > max {0, |a|+ |b|},
then the sufficient condition forIa,b;c(f) to be in the classSp(α, β) is

(1 + α)

(
Γ(c)Γ(c− |a| − |b|)
Γ(c− |a|)Γ(c− |b|)

− 1

)
− α + β

(|a| − 1)(|b| − 1)

(
Γ(c− |a| − |b|+ 1)Γ(c)

Γ(c− |a|)Γ(c− |b|)

)

(3.1) + (α + β)

[
(c− 1)

(|a| − 1)(|b| − 1)
+ 1

]
≤ 1− β

(A−B)|τ |
.

Proof.

zF (a, b; c; z) = z +
∞∑

n=2

(a)n−1(b)n−1

(c)n−1(1)n−1

zn

and

(3.2) Ia,b;c(f) = z +
∞∑

n=2

(a)n−1(b)n−1

(c)n−1(1)n−1

anz
n.

By the Theorem 2.2, we only need to show that

(3.3)
∞∑

n=2

(n(1 + α)− (α + β))

∣∣∣∣(a)n−1(b)n−1

(c)n−1(1)n−1

an

∣∣∣∣ ≤ 1− β.

In view of Lemma 2.4, we have
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∞∑
n=2

(n(1 + α)− (α + β))

∣∣∣∣(a)n−1(b)n−1

(c)n−1(1)n−1

an

∣∣∣∣
≤ (A−B) |τ |

[
∞∑

n=2

{n(1 + α)− (α + β)} (|a|)n−1(|b|)n−1

(c)n−1(1)n−1

1

n

]

= (A−B) |τ |

[
(1 + α)

∞∑
n=1

(|a|)n(|b|)n

(c)n(1)n

− (α + β)

(
∞∑

n=0

(|a|)n(|b|)n

(c)n(1)n+1

− 1

)]
.

An application of Lemma 2.3 gives the Theorem 3.1.

Theorem 3.2.Letf(z) ∈ Rη(γ), a, b ∈ C \ {0} with |a| 6= 1, |b| 6= 1. If
c > max {0, |a|+ |b| − 1}, then the sufficient condition forIa,b;c(f) to be in the classk − ST
is

Γ(c)Γ(c− |a| − |b|)
Γ(c− |a|)Γ(c− |b|)

[
1 +

k(|ab| − c + 1)

(|a| − 1)(|b| − 1)

]
≤ 1

2(1− β) cos η
+ k

[
(1− c)

(|a| − 1)(|b| − 1)

]
+ 1.

Proof. Takingβ = 0, A = 1− 2γ, B = −1, andα = k (0 ≤ k < ∞), in Theorem 3.1, we get
the desired result. This is the result obtained by Kanas and Srivastava [9].

Corollary 3.3. If f(z) ∈ Rη(γ), α = 1 and β = 0 in Theorem 3.1, we get the sufficient
condition forIa,b;c(f) to be in the class ofSp obtained by Parvatham and Prabhakaran[12].

Theorem 3.4.Letf ∈ S, a, b ∈ C \ {0} andc > |a|+ |b|+ 2. If

Γ(c)Γ(c− |a| − |b|)
Γ(c− |a|)Γ(c− |b|)

[
1 +

(1 + α)

(1− β)

(|a|)2(|b|)2

(c− |a| − |b| − 2)2

+
(3 + 2α− β)

(1− β)

|ab|
(c− |a| − |b| − 1)

]
≤ 2,

thenIa,b;c(f) ∈ Sp(α, β).

Proof. Sincef ∈ S,

(3.4) |an| ≤ n.

An application of Theorem 2.2 together with (3.4) , gives the Theorem 3.4.

If α = k (0 ≤ k < ∞), β = 0 in Theorem 3.4, we get the following result of Kanas and
Srivastava [9].

Corollary 3.5. Letf ∈ S, a, b ∈ C \ {0} andc > |a|+ |b|+ 2. If

Γ(c)Γ(c− |a| − |b|)
Γ(c− |a|)Γ(c− |b|)

[
1 + (1 + α)

(|a|)2(|b|)2

(c− |a| − |b| − 2)2

+ (3 + 2α)
|ab|

(c− |a| − |b| − 1)

]
≤ 2,

thenIa,b;c(f) ∈ k − ST.

If α = 1, β = 0 in Theorem 3.4, we get the following result obtained by Parvatham and
Prabhakaran [12].

AJMAA, Vol. 2, No. 2, Art. 7, pp. 1-9, 2005 AJMAA

http://ajmaa.org


8 T. N. SHANMUGAM AND S. SIVASUBRAMANIAN

Corollary 3.6. Letf ∈ S , a, b ∈ C \ {0} andc > |a|+ |b|+ 2. If

Γ(c)Γ(c− |a| − |b|)
Γ(c− |a|)Γ(c− |b|)

[
1 + 2

(|a|)2(|b|)2

(c− |a| − |b| − 2)2

+ 5
|ab|

(c− |a| − |b| − 1)

]
≤ 2,(3.5)

thenIa,b;c(f) ∈ Sp.

Takingf(z) = z
1−z

in Theorem 3.4, we have the following result obtained by Swaminathan
[17].

Theorem 3.7. If a, b > 0 andc > a + b + 1, then a sufficient condition forzF (a, b; c; z) to be
in Sp(α, β) is that

Γ(c− a− b)Γ(c)

Γ(c− a)Γ(c− b)

[
1 +

(
1 + α

1− β

)(
ab

c− a− b− 1

)]
≤ 2.

Corollary 3.8. Takingf(z) = z
1−z

, α = 0 in Theorem 3.4, we get the sufficient condition for
zF (a, b; c; z) to be in the class of starlike functions of orderβ obtained by Silverman[16].

Corollary 3.9. Takingf(z) = z
1−z

, α = 0 and β = 1 in Theorem 3.4, we get the sufficient
condition for zF (a, b; c; z) to be in the class of parabolic starlike functionsSp obtained by
Parvatham and Prabhakaran[12].
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