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ABSTRACT. Let F(a,b;c; z) be the Gaussian hypergeometric function &ngl.(f)

= zF(a,b;c; z) * f(z) be the Hohlov operator defined on the claksf all normalized analytic
functions. We determine conditions on the parametebsc such thatl, ;..(f) will be in the
class of parabolic starlike functiort$, («, 5). Our results extend several earlier results.
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2 T. N. SHANMUGAM AND S. SVASUBRAMANIAN

1. INTRODUCTION

Let A be the class of functiong normalizedby
(1.2) flz) = z+Zanz"
n=2

which areanalyticin the openunit diskU = {z € C: |z| < 1}. Let S be the subclass of,
the class of functions which are alanivalentin U.
A function f € A is said to be starlike of order, 0 < o < 1, if and only if

2f (2)
(1.2) Re{ e }>oz,z€U.

This class is denoted by*(a) whereS*(0) = S*, the class of functions that are starlike.

A function f € A is said to be in the clask («), the class of functions which are convex
univalent of ordery, if zf'(z) € S*(a). Clearly K(0) = K, the class of convex univalent
functions.

Afunction f € A is said to be uniformly convex it if f(z) is a normalized convex function
and has the property that for every circular armontained in the unit dist, with center¢ also
in U, the image ar¢ () is a convex arc . This class was introduced by Goodrman [4]. Kanas
and Weniowskal[7] defined the clags— UCV as

(1.3) k—UOV::{feA:Re{1+%}>k %’,(0§k<oo)}.

Note that the clask — UC'V is an extension of the clag&”'V" studied by Goodmain [4] 5]. The
ClassUC'V describes geometrically the domain of values of the expression

1+ Zf—(g),z € U as a parabolic regiof = {w e C: (Im(w))® < 2Re(w) — 1}. Aone
variable characterization for the clag8€’'lV was independently given by F. Rgnningl[14], and

Ma and Mindal[11] a$ € UCV if and only if
2" (2) } e
f(z) f'(2)

Using the analytic conditior] (1.4), Rennirig [14] defined a new class caljembnsisting of
functionsf € A satisfying

(1.4) Re{1+ ,ze U

2f (2)

. zf’(z)} B ‘ B

(1.5) R { B > e 1|,z e U.

Kanas and Wéniowska[8] extended the claSs as

(1.6) k- ST := {feA:Re{ZJ{(S)} >k Z;(ij) 1 ,(0§k<oo)}.

The various properties of the clalss- UC'V andk — ST was extensively studied by Kanas and
Srivastava [9]. Bharathi et al.|[1] defined a new cl&$sV («, 3) as follows.
Fora>0,0< 3 <1,

NEAE
e

1.7)  UCV(a,B) = {f € A: Re {1+ ZJQS)} >

—l—ﬁ,zeU}.
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They gave a sufficient condition for a function to belil@'V («, ) in terms of the coefficient
of the function. The clasS,(«, 5) was also defined in [1], as

(1.8) Spla, B) = {f €A: Re{zﬁg)} = ZJJ:(S)

—1’+ﬁ,z€U}.

Let f(z) = z a,z", g(z) = i b,z". Then the Hadamard product or convolutionfgt)
n=0
andg(z), written as(f * g)(z) is defined by

(1.9) (f*9)(2) =D anbp2".
n=0
The Gaussian hypergeometric functiba, b; c; z) = oFi(a, b; c; z) is defined by
(1.10) F(a,b;c;2) i": Dn(O)n
. n=0 C n 1 n

wherea, b, c are complex numbers and# 0, —1, —2, .... and(a),,, the Pochhammer symbol
(or ascending factorial) defined by

forn=0

1
(1.11) (a), = { a(a+1)...(a+n—-1) forn=1,23....

It is known that

['(c—a—-b)(c)

(1.12) F(a,b;c;1) = Tle—al(c—b)

Re(c—a—b) > 0.

Also the functionF(a, b; ¢; z) is bounded ifRe(c — a — b) > 0. For f € A, we recall the
operatorl,..(f) of Hohlov [6] which mapsA into itself defined by

(1.13) Hapie(N)I(2) = 2F(a, b; ¢; 2) x f(2)

where * denotes the Hadamard’s convolution.
Lett € C\ {0},—1 < B < A <1.Afunction f € Ais said to be in the clasg™ (A, B) if
it satisfies the inequality

‘ f'(z) -
(A= B)T = B[f"(2) — 1]
The classR"(A, B) was introduced by Dixit and Pall[3] . For the choices of

T=ecosn (-2 <n<3),A=1-25(0<p<1)andB = —1,
the classit” (A, B) reduces to the class,(y) by Ponnusamy and Rennirig [13], where

(1.14)

<l,zeUl.

(1.15) R, (v) := {f € A: Re(e"(f'(z) —~)) > 0; (z € U;—g <n< g;() << 1)}
Parvatham and Prabhakaran/[12] obtained sufficient condition for the Gaussian

hypergeometric functionF'(a, b; ¢; z) to be in the class,. The classS,(«, 3) was discussed

in detail by Swaminathan [17]. Motivated essentially by the aforementioned works, we obtain

sufficient condition for the operatdy, ;..(f) to be in the class,(«a, 3).

AIMAA Vol. 2, No. 2, Art. 7, pp. 1-9, 2005 AIJMAA


http://ajmaa.org

4 T. N. SHANMUGAM AND S. SVASUBRAMANIAN

2. THE CLASSUCV («, )
We state the following results which will be used to prove our main results.

Theorem 2.1.[9, Theorem 2.3, p. 21A functionf(z) of the form[(1.1L) is i/ CV («, B) if it
satisfies the condition

o0

(2.1) > nm(l+a) = (a+p))la.| <1-p.

n=2

Theorem 2.2. [T, Theorem 2.6, p. 23JA functionf(z) of the form [(1.[L) is inS,(«, §) if it
satisfies the condition

(2.2) i (I+a)=(a+0))|a] <1-5.
Lemma 2.3.[1, Lemma 2, p. 767{i) For a # 1,0 # 1 andc # 1 with ¢ > max [0,a + b — 1],
= (a)n(D)n _ 1 [F(c —a—=b+1DI'(c) (c— 1)} .
(©n(Dnt1 (a=1)(b—=1) | T(c—a)l(c—0)

n=0

(i) Fora,b>0andc >a+b+3

= (@0
>+ )T

(1
Ple=a-dr (0)[ (@)3(b)s
) L(

(a)2(b)2 ab
Fc—a)l'(c—10 c—a—b—3)3+6(c—a—b—2)2+7(0—a—b)+1}
(i) Fora,b>0andc >a+b+ 2
(1 )2 (@n(0)n _ T(e—a—b)l(c) (@)2(b)2 ab
2+ D D~ Tle—aTe—0) {1+(c—a—b— )2+3(c—a—b)}'

(iv) Fora,b>0andc >a+b+1

s ()n(b)y  T'(c—a—b)I(c) ab
2 DG, Tl ae—0) {1 Tle—a—b- 1>] |

Lemma 2.4.[3] If f € R"(A, B) is of form [1.1), then

(2.3) ad<(a-B)nz1
Theorem 2.5.Let f € R"(A, B),a,b € C\ {0} andc > |a| + 0| + 1. If

e - re e (3) (o) +1 - =
thenl,,..(f) € UCV (o, B).

Proof.
i a)n b n 1 o
F(ach—Z+ZC 1n—1
and
- (a)n—l(b)n_l
25 Lope =2z + N
( ) ,b; (f) Z (C)n—l(l)n—l

AIMAA Vol. 2, No. 2, Art. 7, pp. 1-9, 2005 AJMAA


http://ajmaa.org

ON THE HOHOV CONVOLUTION OF THE CLASS Sy (e, ) 5

By the Theorer@l we only need to show that

(@)n-1(b)n-1

@D ™| =177

Qn

(2.6) Z n (a+p))

In view of Lemmdzlﬁl we have

S nln(l+a) - (a+ B)] | a2t

= 1(D)n—1

Gn

(la)n—1(]b])n—1
(C)n—1(1>n—1

al),(lb = (|a])n(|b])n
N

By using the Pochhammer symtial)n = a(a + 1),_1, we get the right hand side of the above
expression as

(A— B|Tyz (14a)—(a+03)]

=(A=B)|7]

(A= B)|7]

<1+a|ablzlal+1)n (ol + Dy g g i n|b| ]

C + 1)n—1(1)n 1 n
From (1.12), the above expression becomes

(e @b Tle— ol b~ DN+ D) (e [ = [B)I(0)
4 B”’((“ e T Te—japre—py T m[mc—rabr(c—wr) 1D

The above quantity is bounded abovelby 5 if and only if (2.4) holds .

Takinga = 1,6 = 0andf € ®,(v) in Theorenj 2.5, we get the following result of Kim and
Ponnusamy [10].

Corollary 2.6. Let f € R, (v),a,b € C\ {0} andc > |a| + |b] + 1,

P(AT(e  |a] - [b) )
@7 2=7) “’S”{r(c— [T (e — o) [2 (c— al — b= 1> * 1] - 1} =t
thenl,,..(f) e UCV.
Theorem 2.7.Letf € S,a,b € C\ {0} andc > |a| + |b| + 3. If
P(OT(e || - |b)
F(c— [alT(c — o)

n=1

(lal)s(]0])s (lal)2(]0])2
[“‘5”(”%— == " (e=lal -] —2>2(6+5“‘5)} !

['(c)T'(c — [a] — 1b]) |ab]
(¢ —la[)T'(c—lal) [(c—la] — o] = 3)
then,,,..(f) € UCV (a, ).

Proof. Sincef € S, we have

(2.8)

(7—1—404—36)} <2(1-p0)

(2.9) an| < n.
An application of Lemm@l together with (2.9) gives the The|2 7.
Taking f(z) =

Swaminathan [1 7]
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Corollary 2.8. If a,b > 0 andc > a + b + 2 then a sufficient condition forF'(a, b; c; z) to be
in UCV («, B) is that

o | (o) (=atien) +(75) (@ e i)

< 2.

Taking f(z) = %=, = 1in Theore, we get the following result of Cho et al. [2].

Corollary 2.9. If a,b > 0 andc > a + b + 2 then a sufficient condition forF'(a, b; ¢; =) to be
in UCV (5) is that

rie—are- [ (025) (=2 55m1) « (75) (5.

< 2

Taking f(z) = Z,a=1,8=0in Theore, we get the following result of Kim and

1—2z7

Ponnusamyi [10].

Corollary 2.10. If a, b € C\{0} andc > |a|+|b|+1, then a sufficient condition farF (a, b; ¢; 2)
to be inUCV is that

I(c — || - B)T(0) jab (lal)2(18])s
r@—hMNc—W)P*ﬁ(c—mw+m—1)+2<@—vw—wm)]§2

3. THE CLASS Sy(a, 3)

Theorem 3.1.Letf € R7(A, B),a,b € C\ {0} with|a| # 1,|b| # 1. If ¢ > max {0, |a| + |b|},
then the sufficient condition fdy, ..(f) to be in the class),(«, 5) is

POTe—la|— o) \  a+8  (T(c— oo+ D)
“*w(wawmww—w> Q <w—mmm—n( Ho%ﬂﬁ@—W))

&4 @D | S ) < ae
Proof.
z2F(a,byc;2) = 2+ i %z"
and
(3.2) Lipe(f) = 2 + f; %anz".
By the Theorerfi 2]2, we only need to shgw that
(3.3) i (n(1+a) — (a+ B)) EZ)):ngZi“” <1-p

In view of Lemmd 2.4, we have
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(a)n—l (b)n—l
(C)n—l (1)n—1 "

WMWKW%qll
)

Y ((l+a)=(a+p)

n=2

< (A=B)|r D _{n(1+a) - (a+p)}

(C)n—l(l)n—l n

- oS R (S )]

An application of Lemma 2|3 gives the Theorgm J1.

Theorem 3.2.Let f(z) € R, (7), a,b € C\ {0} with |a| # 1, |b] # 1. If
¢ > max {0, |a| + |b| — 1}, then the sufficient condition fdy, ,..(f) to be in the clasé — ST
IS

L()T'(c = |al —[b]) [ k(labl = c+1) ]
(

T(c—laDTc— o) | (al = D(H - 1)
1 (1—2¢)
= ﬂl—maﬁn+kLM—iMM—D}+L

Proof. Taking3 =0, A =1—-2y, B=—1,anda =k (0 < k < 00), in Theorenj 3L, we get
the desired result. This is the result obtained by Kanas and Srivastawa [9].

Corollary 3.3. If f(z) € R,(v),a = 1 and3 = 0 in Theoren{ 3]1, we get the sufficient
condition for/,,..(f) to be in the class of, obtained by Parvatham and Prabhakarfi?].

Theorem 3.4.Letf € S,a,b € C\ {0} andc > |a| + |b] +2. If

L(f(c—la| = b)) [, A +a)  (aDa(bh2  B+20—F) |ab|
(e = fa)T'(c = [b]) (1= 5) (¢ = lal = |b] = 2)2 (1=5) (c=laf=[o] = 1)

< 2
thenZoe(f) € Spla, B).
Proof. Sincef € S,
(3.4) la,| < n.
An application of Theorem 2.2 together wifh (3.4) , gives the Thegreina3.4.

If « =k (0 <k < o0), 8= 0inTheoren{ 3.4, we get the following result of Kanas and
Srivastaval|9].

Corollary 3.5. Letf € S,a,b € C\ {0} andc > |a| + [b] + 2. If

[(c)l(c — |a = [b]) (lal)2([b])2
(e = la[)T'(c — [b]) (¢ —lal = 1b] = 2)
< 2

thenl, ;. .(f) € k — ST.

|ab]
(¢ —la| — o] = 1)

1+ (1+a) +(3+ 20)

If « = 1,8 = 0in Theoren 3.4, we get the following result obtained by Parvatham and
Prabhakaran [12].
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Corollary 3.6. Letf € S,a,b € C\ {0} andc > |a|] + |b| + 2. If

()¢ — |a| - b) (a2 ab
c—JaDTc— ) | et =l =22 le—Ja—p—D] =
thenl,,..(f) € S,.

Taking f(z) = 1% in Theore, we have the following result obtained by Swaminathan
[17].

Theorem 3.7.1f a,b > 0 andc > a + b + 1, then a sufficient condition forF'(a, b; c; ) to be
in S,(a, ) is that

I'(c—a—b)(c) 1+« ab
< 2.
I'(c—a)l'(c—10) bt 1-8)\c—a—-b—1 =2
Corollary 3.8. Takingf(z) = %, a = 01in Theore, we get the sufficient condition for

1—27

zF(a, b; c; z) to be in the class of starlike functions of ordépbtained by Silvermafi6].

(3.5) ?

Corollary 3.9. Taking f(z) = %=, = 0andj3 = 1in Theore, we get the sufficient
condition for zF(a, b; ¢; z) to be in the class of parabolic starlike functioss obtained by
Parvatham and Prabhakargid?2].
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