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2 NAOKANT DEO

1. I NTRODUCTION

A family of linear positive operators, from a mappingC [0,∞) into C [0,∞) , the class of all
bounded and continuous functions on[0,∞), is called Beta operators which is denoted byVn

and defined as

(Vnf) (x) =
1

n

∞∑
v=0

bn,v(x)f

(
v

n + 1

)
,

where

bn,v(x) =
1

B(v + 1, n)

xv

(1 + x)n+v+1
, x ∈ [0,∞)

andB(v + 1, n) denotes the Beta function given byΓ(v + 1) · Γ (n) /Γ(v + n + 1).

Let f be a function defined on[0,∞) then we define a sequence of linear positive operators
βn as

(1.1) (βnf) (x) =
1

n

∞∑
v=1

bn,v(x)

∫ ∞

0

bn,v−1(t)f(t)dt + (1 + x)−n−1f(0).

The operators (1.1) may also be written as

βn (f(t); x) =

∫ ∞

0

Kn(t, x)f(t)dt,

where

Kn(t, x) =
1

n

∞∑
v=1

bn,v(x)bn,v−1(t) + (1 + x)−n−1δ(t),

δ(t) being the Dirac delta function.

A lot of work has been done on such type operators by Gupta et al. (see e.g. [6], [7], [8], [9]).
To approximate Lebesgue integrable functions on[0,∞), the spaceCα[0,∞) is normed by∥∥f∥∥

Cα
= sup

0≤t<α

∣∣f(t)
∣∣(1 + t)−α.

Note that the order of approximation by these operators (1.1) is at bestO(n−1), howsoever
smooth the function may be. Thus to improve the order of approximation, we use the technique
of linear combination of the operators (1.1). Actually May [3] and Rathore [5] first consid-
ered the linear combinations to improve the rate of convergence for exponential type operators,
which include the well known Bernstein, Szasz and Baskakov operators as special cases. We
consider the linear combination of operators (1.1) as described below.

For d0, d1, d2, ...., dk arbitrary but fixed distinct positive integers, the linear combination
βn(f, k, x) of βdjn(f ; x), j = 0, 1, 2, ..., n is defined by

(1.2) βn(f, k, x) =
k∑

j=0

C(j, x)βdjn(f ; x),

where

C(j, k) =


k∏

i=0
i6=j

dj

dj−di
, for k 6= 0

1, for k = 0
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SOME APPROXIMATION FOR THE LINEAR COMBINATIONS 3

Let m ∈ N and0 < a < b < ∞. For f ∈ Lp[a, b], 1 ≤ p < ∞, themth order integral
modulus of smoothness off is defined as:

ωm(f, τ , p, [a, b]) = sup
0<δ≤τ

∥∥4m
δ f(t)

∥∥
Lp[a,b−mδ]

,

where4m
δ f(t) is themth order forward difference with lengthδ and0 < τ ≤ (b−a)

m
.

The spacesAC[a, b] andBV [a, b] are defined as the classes of absolutely continuous func-
tions and functions of bounded variation over[a, b], respectively. The seminorm‖f‖BV [a,b] is
defined by the total variation off on [a, b].

Throughout this paper, we assume0 < a1 < a3 < a2 < b2 < b3 < b1 < ∞, Ii = [ai, bi], i =
1, 2, 3 andC denotes a positive constant, not necessarily the same at all occurrence.

The main purpose of this paper to give some results in terms of higher order modulus of
continuity in ordinary approximation by the operators (1.1). First, we study the basic point-
wise convergence theorem and then proceed to give the degree of approximation.

2. BASIC RESULTS

In the section, we shall mention some definitions and certain lemmas to prove our main
theorems.

Lemma 2.1. For m ∈ N ∪ {0} if

µn,m(t) =
1

n

∞∑
v=1

bn,v−1(t)

∫ ∞

0

bn,v(x)(x− t)mdx

then

(2.1) µn,0(t) = 1, µn,1(t) =
2(1 + x)

n− 1

and

(n−m− 1)µn,m+1(t) = t(1 + t)µ′n,m(t)

+ [(m + 2) + 2x(m + 1)]µn,m(t) + 2mt(1 + t)µn,m−1(t).(2.2)

Consequently,

(i) µn,m(t) is a polynomial in x of degree≤ m.

(ii) µn,m(t) = O
(
n−[m+1

2 ]
)

, where[α] denotes the integral part ofα.

Proof. We can easily obtain (2.1) by using the definition ofµn,m(t). For the proof of (2.2), we
proceed as follows. First

t(1 + t)µ′n,m(t) =
1

n

∞∑
v=1

t(1 + t)b′n,v−1(t)

∫ ∞

0

bn,v(x)(x− t)mdx−mt(1 + t)µn,m−1(t).

Now, using the relation twice and integrating by parts

x(1 + x)b
′

n,v(x) = [v − (n + 1)x] bn,v(x)
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4 NAOKANT DEO

t(1 + t)µ′n,m(t) =
1

n

∞∑
v=1

[(v − 1)− (n + 1)x + (n + 1)(x− t)]bn,v−1(t)

.

∫ ∞

0

bn,v(x)(x− t)mdx−mt(1 + t)µn,m−1(t)

=
1

n

∞∑
v=1

[(v − 1)− (n + 1)x]bn,v−1(t)

∫ ∞

0

bn,v(x)(x− t)mdx

+ (n + 1)µn,m+1(t)−mt(1 + t)µn,m−1(t)

=
1

n

∞∑
v=1

bn,v−1(x)

∫ ∞

0

[v − (n + 1)x]bn,v(x)(x− t)mdx

+ (n + 1)µn,m+1(t)−mt(1 + t)µn,m−1(t)− µn,m(t)

=
1

n

∞∑
v=1

bn,v−1(x)

∫ ∞

0

x(1 + x)b
′

n,v(x)(x− t)mdx

+ (n + 1)µn,m+1(t)−mt(1 + t)µn,m−1(t)− µn,m(t)

=
1

n

∞∑
v=1

bn,v−1(x)

∫ ∞

0

[(1 + 2x)(x− t)− (x− t)2

+ t(1 + t)]b
′

n,v(x)(x− t)mdx + (n + 1)µn,m+1(t)

−mt(1 + t)µn,m−1(t)− µn,m(t)

=
(1 + 2x)

n

∞∑
v=1

bn,v−1(t)

∫ ∞

0

b′n,v(x)(x− t)m+1dx

− 1

n

∞∑
v=1

bn,v−1(t)

∫ ∞

0

b′n,v(x)(x− t)m+2dx

+
1

n

∞∑
v=1

bn,v−1(t)

∫ ∞

0

t(1 + t)b′n,v(x)(x− t)mdx

+ (n + 1)µn,m+1(t)−mt(1 + t)µn,m−1(t)− µn,m(t)

= −(m + 1)(1 + 2x)µn,m(t)− (m + 2)µn,m+1(t)−mt(1 + t)µn,m−1(t)

+ (n + 1)µn,m+1(t)−mt(1 + t)µn,m−1(t)− µn,m(t).

This leads to (2.2).

Lemma 2.2. Let themth order moment be defined as

Tn,m(x) = βn ((t− x)m ; x) =
1

n

∞∑
v=1

bn,v(x)

∫ ∞

0

bn,v−1(t)(t− x)mdt + (−x)m(1 + x)−n−1.

Then

(2.3) Tn,0(x) = 1, Tn,1(x) =
2x

(n− 1)

and

(n−m− 1)Tn,m+1(x) = [m(1 + 2x) + 2x] Tn,m(x)

+ x(1 + x)
[
T

′

n,m(x) + 2mTn,m−1(x)
]
, n > m + 2.(2.4)
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Further, for all x ∈ [0,∞), the sequencesTn,m(x) has the following properties:

(i) Tn,m(x) is a polynomial inx of degreem.

(ii) Tn,m(x) = O
(
n−[m+1

2 ]
)

.

Proof. We can easily verify (2.3) and the proof of (2.4) follows. We have

x(1 + x)T
′

n,m(x) =
1

n

∞∑
v=1

x(1 + x)b
′

n,v(x)

∫ ∞

0

bn,v−1(t)(t− x)mdt

−mx(1 + x)Tn,m−1(x) + (n + 1)(−x)m+1(1 + x)−n−1.

Using the relation which is mentioned in Lemma 2.1

x(1 + x)T
′

n,m(x)

=
1

n

∞∑
v=1

{
v − (n + 1)x

}
bn,v(x)

∫ ∞

0

bn,v−1(t)(t− x)mdt

−mx(1 + x)Tn,m−1(x) + (n + 1)(−x)m+1(1 + x)−n−1

=
1

n

∞∑
v=1

{
v − (n + 1)t + (n + 1)(t− x)

}
bn,v(x)

∫ ∞

0

bn,v−1(t)(t− x)mdt

−mx(1 + x)Tn,m−1(x) + (n + 1)(−x)m+1(1 + x)−n−1

=
1

n

∞∑
v=1

bn,v(x)

∫ ∞

0

{
(v − 1)− (n + 1)t}bn,v−1(t)(t− x)mdt

−mx(1 + x)Tn,m−1(x) + (n + 1)Tn,m+1(x)

+
1

n

∞∑
v=1

bn,v(x)

∫ ∞

0

bn,v−1(t)(t− x)mdt

=
1

n

∞∑
v=1

bn,v(x)

∫ ∞

0

t(1 + t)b
′

n,v−1(t)(t− x)mdt + (n + 1)Tn,m+1(x)

−mx(1 + x)Tn,m−1(x) +
1

n

∞∑
v=1

bn,v(x)

∫ ∞

0

bn,v−1(t)(t− x)mdt

=
1

n

∞∑
v=1

bn,v(x)

∫ ∞

0

[(1 + 2x)(t− x) + (t− x)2 + x(1 + x)]b
′

n,v−1(t)(t− x)mdt

+
1

n

∞∑
v=1

bn,v(x)

∫ ∞

0

bn,v−1(t)(t− x)mdt

−mx(1 + x)Tn,m−1(x) + (n + 1)Tn,m+1(x)
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6 NAOKANT DEO

= −(1 + 2x)(m + 1)
1

n

∞∑
v=1

bn,v(x)

∫ ∞

0

bn,v−1(t)(t− x)mdt

− (m + 2)
1

n

∞∑
v=1

bn,v(x)

∫ ∞

0

bn,v−1(t)(t− x)m+1dt

−mx(1 + x)
1

n

∞∑
v=1

bn,v(x)

∫ ∞

0

bn,v−1(t)(t− x)m−1dt + Tn,m(x)

− (−x)m(1 + x)−n−1 −mx(1 + x)Tn,m−1(x) + (n + 1)Tn,m+1(x)

= −[m(1 + 2x) + 2x]Tn,m(x) + (n−m− 1)Tn,m+1(x)− 2mx(1 + x)Tn,m−1(x)

This leads to (2.4)

Lemma 2.3. For m ∈ N andn sufficiently large, there holds

βn

(
(t− x)m , k, x

)
= n−(k+1) {Q (m, k, x) + o(1)} , for m ∈ N

whereQ (m, k, x) is a certain polynomial inx of degreem and x ∈ [0,∞) is arbitrary but
fixed.

Lemma 2.4. Letf ∈ BV (I1) the following inequality holds:∥∥∥∥∥βn

(
χ(t)

∫ t

x

(t− z)2k+1df(z); x

)∥∥∥∥∥
L1(I2)

≤ Cn−(k+1)
∥∥f∥∥

BV (I1)
,

whereχ(t) is the characteristic function ofI1.

Proof. For eachn there exists a nonnegative integerr = r(n) such that

rn−1/2 ≤ max{b1 − a2,b2 − a1} ≤ (r + 1) n−1/2.

Then,

M :=

∥∥∥∥∥βn

(∫ t

x

(t− z)2k+1df(z)χ(t); x

)∥∥∥∥∥
L1(I2)

≤
r∑

i=0

∫ b2

a2

{∫ x+(i+1)n−1/2

x+in−1/2

χ(t)Kn(t, x)
∣∣t− x

∣∣2k+1

[∫ x+(i+1)n−1/2

x

χ(z)
∣∣df(z)

∣∣] dt

+

∫ x−in−1/2

x−(i+1)n−1/2

χ(t)Kn(t, x)
∣∣t− x

∣∣2k+1
(∫ x

x−(i+1)n−1/2

χ(z)
∣∣df(z)

∣∣) dt

}
dx.

Let χx,c,k(z) denote the characteristic function in the interval
[
x− cn−1/2, x+dn−1/2

]
where

c andd are nonnegative integers. Then we get

M ≤
r∑

i=1

[
n2i−4

∫ b2

a2

{∫ x+(i+1)n−1/2

x+in−1/2

χ(t)Kn(t, x)
∣∣t− x

∣∣2k+5
(∫ b1

a1

χx,0,i+1(z)
∣∣df(z)

∣∣) dt

+

∫ x−in−1/2

x−(i+1)n−1/2

χ(t)Kn(t, x)
∣∣t− x

∣∣2k+5
(∫ b1

a1

χx,i+1,0(z)
∣∣df(z)

∣∣) dt

}]

+

∫ b2

a2

∫ b2+n−1/2

a2−n−1/2

χ(t)Kn(t, x)
∣∣t− x

∣∣2k+1
(∫ b1

a1

χx,01,1(z)
∣∣df(z)

∣∣) dtdx.

AJMAA, Vol. 2, No. 2, Art. 4, pp. 1-12, 2005 AJMAA

http://ajmaa.org


SOME APPROXIMATION FOR THE LINEAR COMBINATIONS 7

By Fubini’s Theorem and Lemma 2.1, we obtain

M ≤ Cn−(2k+1)/2

[ r∑
i=1

i−4

{∫ b1

a1

(∫ b2

a2

χx,0,i+1(z)dx
)∣∣df(z)

∣∣
+

∫ b1

a1

(∫ b2

a2

χx,i+1,0(z)dx
)∣∣df(z)

∣∣}+

∫ b1

a1

(∫ b2

a2

χx,1,1(z)dx
)∣∣df(z)

∣∣]
≤ Cn−(k+1)

∥∥f∥∥
BV (I1)

.

This completes the proof.

3. ERROR ESTIMATES

In this section, first we discuss the approximation in the smooth subspaceL
(2k+2)
p (I1) of

Lp [0,∞) .

Theorem 3.1.Letf ∈ L
(2k+2)
p (I1) and1 < p < ∞ then following inequality holds:

(3.1)
∥∥βn(f, k, .)− f

∥∥
Lp(I2)

≤ C1n
−(k+1)

{∥∥f (2k+2)
∥∥

Lp(I1)
+
∥∥f∥∥

Lp[0,∞)

}
,

wheren is sufficiently large andC1 = C1(k, p).

Proof. Let p > 1. For t ∈ I1 andx ∈ I2 we may write

f(t) =
2k+1∑
j=0

(t− x)j

j!
f (j)(x) +

1

(2k + 1)!

∫ t

x

(t− z)2k+1f (2k+2)(z)dz.

Thus, ifχ(t) is the characteristic function ofI1, then

f(t) =
2k+1∑
j=0

(t− x)j

j!
f (j)(x) +

1

(2k + 1)!

∫ t

x

χ(t)(t− z)2k+1f (2k+2)(z)dz

+ F (t, x)
(
1− χ(t)

)
,

where

F (t, x) = f(t)−
2k+1∑
j=0

(t− x)j

j!
f (j)(x), for all t ∈ [0,∞) and x ∈ I2.

Forβn (1, k, x) = 1, we get

βn (f, k, x)− f(x) =
2k+1∑
j=1

f (j)(x)

j!
βn

(
(t− x)j, k, x

)
+

1

(2k + 1)!
βn

(
χ(t)

∫ t

x

(t− z)2k+1f (2k+2)(z)dz, k, x

)
+ βn

(
F (t, x)(1− χ(t)), k, x

)
=: E1 + E2 + E3.

Using Lemma 2.3,∥∥E1

∥∥
Lp(I2)

≤ Cn−(k+1)
[∥∥f∥∥

Lp(I2)
+
∥∥f (2k+2)

∥∥
Lp(I2)

]
.
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To estimateE2, let hf be the Hardy-Littlewood majorant off (2k+2) onI1 (see [2], page 244).
Applying the Hölder inequality and by Lemma 2.2, we obtain

Q1 :=

∣∣∣∣∣βn

(
χ(t)

∫ t

x

(t− z)2k+1f (2k+2)(z)dz; x

) ∣∣∣∣∣
≤ βn

(
χ(t)|t− x|2k+1

∣∣∣∣∣
∫ t

x

|f (2k+2)(z)|dz

∣∣∣∣∣; x
)

≤ βn

(
χ(t)(t− x)2k+2|hj(t)|; x

)
≤
{
βn

(
χ(t)|t− x|(2k+2)q; x

)}1/q{βn (χ(t)|hf (t)|p; x)}1/p

≤ Cn−(k+1)

{∫ b1

a1

Kn(t, x)
∣∣hf (t)

∣∣pdt

}1/p

.

Thus by Lemma 2.1, [2] (ch. 10, sec. 2, page 244) and using Fubini’s theorem we obtain∥∥Q1

∥∥p

Lp(I2)
≤ Cn−(k+1)p

∫ b2

a2

∫ b1

a1

Kn (t, x)
∣∣hf (t)

∣∣pdtdx

≤ Cn−(k+1)p

∫ b1

a1

{∫ b2

a2

Kn (t, x) dx
}∣∣hf (t)

∣∣pdt

≤ Cn−(k+1)p n

n− 1

∫ b1

a1

∣∣hf (t)
∣∣pdt

≤ Cn−(k+1)p‖hf‖p
Lp(I1) (sincen is sufficiently large)

≤ Cn−(k+1)p‖f (2k+2)‖p
Lp(I1).

Consequently, ∥∥Q1

∥∥
Lp(I2)

≤ Cn−(k+1)‖f (2k+2)‖Lp(I1).

Hence, we get ∥∥E2

∥∥ ≤ Cn−(k+1)‖f (2k+2)‖Lp(I1).

For t ∈ [0,∞) \I1, x ∈ I2 ∃ δ > 0 such that
∣∣t− x

∣∣ ≥ δ, we get∣∣βn (F (t, x)(1− χ(t)); x)
∣∣ ≤ δ−(2k+2)

[
βn

(∣∣f(t)
∣∣(t− x)2k+2; x

)
+

2k+1∑
j=0

f (j)(x)

j!
βn

(∣∣t− x
∣∣2k+j+2

; x
)]

:= Q2 + Q3

Applying the Hölder inequality and by Lemma 2.2∣∣Q2

∣∣ ≤ Cn−(k+1)
{
βn

(∣∣f(t)
∣∣p; x)}1/p

.

Again, using the Fubini’s theorem, forn sufficiently large, we obtain∣∣Q2

∣∣
Lp(I2)

≤ Cn−(k+1)‖f‖Lp[0,∞).

By Lemma 2.2, we get∥∥Q3

∥∥
Lp(I2)

≤ Cn−(k+1)
(∥∥f∥∥

Lp(I2)
+
∥∥f (2k+2)

∥∥
Lp(I2)

)
.
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Thus ∥∥E3

∥∥
Lp(I2)

≤ Cn−(k+1)
(∥∥f∥∥

Lp[0,∞)
+
∥∥f (2k+2)

∥∥
Lp(I2)

)
.

The estimates ofE1 to E3, leads to (3.1).

Theorem 3.2. Let f ∈ L1 [0,∞) andn is sufficiently large. Iff (2k+1) ∈ I1, f (2k) ∈ AC(I1)
andf (2k+1) ∈ BV (I1), then following inequality holds:

(3.2)
∥∥βn(f, k, .)− f

∥∥
L1(I2)

≤ C2n
−(k+1)

{∥∥f (2k+1)
∥∥

BV (I1)
+
∥∥f (2k+1)

∥∥
L1(I2)

+
∥∥f∥∥

L1[0,∞)

}
whereC2 = C2(k) > 0.

Proof. Let p = 1 andf ∈ L1 [0,∞), for almost allx ∈ I2 and fort ∈ I1, we may write

f(t) =
2k+1∑
j=0

(t− x)j

j!
f (j)(x) +

1

(2k + 1)!

∫ t

x

(t− z)2k+1df (2k+1)(z).

If χ(t) is the characteristic function ofI1 then

f(t) =
2k+1∑
j=0

(t− x)j

j!
f (j)(x) +

1

(2k + 1)!

∫ t

x

(t− z)2k+1df (2k+1)(z)χ(t)

+ F (t, x)
(
1− χ(t)

)
.

whereF (t, x) = f(t) −
2k+1∑
j=0

(t−x)j

j!
f (j)(x), for almost allx ∈ I2 and for all t ∈ [0,∞). By

operatingβn on the last equation, we get

βn(f, k, x)− f(x) =
2k+1∑
j=1

f (j)(x)

j!
βn

(
(t− x)j, k, x)

)
+

1

(2k + 1)!
βn

(∫ t

x

(t− z)2k+1df (2k+1)(z)χ(t), k, x

)
+ βn

(
F (t, x)(1− χ(t)), k, x

)
= E1 + E2 + E3.

Using Lemma 2.3, we get∥∥E1

∥∥
L1(I2)

≤ Cn−(k+1)
(∥∥f∥∥

L1(I2)
+
∥∥f (2k+1)

∥∥
L1(I2)

)
.

By Lemma 2.4, we obtain∥∥E2

∥∥
L1(I2)

≤ Cn−(k+1)
∥∥f (2k+1)

∥∥
BV (I1)

.

Choosingδ > 0 such that|t− x| ≥ δ, for all x ∈ I2, t ∈ [0,∞) \I1, then we get∥∥βn

(
F (t, x)(1− χ(t)); x

)∥∥
L1(I2)

≤
∫ b2

a2

∫ ∞

0

Kn(t, x)
∣∣f(t)

∣∣(1− χ(t)
)
dtdx

+
2k+1∑
j=0

1

j!

∫ b2

a2

∫ ∞

0

Kn(t, x)
∣∣f (j)(x)

∣∣∣∣t− x
∣∣j(1− χ(t))dtdx

= Q1 + Q2.
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If t is sufficiently large then we may obtain positive constantM andC1 such that

(t− x)2k+2

t2k+2 + 1
> C1 for all t ≥ M, x ∈ I2.

Now applying Fubini’s theorem,

Q1 =

(∫ M

0

∫ b2

a2

+

∫ ∞

M

∫ b2

a2

)
Kn(t, x)

∣∣f(t)
∣∣(1− χ(t))dxdt = Q3 + Q4.

Using Lemma 2.1, we obtain

Q3 = δ−(2k+2)

∫ M

0

∫ b2

a2

Kn(t, x)
∣∣f(t)

∣∣(t− x)2k+2dxdt

≤ Cn−(k+1)

∫ M

0

∣∣f(t)
∣∣dt,

and

Q4 ≤
1

C1

∫ ∞

M

∫ b2

a2

Kn(t, x)
(t− x)2k+2

t2k+2 + 1

∣∣f(t)
∣∣dxdt

≤ Cn−(k+1)

∫ ∞

M

∣∣f(t)
∣∣dt, sincet is sufficiently large.

Combining estimatesQ3 andQ4, we obtain

Q1 ≤ Cn−(k+1)
∥∥f∥∥

L1[0,∞)
.

Using Lemma 2.2, we get

Q2 ≤ Cn−(k+1)
(∥∥f∥∥

L1(I2)
+
∥∥f (2k+1)

∥∥
L1(I2)

)
.

Thus ∥∥βn

(
F (t, x)(1− χ(t)); x

)∥∥
L1(I2)

≤ Cn−(k+1)
(∥∥f∥∥

L1[0,∞)
+
∥∥f (2k+1)

∥∥
L1(I2)

)
.

Consequently, ∥∥E3

∥∥
L1(I2)

≤ Cn−(k+1)
(∥∥f∥∥

L1[0,∞)
+
∥∥f (2k+1)

∥∥
L1(I2)

)
.

Finally, usingE1, E2 andE3, we obtain (3.2).

Theorem 3.3.Supposef ∈ Lp [0,∞) , 1 ≤ p < ∞, then

(3.3)
∥∥βn(f, k, .)− f

∥∥
Lp(I2)

≤ C
(
ω2k+2(f, n−1/2, p, I1) + n−(k+1)

∥∥f∥∥
Lp[0,∞)

)
,

wheren is sufficiently large andC is a constant that independent off andn, but is dependent
onk andp.

Proof. Let fη,2k+2(t) be the Steklov mean of(2k + 2)th corresponding tof(t) over I1 where
η > 0 is sufficiently small andfη,2k+2(t) is defined as zero outsideI1, then we get∥∥βn(f, k, .)− f

∥∥
Lp(I2)

≤
∥∥βn(f − fη,2k+2, k, .)

∥∥
Lp(I2)

+
∥∥βn(fη,2k+2, k, .)− fη,2k+2

∥∥
Lp(I2)

+
∥∥fη,2k+2 − f

∥∥
Lp(I2)

= E1 + E2 + E3.
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Supposeχ(t) is the characteristic function ofI3, we get

βn

(
(f − fη,2k+2)(t); x

)
= βn

(
χ(t)(f − fη,2k+2)(t); x

)
+ βn

(
(1− χ(t))(f − fη,2k+2)(t); x

)
= Q1 + Q2.

Fromp = 1 andp > 1 the following inequality holds, now it follows for Hölder’s inequaqlity∫ b2

a2

∣∣Q1

∣∣pdx ≤
∫ b2

a2

∫ b3

a3

Kn(t, x)
∣∣(f − fη,2k+2)(t)

∣∣pdtdx.

Applying Fubini’s theorem and Lemma 2.1, we obtain∣∣Q1

∣∣
Lp(I2)

≤ 2‖f − fη,2k+2‖Lp(I3).

Similarly, for all p ≥ 1 ∣∣Q2

∣∣
Lp(I2)

≤ Cn−(k+1)‖f − fη,2k+2‖Lp[0,∞).

By property of Steklov means [4], (Theorem 18.17) or [1], (pp.163-165), we obtain

E1 ≤ C
(
ω2k+2(f, η, p, I1) + n−(k+1)

∥∥f∥∥
Lp[0,∞)

)
.

Since
∥∥f (2k+1)

η,2k+2

∥∥
BV (I3)

=
∥∥f (2k+1)

η,2k+2

∥∥
L1(I3)

, by Theorem 3.1 and property of Steklov means, for
all p ≥ 1, we obtain

E2 ≤ Cn−(k+1)
(∥∥f (2k+2)

η,2k+2

∥∥
Lp(I3)

+
∥∥fη,2k+2

∥∥
Lp[0,∞)

)
≤ Cn−(k+1)

(
η−(2k+1)ω2k+1(f, η, p, I1) +

∥∥f∥∥
Lp[0,∞)

)
.

Again using property of Steklov means

E3 ≤ Cω2k+2(f, η, p, I1).

Choosingη = n−1/2 and estimates ofE1 to E3, this leads to prove of (3.3)
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