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2 S. SVAPRASAD KUMAR AND V. RAVICHANDRAN AND G. MURUGUSUNDARAMOORTHY

1. INTRODUCTION

A normalized analytic functiorf is uniformly convex (starlike) if for every circular arg
contained inA := {z € C : |z| < 1} with center( € A the image arcf(~) is convex
(starlike with respect tg(¢)). The class of all uniformly convex (starlike) functions is denoted
by UCV(UST). These classes were introduced and studied by Goodman [4, 3] and he has
shown that

(1.1) erOV:>%{1+(z—g)%}zo, (z,C € N),
(1.2) erST@m{%} >0, (z,¢eA).

Renning [9] and Ma and Mindal[6] 7] have given the following one variable characterization
of the class of uniformly convex functions.

Theorem 1.1.Letf € A. Thenf € UCV if and only if

2f"(2) } 2f"(2)
1.3 R1+ > ., (z€eA).
-2) G e e
Since the Alexander type resyite UCV ifand only if z f* € UST failed [11], the class
(1.4) S,={f: f=zF, FeUCV}

was introduced by Rgnningl[9]. Also Rgnning[[12] generalized this classey, 5). Subra-
manianet al. [14], Bharathiet al. [1] and Kanasl[5] have studied the class of functions called
uniformly k-convex functions.

In this paper, we define two subclasses of meromorphic starlike functions with positive co-
efficients which are similar to the class&€#®(«a, ) and the uniformlyk-convex functions and
obtain a necessary and sufficient condition for functions to be in these classes and obtained
certain other related results as a consequences of our main results.

Let >, be the class aeromorphidunctions

(1.5) £(2) :$+Zanzn (peN:={1,23. 1),

which areanalyticin the punctured disk

E={z:2€C and 0<|z] <1}.
Let 27 («) be the subclass at, consisting of functiong(z) satisfying
(1.6) R (— ZJ{C(Z)) >pa (z€A).
The classflp consists of functiong(z) € ¥, of the form 1} wherea,, > 0 and
S5 (@) = Th(a) NS,

p

Definition 1.1. Leta > 0; 0 < 8 < 1. Define the clas&,(«, ) by

_ ol 1Zf’(2)} 12f'(2) ‘ A }
a.7) Y,(a, B) {fEEp. ?R{ ) Zapf(z) +1+ 06, (z€A);.
The classt,(a, 3) is the subclass af,(«, ) consisting of functiong’(z) € %, of the form

wherea,, > 0:
(1.8) Sp(a, ) =5, N (e, B).
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Definition 1.2. Leta > 0; 0 < 3 < 1. Define the clas&;(«, 3) by

o 5 e [0 o fse L) oo cen)

The classS:(a, 3) is defined by
(1.10) Si(a,8) = £, N Eh(a, ).

2. THE CLASSES X, (, 5) AND 3, (av, 3)
We now prove the following:
Theorem 2.1.1f f(z) € ¥,(a, ), then
a+ ﬁ)

) €Y
<1+a

In particular if f(z) € 3,(a, 3), then

Proof. If f € ¥,(«, ), then by [(1.F) we have

) 2 ol
- s
or
—%{;J;g))}“*@ > (a+p)
or
*70) = #(i5a)
Hence by[(1.6), we have
roe (557,

as desiredy

To obtain a converse to Theorgm]2.1, we first determine the largest m&disisch that the
disk|w —a| < R, is contained ilt(w) > a|w — 1|+ 3. Note that this inequality can be written

as )
(U_ﬁ) =(u—1>2+v* w=u+iv.
a

The square of the distance froaa, 0) to a point inR(w) > «o|w — 1| + 3 is therefore given by

D:<u—a)2+(“_5>2—(u—1>2.

(0%

Since
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we see that the minimum afis given by
a+ 3
1+a

Also, if a*(a — 1)+ 3 < ‘i‘jﬁ, the minimum is att = ”‘*5 . Otherwise it is the minimum of the
two extremum values.

u=ao*(a—1)+p3 or u=

Note that 5 -5
_|_ —
—1 < —ag< ——— + 1.
a*la—1)+p< T a a(1+a)+
Case (i). Letu < 1 + In this case,

e v
_\/Gﬁg )2( ) <1+a>

‘ a+f
= a —
1+«
. a+p
B 1+a
Case (ii). Lets > 1+ ——=2- (1+) In this caseRa_mm{a—ﬁg,\/Y} where
X = (I-aP-2a(a—1)°+2(8-1)(1~a)+a*(a—1)°

= (1-a’(1-0a”)-201-p)1-a)
= (1-a)1-a)1-a*)-201-5)
Forg=0,a=1,X =(1-a)(—2) =2a—2. Then

R, = min{a—a+ﬁ, \/(1—a)[(1—a)(1—a2)—2(1—@]}

14+«
_ min{a—?ig, V(A= a)? 1—a2)—2(1—ﬁ)(1—a)}.
We show that
2.1 B\ 1w e - 2 1
2.1) —at ) > (1-a’(1-e?) =20 - f)(1 —a).
Note that the inequality (2.1) is equivalent to
2

(2.2) (1—a+?j__£—1) > (1—a)*(1 —a?) —2(1—-08)(1—a).

Settingl — a = z in (2.2) yields

<x+ﬁ_1)2 > 22(1— a?) - 2(1 - B)a

or

2 2
(2.3) o’z? + 2 (% +1 —6) + (f;;) = (aa:+ 1;5) > 0.

Thus we have proved the following:
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Lemma 2.2. Let

a 1—
a_l—i-lg fora§1+a(1+ﬁa)
R, =
VI =a)P(1=a?) =21 - B)(1 —a) fora>1+ ;7%
Then
{w:|w—a|l <R} C{w: R(w) > ajw—1]+ 5}.
Note that .
Ra<a—a+ﬁ for all aZl—i—i
1+ a(l+ )
and )
Ra:a—aJrﬁ for all aSl—i—i.
1+a a(l+a)
Hence if -3 -3
1<1+—" o 0<—"
- +a(1—|—a) ~a(l+a)’
we have L5
«
Ri=1-
! 14+«
Therefore
ngl_a—i—ﬁ
1+«

Hence we have the following:
Theorem 2.3.1f f(2) € 3 (&2), thenf(2) € £,(a, B).

14+«
Corollary 2.4. The two classeX (222) andX,(a, 3) are equal:
DI (1 +a) =3,(a, B).
Theorem 2.5.[15] Let f(z) = & + " a,2". Then

f(z) € £i(a) ifand only if i(n + pa)a, < p(1—a).

n=p

Corollary 2.6. Let f(z) = 5 + 3.7 a,2". Then

(2.4) f(z) € Sy(a,3) ifand only if Z[n(l +a) + pla+ B)a, < p(1 - B).

n=p
Corollary 2.7. If f(z) € ip(a,ﬁ), then
W < p(1—p)
"TA+an+pla+B)
i — (1-8) n
The resultis sharp fof (2) = 5 + g5 e 2™

Corollary 2.8. If f(z) € ip(a,ﬁ), then
1 1-5 1 1-3
N P < 4 - 7 .p
v Tr2asg SWEI=s S5

The result is sharp fof (z) = & + ﬁzp_

(z€eE and |z| =1).
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3. THE CLASSES Y5 (a, ) AND X¥(a, 3)

TheoreLn 3.1.1f f(2) € ¥y(a, B), thenf(z) € ¥3(5). In particular if f(z) € i;(a,ﬂ), then
f(z) € 355(8).

Proof. Let f € ¥5(a, 3). Then by [(1.9) we have

) Zf’(Z)} ) 2f'(2)

RS e85

RFER

2f'(2) }
- > 0.
{ i) =7
Hence by|(1[6), we havg € 5(5).
To obtain a converse to Theor¢m|3.1, we note fhat>; (5) if

zf!
-1 <1-4
‘ pf ' ’

This is a circular diskw — 1| < 1 — . This disk should be contained in the parabolic region
lw— (a+3)| < R(w+a— ) orequivalently in? < 4a(u— ) wherew = —z f'(2)/pf(z) =
u + iv. Note that whem — 0, the parabolic region reduced to the line segment 0.
Therefore, the class;(5) Z ¥5(a, 8) for smalla > 0. Hence we determine conditions on
«a, 8 such that the diskw — 1| < 1 — s inside|w — (a + 3)| < R(w + a — ). To find
such condition, we first find the radius of largest digk— a| < R, contained in the parabolic
region. Then the required condition ens will be given by R, > 1 — 3. The expression for
R, is given in the following:

+a+4

or

Lemma 3.2. Leta > (. Then the diskw — a| < R, is contained in
lw—(a+0)| <R{w+a— g}

where
R { fora <2a+ 3
“ 2v/ala—a— () fora>2a+p3 -
Note that
R - forl <2a+p
! {2\/ l—a—0) forl>2a+08 "

If 2 +08 > 1,thenR, =1 -3 >1— 3. If 2a + 0 < 1, thenR; > 1 — § provided
2\/a(l—a—0) > 1 — [ and this is not the case sin¢g obtained by taking minimum of

1 -3, 24/a(l — a — ). Therefore we have the following:

Corollary 3.3. Leta > 8. Then

¥(83) C Sh(a, B).
Corollary 3.4. Leta > =2, Then

Si(8) = Ei(a, ).
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Corollary 3.5. Leta > 52, Then

feXi(a,B) ifandonlyif Y (n+pB)a, <p(l-p).

n=p

Corollary 3.6. If f(z) € i;;(a,ﬁ), then

(O

The result is sharp for

Corollary 3.7. If f(z) € £i(a, 3), then

1 1-4, 1 1-8
v 1rg SWEIsSH T

The result is sharp for

P (z€eE and |z|=r).

1 1-—
f(Z)=;+1+§zp.

4. PARTIAL SUMS

Silverman [13] determined sharp lower bounds on the real part of the quotients between the
normalized starlike or convex functions and their sequences of partial sums. Since to a certain
extend the work on meromorphic case is analogous to analytic case, one is interested to search
results analogous to those of Silverman for meromorphic univalent functions. In this section,
motivated essentially by the work of Silverman|[13] and Cho and Owa [2] we will investigate
the ratio of a function of the form

(4.1) f2)=2"4+> a2"" (peN:={1,2,3..})

to its sequence of partial sums

k—1
(4.2) () =27 and fi(z) =27+ a,2" " (ke N\{1})

when the coefficients are sufficiently small to satisfy the condjtioh 4.3 below. More precisely
we will determine sharp lower bounds f8¥ f(z)/ fi(2)} andR{ fi(2)/f(2)}.

Theorem 4.1. Let f(z) € %,(«, 3) be given byl) and define the partial susz) and
f1(=) given by |[(4.R). Suppose also that

(4.3) idnlan! <1,
n=1

where

_ (n+p(d+a)+platpf)
(4.4) d, == 0= 5) :
Thenf € ¥,(«, 3). Furthermore,

f(z) } L
(4.5) %{fk<z) > 1 a ze B ke N
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and

(4.6) afe{

fr(2) d
f(z) } “ltd

Proof. For the coefficientd,, given by [4.4) it is not difficult to verify that

dpy1 > dy > 1.
Therefore we have

k—1 o) 00

(4.7) D anl +di Y lan] < dnlan| <1
n=1 n=k n=1

by using the hypothesig (4.3). By setting

0 = g (1))

di > apz"!
_ 1+ n:kk
1+ > apznt
n=1
and applying[(4]7), we find that
d S an
i 22 Jal = di 3 ol
n=1 n=~k
< 1, ze€ekFE,
which readily yields the assertign (#.5) of Theolien] 4.1. If we take
k—p
(4.8) f(z)=2"P— :
dy,
then ) i
f(z z
=l-——=1—-—— as z—1-,
fi(z) di d

which shows the boun (4.5) is the best possible for éaeN.
Similarly, if we take

w(e) = ({2 S

f(z)  1+dy
(1+dy) i an2"

- 1_ Oon:k:
1+ > az"

n=1

and making use of (4.7), we can deduce that

1 (14 de) 3 o]
- ‘ < n=~k

_|_1 - k—1 (o]
2—=2% |an| + (1 —di) 2 |an]
n=1 n=~k

Q |
[v) [\e)
|~
W | W
~— | —

which leads us immediately to the assertion|(4.6) of The¢rem 4.1.
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The bound in[(4J6) is sharp for eathe NV with the extremal functiory(z) given by [4.8).
The proof of the Theoreim 4.1 is thus completgd.
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