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2 ISMAT BEG

1. INTRODUCTION

The last fifty years have seen a dramatic expansion in the theory of random operators. Ran-
dom techniques have become crucial in diverse areas, from pure mathematics to applied sci-
ences including biology, physics, chemistry, engineering, and of course, random methods pro-
vide a convenient way of modelling many problems arising from economic theory, see for
example([13] and references mentioned. The study of fixed points of random operators of vari-
ous types is a lively and fascinating disipline for research lying at the intersection of nonlinear
analysis and probability theory. Recently many authors (I[1], 2], 3], [7], [11], [12], [15], [20],
[21] ) had studied the existence and various applications of random fixed points of single and
set valued random operators. Fort [4] introduced the notion of essential fixed point of a contin-
uous mapl’ on a compact metric space. Afterwards Kinoshital[8], Neill[[1D], Strother [16],

Jiang [5], Tan, Yu and Yuan [17], Prete, lorio and Naimpéllyl [14] and many other authors have
studied the properties and applications of essential fixed points. This concept of essentiality for
fixed points is a stability property which is quite analogous to the concept of stable values of
an operator. It has been successfully used in studying Nash equilibrium points in game theory
(seel®6], [9], [18], [22] and([23]) and it is further expected that this theory has applications in
differential equations. A continuous mdpmay has no essential fixed point even though the
spaceX has the fixed point property|[4] faF. The aim of this paper is to introduce the notion

of essential random fixed point of a random nfaplefined on a compact metric spake We
obtained conditions for the existence of the essential random fixed pdintlbfs also shown

that the set of all essential random fixed point§'a§ closed.

2. PRELIMINARIES

We first review some concepts for the convenience of the reader and state the notations used
throughout this paper X, d) stands for a complete separable metric space arilet) be a
measurable space (i.&,is a sigma algebra of subsets(of . A function¢ : ) — X is said to
be ¥ —measurablef for any open subseB of X, ¢ '(B) € ¥. Amapping? : @ x X — X
is said to be aandom mayf and only if for each fixed: € X, the mappind/'(.,z) : Q@ — X
is measurable. The random mdp: Q x X — X is continuousif for eachw € , the
mapping7'(w,.) : X — X is continuous. A measurable mappifg 2 — X is arandom
fixed pointof the random mafi’ : 2 x X — X if and only if it is the stochastic solution of
random operator equatidi(w, z(w)) = z(w) for eachw € Q; equivalently, is a measurable
selector of fixed point set functiofi; of random operatdf’ defined byE(w) = {x € X : z =
T(w,z)}. Note that, deterministic solvability of random operator equafitn, z(w)) = z(w)
implies stochastic solvability of random operator equafitin, z(w)) = z(w), if EF(w) has
measurable selector. For this way of studying the problem of the existence of random fixed
point of certain random operator and measurabilityFgf for various random operators, we
refer to [21]. A complete separable metric spaces said to haveandom fixed point property
if each continuous random mdp: Q2 x X — X, has a random fixed point. We denote by
M (Q, X) the set of all measurable functions fr@rinto a compact metric spacé. Definem :
M(Q,X)x M(2,X) — Rbym(&,n) =sup{d({(w),n(w)) : w € Q}. Then(M(Q2, X), m) is
a compact metric space. We also denote’ldy( X) the set of all continuous random operators
T :Q x X — X, where X is a compact metric space having the random fixed point property.
We define

p(T,S) = sup{sup{d(T(w, z), S(w,z)) : x € X}}.

weN

Then(CR(X), p) is a metric space.
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3. ESSENTIAL RANDOM FIXED POINT

Let X andY be two metric spaces. A multifunctiof : X ~» Y is said to beupper
semicontinuous [ lower semicontinuow]p € X if given e > 0 there exists) > 0 such that
E(B(p;d)) C B(E(p);e) [ E(p) C B(E(x);¢) forall x € B(p;d) ]. Here B(x;r) denotes the
open sphere centred atwith radiusr.The multifunctionE' is calledcontinuoustf it is upper
and lower semicontinuous.

Definition 3.1. Let T € CR(X) and¢ be a random fixed point &f. The measurable mapping
¢ : Q — X is calledessentiak is random fixed point of’ and for any giverz > 0 there exists
ao > 0suchthat: IfS € CR(X) andp(T, S) < ¢, thenS has a random fixed point in the set
W, whereW = {n:ne€ M(Q,X)andm(&,n) <o} .

We define a multifunctior : (CR(X), p) ~» (M (22, X), m) by definingF(T) to be the set
of all random fixed point of", whereT € CR(X).

Proposition 3.1. LetT € C'R(X). The functionF' is upper semicontinuous &t
Proof. LetT € CR(X) and suppose > 0. Define

1 if M(Q,X) = B(F(T);e¢)
0= { inf {d(n(w), T(w,n(w))) : n € M(Q,X) = BF(T):e)}, otherwise.}

Clearlyy > 0. If § = 1, then the proof follows immediately. For the second case¢ let
M(Q, X)) such thatn(¢, F'(T)) > €. Then forS € CR(X) with p(T, S) < ¢, we havet is not

a random fixed point of. Thus F(B(T,0)) C B(F(T);e¢). Hence F is upper semicontinuous
at7T. n

Remark 3.1. Propositiorj 3.l is a random analogue of a result of Wehalsen [19].

Theorem 3.2.LetT € CR(X). Each random fixed point df is an essential random fixed
point if and only ifT" is a point of continuity of".

Proof. Let each random fixed point df be an essential random fixed point. ket 0 be given.
For eacht € F(T') there is a neighborhool: of 7" such that ifS € V; thenS has a random

fixed point in the se{n : n € M(Q, X) with m(n, ) < %}.
There exists a finite set &f;, &,, ..., of points of F(T') such that each point of (T') is
within distance% of some one of th€,. Choose a neighborhodd of 7" in C'R(X') which is

contained in the intersection &t , Ve, ,..V; . ForS € V we haveF'(T') C B(F(S);e). It
implies thatF" is lower semicontinuous &t. This together with Propositign 3.1 imply thAtis
continuous af’".

Conversely let F' be continuous af’. Let¢ € F(T) ande > 0 be given. Now choose
d > 0 such that ifp(T",S) < ¢ for someS € CR(X) , thenH(F(T),F(S)) < ¢ [ Here H
is the Hausdorff metric ord/ (2, X') induced by the metrien ]. Thus if S € CR(X) and
p(T,S) < 4, thenS has a random fixed point iB(¢; ¢). Hencef is an essential random fixed
point of 7°. &

There may exist§’ € C'R(X) which have no essential random fixed point. It is of interest to
explore the conditions under which a random operator will have essential random fixed point.
Our next theorem gives conditions for the existence of an essential random fixed point.

Theorem 3.3.LetT € CR(X). If T has a single random fixed poigt then¢ is an essential
random fixed point of .
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Proof. Let ¢ > 0. Since F' is upper semicontinuous dt, there exists & > 0 such that if
F(B(T;6)) € B(F(T);e). SinceF(T) is singleton, letF(T)) = {{}. Thus if S € CR(X)
andp(T,S) < é,thenF(S) C F(B(T;09). Now any random fixed point of lies in B(;0). It
implies that¢ is an essential random fixed pointBf g

Theorem 3.4.LetT € CR(X). The setEF(T) of all essential random fixed point @f is
closed.

Proof. Let {¢,,} be the sequence of essential random fixed poinis afd¢,, — & asn —
o0, then for everyw in Q2 we have{,(w) = T(w,&,,(w)) for anyn. Now continuity of7" and
separability of spac&’ implies¢ is random fixed point of . For anye > 0, we may choose
d > 0 such thatifS € CR(X) andp(T,S) < ¢, we obtain the sequend€,, } of random fixed
points ofS'in B(¢,,; 9), Combining this fact with the convergence{df, } to ¢, we obtainS has
a random fixed poing in B(&;0). Therefores is an essential random fixed point’6f Hence
EF(T)is closed.n
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