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2 E. EBBARI AND M . SIFI

1. INTRODUCTION

Many authors have developed properties of pseudo-differential operators arising in quantum
mechanics.

At first H. Weyl [5] has considered these operators as bounded operatbfgRm).

In this paper we consider a system of partial differential operatgreind D, defined on
K = [0, 400[x[0, +00], by

0? 2a0 0
D = — 4+ == >0,t>0
Zoe T T o @=5
0? 200+1 0 7
Dy = —— — +2*D
9 2 . 3x+x 1 x>0

and we develop the harmonic analysis associated with these operators (Translation operators,
Convolution product, Bessel-Laguerre Fourier transform,...).

Using these results we first define and study the Bessel-Laguerre Wigner transiS(id px
S(K), whereS(K) is the Schwartz space dt. We establish some properties of this transform,
in particular an inversion formula.

For o in a class of symbols) (K x T'), 1 € R U {+oo}, wherel" = [0, +oo[xN, we define
the Bessel-Laguerre Weyl transfofiir},, we prove thatV,, is continuous fron&(K) into itself,
and can be extended to a linear continuous operator f¥ii, m,,) (the space of—integrable
functions onK with respect to the measune,) into L4(K, m,,), (p € [1,+oc[, 1/g+1/q = 1),
wherem,, is the positive measure defined a0 by

1

Ia+ 1o+ 1/2)

Furthermore, we prove that’, is a compact operator fro? (K, m,,) for o in S§°(K x I')
and inL"(K x I'ym, ® v,),1 < r < 2, herev, is some positive measure defined bn
At last, we prove that there exists a symboin L"(K x I',;m, ® ~,),r > 2, such that the
Bessel-Laguerre Weyl transform Vis not a bounded linear operator a( K, m,,).

Throughout this paper we use the classic notation.

If (X,Q) is a measurable space amda positive measure oN, L”(X) = LP(X,m) repre-
sent the space of measurable functignsX — C, such that

a2t qrdt.

dme(z,t) =

1

2 X 9

2. HARMONIC ANALYSIS ASSOCIATE WITH THE OPERATORS D; AND Ds.

In this section, we recall some results about harmonic analysis associated with the operators
Dy andD,. (For more details one can see [1]).

Notation . We denote by

e R*=R\{0}.

e F(R* x N) the space of functions defined &4 x N.
e A, andA_ the operators defined di(R* x N), by

A+g()‘7m) = g<)‘7m+ 1) - g()‘vm)

gAm)—gAm—1),if m>1
A_g(A\,m)=
g(A\,0), if m=0.
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e A, A, andAj; the operators defined onlF( x N), by

Alg(Av m) = _ﬁ«& +m+ 1)A+g(>‘> m) + mA*g(>H m>>7
=2
1
i=—2
0 2o
A3g(/\7 m) = 25(A19(>‘7 m)) + TAIQ()U m) + A2g<>‘7 TTL),

with

Co(A,m) = (m+a+1)(m+a+2),Ci(A\,m)=-2m+a+1)(a+2),

Coam) = 2((a+ 1D+ (a+1)2—=(m+1)(m+a+1)—m(m+a)),

C_i(A,m) = 2m(a+2)andC_y(\,m) = 2m?*(m — 1).
e A, A, the operators defined di(R* x N), by
1
Alg()‘7m) = X(mA—i—A—g(/\u m) + (Oé + ]‘)A-l-g(/\? m))
Ay = Az +A,_1)2,

whereA,_, ), is the Bessel operator defined [on-+oo[, by

A — 8_2 + Q_QQ
TN T N o
The unique solution of the system
Diu = —\u, A € [0, 4o0]

Dyu = —4X(m + *H)u,

u(0,0) = 1,24(0,0) = 24(0,0) = 0
is the functiony, ,,, (\,m) € T', given by,
@AJn(xa t) = ja—1/2(/\t)[’£73)()‘x2)7 ("E’ t) S K7

wherej, 1/, is the function defined of), +ocl, by

20712 (4 1/2) B2 if M #£0

o M) =
J 1/2() { 1, if AM=0

hereJ,_,/, is the Bessel function of order — 1/2, andd?;), m € N, is the Laguerre function

defined on0, +o0o[, by

e L (@)
Li(0)

L) being the Laguerre polynomial of degree m and order

For all (\,m) € ', the functionsp, ,, satisfy the following product formula
o If > 0. Forall(z,t),(y,s) € K, we have

@A,m(:a t)(p)\,m<y7 3) = Aa/ @A,m(A<x7 Y, 0 + 7T)7 A<X7 Y? f))dZOé<97 \117 5)7

(0,73

LO(x) =e

m

Y
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4 E. EBBARI AND M . SIFI

with

_(a+1IM(a+1/2) Y
(2.1) A, = T (a) . A(x,y,0) = Va2 +y? — 2y cosh,
(22) X = X(t> S, @D) = A(t7 S, W» Y = Y(:Ev Y, 9) =Y Sin97
and

dZ,(0,W,€) = (sin&)** (sin ¥)**~*(sin 0)?**dédWdb.
o If o =0, forall (z,1),(y,s) € K, we have

O (T, 1) 0\ 1 (Y, 8)
1 “ 4 |
= / Prm(A(2,y,0), 2y sin 0 + (=1)'t + (1) s)do.
T o<ij<1”0

Properties.
i) For all (A, m) € T, the functionsp, ,, is infinitely differentiable orfR?, even with respect to
each variable and we have

(23) sup }@)\,m(x7t)| =1
(z,t)eK

i) Forall (\,m) € I',and(x,t) € K, we have
(24) Algp)\,m (:L‘7 t) - - x2(20)\,m (ZL’, t)7

(25) A290)\,m (9;" t) = - tzgp/\,m ([L’, t)

Notation . We denote by

e S(K) the space off>—functions onR?, even with respect of each variable and rapidly
decreasing together with all their derivatives i.e forkalh, ¢ € N, we have

f(q:,t)'} < +00.

p+q

OxPOte

Nipa(f) = sup {(1 + 22+ 12)F
(z,t)eK

e S(I') the space of functions gR x N — C, even with respect to the first variable and
satisfying
i) For allm, p,q,r,s € N, the function

a—+1

A — MM +——))"ATA39(A, m)

is bounded and continuous {h +oco[, C*° on |0, +oo|, and the right derivatives at zero exists.
i) For all k£, p, ¢ € N, we have

Vipa(g) = (/\su)p F(1 + )\2(1 + m2))k [ATAZg(N\,m)| < +oc.
,m)e

Equipped with the topology defined by the semi-nofis, , (respvy.,, ;) the spaces (K) (resp
S(I")) is a Fréchet space.
e 1, the measure oh, given by

)\3&—&—1

dy, (A, m) = L(0)d\ @ 6,

22~ +1/2) ™
0. IS the Dirac measure at m add is the Lebesgue measure.
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We have forf andg be inS(T")

@8 [ OmtgOmidr () = [ A mlg(hm)d, ()
and

@7 [ g midr,m) = [ AafOumg(hmidy (A m)
Definition 2.1.

i) The translation operators, ), (z,t) € K, are defined for a continuous functigron &, by
e Ifa>0

T(;ut)f(y? 5) = Aa f(A<I7y7 0+ 7T)7 A<X7§/7 5))dZC¥(‘97 \I})f)

(0,73

whereA,, A(z,y,0), X and Y are given by[ (2|1) anfl (2.2).
o Ifa=0.

Tanf(y,s) = ﬁ Z /0 f(A(2,y,0 +7), xysing 4+ (—=1)t + (—1)7s)d6.

0<i,j<1

i) The convolution product of two continuous functiorisg on K, with compact support is
defined by

(f*agﬂxJ)Zi/ﬁT@@f@h$g@n$dﬂw@A8)

K
We have the following properties :
i) For all (x,t),(y,s) € Kandf € S(K)

T(O,O)f(yv S) = f(y’ 8)7 T(x,t)f(yv S) = T(y,s)f(xv t)‘

i) The functionsyp, ,,,, (A, m) € I, satisfy the following product formula:

T(w,t)gp/\,m (y7 8) = (pA,m (fL', t)(lp)\,m (y> S)'
i) Let p € [1,4+00] andf € L?(K). Then for all(z,t) € K, we have

(2.8) 70 Ll < 1l -
iv) Let g in L*(K). Then for all(z,t) € K, we have
29) [ sty )imatus) = [ oy dmalys)
K K

V) Let f, g be two continuous functions ai§ with compact support, then
frag=9*af,
and furthermore if supp C [—R1, Ri| X [—R1, R1] and supp C [—Rs, Ry] X [—Ra, Rs], then
SUPR S *a 9) = [—(R1 + Ra), (R1 + R2)] x [—(1+ R2)(Ry + Ry), (1 + Ry)(Ry + Ry)]
Definition 2.2. The Bessel-Laguerre Fourier transfoffnis defined on.! (K), by

F(f)(A\,m) = /Kgp/\vm(x,t)f(x,t)dma(aj,t), (A\,m) eT.
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The Bessel-Laguerre Fourier transfoffrsatisfy the following properties:
i) For all fin (L' N L?)(K), we have the following Plancherel formula

(2.10) IF Pz, = NF 1l -

ii) The Bessel-Laguerre Fourier transfotfis a topological isomorphism froii(X) onto
S(I), its inverse is given by

Fg)(at) = / 9O Moy dya(\m),  (2.1) € K.

iii) Let f be inL'(K) such thatF(f) € L'(T"), then we have the inversion formula

(2.11) flat) = /F FUH N m)oy (@, O)dya(Am), a.e onk.
iv) Let f € L'(K). Then for all(z,t) € K and(\,m) € T, we have
(2.12) F(T@n )N m) =@y (2, 1) F(A,m).

v) Letp €]1,2] andq = Ll’ then for allf € L?(K), we have
p—
(2.13) F (M are < 1S pame-

3. BESSEL-LAGUERRE WIGNER TRANSFORM

In this section, we define and study the Bessel-Laguerre Wigner transform. We establish an
inversion formula for this transform.

Notation . We denote byS(K x I') the space of functions defined on/’ x I', such that
i) For all (\,m) € T, the function(z, t) — o((x,t), (A, m)) belongs taS(K).
ii) For all (z,t) € K, the function(A\,m) — o((x,t), (A, m)) belongs taS(I").

Definition 3.1. The Bessel-Laguerre Wigner transfoimis defined orS(K) x S(K), by

V(. 9) (2. 1), (A m)) = / ot ) (s )7 w99 $)dma(y, 5),

K
where(z,t) € K and(\,m) € I'.

Remark 3.1. The transforni/ can also be written in the forms
(31) V<f7 g)((I, t)) (/\7 m)) = ‘/T(fT(x,t)g)()‘a m) = g *a (fgp)\,m(xa t)

Proposition 3.1.
i) The transform V is a bilinear mapping fro{ K) x S(K) into S(K x I).
ii) Letp, g € [1,+oc] such that, + . = 1. Thenfor allf, g in S(K), we have

V(s Dllsemasry < [fllpmallgllgma-
i) Let f, g be inS(K), then we have

IV Dll2masr, < [1fll2mellgll2me-
iv) Let f be in L2 (K),p €]1,2[ andg in L?(K) with g such thatl + £ = 1. Then we have

||V(f7 g)Hq,ma@'ya < ||f||p7ma||g||q,ma'
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Proof.
i) Let f € S(K), then the mappingr,t) — T f is continuous fron¥ into S(K). (seel[1]).

ii) Using Holder’s inequality,[(2]8) and Deflnltl. )n 3.1, we deduce the assertion.
i) We have

IV Dlzmaer, = /K/F!V(fyg)((%t),(Aam))lzd%(k,m)dma(%t)

= [ [ 1FrangOmFar o mdma .,

then the result follows fronj (2.8) and (2]10).
iv) Formulas [(2.1B)[(3]1) and Minkowski’s inequality for integral, yields to

V() s < /K [ /K @ PITE) 95, 5) Pdmaly, 5)])Pdma (s, )
< { / [ / £ P19y )| dmae, O 2dma(y, )}

< SIS e 911G
Which finishes the proof of the assertian.

Proposition 3.2. Let f andg be inS(K). Then for(z,t) € K and (A, m) € T', we have
F o F V(£ ol m), (z,8) = f(z,)@rm(z, 1) F(g)(X,m).

Proof Using the reIations[(?_TJ,lDZ(?_T]lZ]Z(}B.l[@.lO) and Fubini’s Theorem, we Jave
V9l (z,1))

/ / orm@ )V (£, 9) (0, 5), (5,7)) 050 (x D)dma(y, $)dva (5, )
- /K F ()79 O prm (Y, $)dma(y, s)

= /K (@ )7 (4.99) (B, 1) 05,0 (T, )d o (B, 1) |0 (U, 8)dma(y, 5)

= f(l’,t)f(T(m,t)g)()\, m) = f<x7t)90)\,m($a t>f(g>()‘>m)a
which proves the resuly

Corollary 3.3. Let f andg be inS(K). For (A\,m) € I'and(z,t) € K, we have the following
relations

/Kf® FVE DU m), (@, 1))dma (@, ) = F(£)Xm)F(g)(A,m),
[FF WO m) )b m) = Fe (o).
Proof. We deduce these relations from Proposifion 3.2, Fubini’s Theorenj and (§.11).

Theorem 3.4.Letg be inL'(K) N L?(K) such thate = /g(az,t)dma(x,t) # 0. Then for all
K
fin (L' N L?*)(K) we have

1
FOOm) =1 [ V(g0 om)dma(a,t), - (m) €T
K
Proof. Using Definitior{ 3.1, Fubini’s Theorem and formulgs {2.8),(2.9), we obtain the rgsult.
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Corollary 3.5. Under the hypothesis of Theorém|3.4, and if moredvgf) belongs toL'(I'),
then we have the following inversion formula for the Bessel-Laguerre Wigner-transform

1
1) = [ [ onn Va0, (m)dma ey, m). () € K
Proof. We obtain the result fronj (2.1.0) and Theorien] &4.

4. BESSEL-LAGUERRE WEYL TRANSFORM

In this section, we consider a class of symbols which allows to define the Bessel-Laguerre
Weyl transform. We establish a relation between the Wigner and Weyl transform. At last,
we discuss criterion in term of symbols for the boundedness and compactness of the Bessel-
Laguerre Weyl transform.

4.1. Bessel-Laguerre Weyl transform with symbols in Schwartz spaces.

Definition 4.1. A functiono((z,t), (\,m)) belongs to a class &' (K x T') (respS)(K x T'))
if it satisfy

i) For fixed (\,m) € T, the function(x,t) — o((z,t), (), m)) defined on K isC> on R?
even with respect to each variables.

ii) For fixed (z,t) € K and for allm € N, the function\ — o((z,t), (A, m)) is C*on
10,+c0], the right derivatives at zero exist and for &llr, s,p,q € N, there exist a constant
C' > 0, such that

orta e -
’WA1A2U((?C= t), (A, m))‘ < C (1N (1+m?))

(resp.

6p+q e N
awrap 120 (@, 1), (A,m»‘ < C(14 X1 +m?) ).

Notation . We denote by

(1+ 22 + 3"

SP(K xT) = ZQRS(’](K x ).
Remark 4.1. Let g € [1,+00[ andi € R such thafq < —2%F2. ThenS) (K x T') is included in
LK x T).
Proposition 4.1. The spaceS;° (K x I') isdense inL" (K x I'), 1 <r < +o0.
Proof. The proof is the same as for Proposition 1l. 13 p. 350 in §B].

Definition 4.2. Leto be inS'(K x I'),l < —(3a+2)/2 . We define the Bessel-Laguerre Weyl
transform onS(K), by

@1 WP t) = [ [ ol to((w. 51 Oum) i o )dmaly, ), (m).
rJK
Lemma 4.2. Leto be inS§°(K x I'). The functiont defined onk’ x K, by

() 05) = [ am(o D7 lol O s (),

T

satisfies
i) For all ¢ € [1,4o00[ andp € N* such thapg > o + 3/2, there exists\/,, > 0 such that
M
q Y4 .
@2) [ 0 )l o) € gt €K
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ii) The functionk belongs taL?(K x K),q > 1.

Proof.
i) We consider the function

®((y,s), (A, m)) = 1+ N (1 +m*) 7 I = Ay = Ao o ((y, 5), (A, m)).

Letq € [1,+o0[,p,] € N such thap > (20‘2—23)% < —(a + 2)/2q. Using the relation4),
(2.9). (2.3).[2.6) and (2 7), we get

(14 22 +)Pk((2,1), (y,5))
= /I‘ [I - Al - AQ]p @A,m(ajv t>7_(337t) [U('v (>‘7 m))](y7 S)drYa(/\7 m)

= [ O )1+ X1+ ) ()

Let ¢’ such thatl/q + 1/¢' = 1. Using Holder’s inequality andl (2.8), we deduce that

(1+2%+ t2)q”/K k((2, ), (y, $))|" dmaly, s) < || (1+X*(1+ m2))l}|z% [R5 PP

We obtain [(4.R) from this inequality.
ii) We deduce the result from (4.2§.

Theorem 4.3. Leto be inSg°(K x I'). Then we have
i) Forall finS(K)

Wo(f) (. t) = / B ), (0:5)) (0, $)dmaly,s), (2,1) € K.

K
ii) Let g € [1, +oo[andq’ be such that /¢ + 1/¢' = 1. Then for allf in S(K'), we have

HWU'(f>Hq,ma S Hf”q,ma ‘|k‘|q’7ma®ma :

iif) The operatorlV,, can be extended to a continuous linear operator denotedl&lsdrom
LY(K) into LY(K). In particular W, is a Hilbert-Schmidt operator and a compact operator in
L*(K).

Proof. We deduce these results from Lemmg 4.2.
Definition 4.3. For allo € S'(K x I),1 € R, we define the operatdi, onS(K) x S(K), by
Hy(f,9)(2,7) =
] ermteniote. . m)V (7,9) (@), O m))dim o, )y, O m).
rJK

We denote by, (f, g) = H.(f,9)(0,0).

Example 4.1. Let
a+1

o1((x,t), (A, m)) ==X\ and oy((x,t),(\,m)) = —4\(m + 5

Then for allf,g € S(K), we have
{ Hy, (f,9)(z,7) = ¢(Dif)(z,7),

H02<f,g)(2,7“) = C(DZf)<Z7T) :

).

Withc:/g(aj,t)dma(a:,t).
K
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Corollary 4.4. Leto be inS)(K xT'),l < —(3a+2)/2. Then forf, g € S(K), we have

Ho(fv g) =< Wa(.g)v? >,

where< .,. > is the inner product in.?(K).

Proof. Let! < —(3a +2)/2, using Definitions[(3]1)[ (4]1)] (4.2), the relati¢n (2.8) and Fubini's

theorem, we obtain

H,(f,g) = /K £ (0 )Wo(g) (4, 8)dma(y, 8) =< Wa(g), F >,

which finishes the proof

4.2. Bessel-Laguerre Weyl transform with symbols inL" (K x TI'),1 < r < 2.

Notation . We denote byB(L"(K)) the C*-algebra of all bounded linear operatobsfrom
L?(K) into itself with the norm

W= s 19,

2,mq

Proposition 4.5. For € [1, 2]. There exists a unique bounded linear operator

W:L'(KxT)— B(L*(K))

o— W,
such that for allf, g in S(K)

<W,(9), f> =/

T

/K o((z,t), A m)V(f,g)((z,t), (A, m))dma(z, t)dv, (A, m).
and

(4.3) IWall, < o]l

rMa®Yqy

Proof. Let o be inS5°(K x I'). Then using Propositidn 3.1, we have
IWell, <llollmasy, 5 IWell < llollsm,en, -
From these relations and the Riesz-Thorin Theorem (See [2]), we deduce thatfer &ll( K x
I, r € [1,2], we have
Woll, <l

M@

which finishes the proof
Theorem 4.6.Leto beinL"(K x T'),1 < r < 2, thenW, is a compact operator id?(K).

Proof. Leto be inL"(K xI')),1 <r <2and{o},., a sequence of functions &°(K x I')
such thatr, — o in L"(K x I') as k— +oo. Then using Theoremn 3.4¥,, is compact in
L*(K) for all k € N. Thus by formula[(4]3)IV, is the limit in B(L*(K)) of the sequence
{Ws, },>;- Then we get the resuls.
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4.3. Bessel-Laguerre Weyl transform with symbols inL" (K x I'),2 < r < +oc.

Theorem 4.7.For r €]2, +oc|, there exists a function € L"(K x T'), such that the Bessel-
Laguerre Weyl transform is not a bounded linear operatod80K).

Proof. Suppose that for alt in L"(K x I'),2 < r < +o0, the Weyl transform defined by (4.1)
is a bounded linear operator dif(K). Then for allo in L"(K x T'), there exists a positive
constant’, such that

IWsll, < Co.
Let f and g be two functions ir§(K) such that| f{|,,, = llgll,,,. =1, consider the bounded
linear functional);, : L"(K x I') — C, defined by

Qf,g<0> = < Wc7<g)77 >

Then using Banach-Steinhauss Theorem, there exists a positive canstactt that for all f, ¢
in S(K) with || £, = llgll,,,, = 1, we have

1@l < C.
Letr > 2 andr’ such thatl /r 4+ 1/ = 1, then by Corollary 4J4, we have for afl g in S(K)
with [[ flly,, = l9ll2m, =1,

sup | < Wol(9), f>| = IV, 9l musy, <C

o1l ma®va

Using the density of (K) into L?(K), we deduce that for alf in L?(K'), we have
(4.4) IV Dl < C Ml

Now let f be an even function oi" in L?(K), such that its support is included ja 1, 1] x
[—1,1]. Soforall(A\,m) € ', the support of the functiotw,t) — V(f, f)((z,t),(A,m)) is
included inB = [—-2,2] x [—4,4] .

Using Holdefs inequality and (4]4), we get

LvuJMamummMMaw

< [ma(B)Y" |V (f, f)Hr’,ma®’Y(, :

/

™Yo

Thus the function A, m) — /V(f, F)(x,t), (A, m))dma(z,t) belongs toL" (K x I'),1 <
B
' < 2. On the other hand using Theorgm|3.4, we have

FOOm) = = [ VD@0, (m)dmae.

wherec = /f(x,t)dma(x,t) # 0. So we deduce that the functign, m) — F(f)(\, m)
K

belongs toL ™ (I'),1 < 7’ < 2.
Now we consider the functiofi(x,t) = hy(t)ho(z), with

. (t) B t2(1€—a—1/2), Jf 0<t<1 h ( ) B m?(k—a—l), if 0<z<1
ne = 0, elsewhere e\ = 0, elsewhere

wherek € R such that>2+1. The functionf belongs taL?(K’) and we shall prove tha( f)
does not belongs th"' (K x T'),1 < 7' < 2, so inequality[(4]4) is not valid .

AJMAA Vol. 2, No. 2, Art. 14, pp. 1-12, 2005 AJMAA


http://ajmaa.org

12 E. EBBARI AND M . SIFI

From Definition 2.2, we deduce that

A A
) = o ([ aan) ([ et a),

where
. — 1
T 2(a+ D(a+1/2) L (0)

But we have

> —+o0

Hf(f)l‘:/ﬁa = Ca Z LSTOL‘)(O)/Ov ‘f(f)()\’m)r )\3a+1d)\
m=0
/ +oo .
> Calaa” [ g Ay
0

where

1 . A 2k—1 - A T ]
Co = 2201711"(04_‘_ 1/2) ) 9()\) - (/0 Uu ]al/z(u)du> (/0 e 22U du> .

But using asymptotic formula foi,_; »(u), (see[4]), we deduce that there is a positive constant
A, such that for\ > R, we have
A
/ u%_lja,l/Q(u)du > A.
0

So there existd/ > 0 andR > 0, such that i\ > R, then|g(\)| > M. Thus

+o0o
IF U, 2 Coaadt” [ 2037y
) R
Hence o
r! . o
H}-(f)H”':'Ya =400, if k< 3r’

Therefore the inequality (4.4) is impossible if we pikko be some number in the interval
P52, 55
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