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2 E. JEBBARI AND M . SIFI

1. I NTRODUCTION

Many authors have developed properties of pseudo-differential operators arising in quantum
mechanics.

At first H. Weyl [5] has considered these operators as bounded operators onL2(Rn).
In this paper we consider a system of partial differential operatorsD1 andD2 defined on

K = [0,+∞[×[0,+∞[, by
D1 =

∂2

∂t2
+

2α

t

∂

∂t
, α ≥ 0, t > 0

D2 =
∂2

∂x2
+

2α+ 1

x

∂

∂x
+ x2D1, x > 0

,

and we develop the harmonic analysis associated with these operators (Translation operators,
Convolution product, Bessel-Laguerre Fourier transform,...).

Using these results we first define and study the Bessel-Laguerre Wigner transform onS(K)×
S(K), whereS(K) is the Schwartz space onK. We establish some properties of this transform,
in particular an inversion formula.

Forσ in a class of symbolsS l
0(K × Γ), l ∈ R ∪ {+∞}, whereΓ = [0,+∞[×N, we define

the Bessel-Laguerre Weyl transformWσ, we prove thatWσ is continuous fromS(K) into itself,
and can be extended to a linear continuous operator fromLp(K,mα) (the space ofp−integrable
functions onK with respect to the measuremα) intoLq(K,mα), (p ∈ [1,+∞[, 1/q+1/q = 1),
wheremα is the positive measure defined onK, by

dmα(x, t) =
1

Γ(α+ 1)Γ(α+ 1/2)
x2α+1t2αdxdt.

Furthermore, we prove thatWσ is a compact operator fromL2(K,mα) for σ in S∞0 (K × Γ)
and inLr(K × Γ,mα ⊗ γα), 1 ≤ r ≤ 2, hereγα is some positive measure defined onΓ.
At last, we prove that there exists a symbolσ in Lr(K × Γ,mα ⊗ γα), r > 2, such that the
Bessel-Laguerre Weyl transform Wσ is not a bounded linear operator onLr(K,mα).

Throughout this paper we use the classic notation.
If (X,Ω) is a measurable space andm a positive measure onX, Lp(X) = Lp(X,m) repre-

sent the space of measurable functionsf : X → C, such that

||f ||p,m =


(∫

X

|f(x)|pdm(x)

) 1
p

< +∞, if 1 ≤ p < +∞,

ess supx∈X |f(x)| < +∞, if p = +∞.

2. HARMONIC ANALYSIS ASSOCIATE W ITH THE OPERATORS D1 AND D2.

In this section, we recall some results about harmonic analysis associated with the operators
D1 andD2. (For more details one can see [1]).

Notation . We denote by
• R∗ = R\{0}.
• F (R∗ × N) the space of functions defined onR∗ × N.
• ∆+ and∆− the operators defined onF (R∗ × N), by

∆+g(λ,m) = g(λ,m+ 1)− g(λ,m)

∆−g(λ,m) =

 g(λ,m)− g(λ,m− 1), if m ≥ 1

g(λ, 0), if m = 0.
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WEYL TRANSFORMASSOCIATEDWITH BESSEL ANDLAGUERREFUNCTIONS 3

• ∆1,∆2 and∆3 the operators defined on F(R∗ × N), by

∆1g(λ,m) = − 1

2λ
((α+m+ 1)∆+g(λ,m) +m∆−g(λ,m)),

∆2g(λ,m) =
1

4λ2

i=2∑
i=−2

Ci(λ,m)g(λ,m+ i),

∆3g(λ,m) = 2
∂

∂λ
(∆1g(λ,m)) +

2α

λ
∆1g(λ,m) + ∆2g(λ,m),

with

C2(λ,m) = (m+ α+ 1)(m+ α+ 2), C1(λ,m) = −2(m+ α+ 1)(α+ 2),

C0(λ,m) = 2((α+ 1) + (α+ 1)2 − (m+ 1)(m+ α+ 1)−m(m+ α)),

C−1(λ,m) = 2m(α+ 2) andC−2(λ,m) = 2m2(m− 1).

• Λ1 ,Λ2 the operators defined onF (R∗ × N), by

Λ1g(λ,m) =
1

λ
(m∆+∆−g(λ,m) + (α+ 1)∆+g(λ,m))

Λ2 = ∆3 + ∆α−1/2,

where∆α−1/2 is the Bessel operator defined on]0,+∞[, by

∆α−1/2 =
∂2

∂λ2 +
2α

λ

∂

∂λ
.

The unique solution of the system
D1u = −λ2u, λ ∈ [0,+∞[

D2 u = −4λ(m+ α+1
2

)u,

u(0, 0) = 1, ∂u
∂x

(0, 0) = ∂u
∂t

(0, 0) = 0

is the functionϕλ,m, (λ,m) ∈ Γ, given by,

ϕλ,m(x, t) = jα−1/2(λt)L(α)
m (λx2), (x, t) ∈ K,

wherejα−1/2 is the function defined on[0,+∞[, by

jα−1/2(λt) =

{
2α−1/2Γ(α+ 1/2)

Jα−1/2(λt)

(λt)α−1/2 , if λt 6= 0

1, if λt = 0

hereJα−1/2 is the Bessel function of orderα − 1/2, andL(α)
m ,m ∈ N, is the Laguerre function

defined on[0,+∞[, by

L(α)
m (x) = e−

x
2
L

(α)
m (x)

L
(α)
m (0)

,

L
(α)
m being the Laguerre polynomial of degree m and orderα.
For all (λ,m) ∈ Γ, the functionsϕλ,m satisfy the following product formula

• If α > 0. For all(x, t), (y, s) ∈ K, we have

ϕλ,m(x, t)ϕλ,m(y, s) = Aα

∫
[0,π]3

ϕλ,m(∆(x, y, θ + π),∆(X, Y, ξ))dZα(θ,Ψ, ξ),
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4 E. JEBBARI AND M . SIFI

with

(2.1) Aα =
(α+ 1)Γ(α+ 1/2)

π3/2Γ(α)
, ∆(x, y, θ) =

√
x2 + y2 − 2xy cos θ,

(2.2) X = X(t, s, ψ) = ∆(t, s, ψ), Y = Y (x, y, θ) = xy sin θ,

and
dZα(θ,Ψ, ξ) = (sin ξ)2α−1 (sin Ψ)2α−1(sin θ)2αdξdΨdθ.

• If α = 0, for all (x, t), (y, s) ∈ K, we have

ϕλ,m(x, t)ϕλ,m(y, s)

=
1

4π

∑
0≤i,j≤1

∫ π

0

ϕλ,m(∆(x, y, θ), xy sin θ + (−1)it+ (−1)js)dθ.

Properties.
i) For all (λ,m) ∈ Γ, the functionsϕλ,m is infinitely differentiable onR2, even with respect to
each variable and we have

(2.3) sup
(x,t)∈K

∣∣ϕλ,m(x, t)
∣∣ = 1.

ii) For all (λ,m) ∈ Γ, and(x, t) ∈ K , we have

(2.4) Λ1ϕλ,m (x, t) = − x2ϕλ,m (x, t),

(2.5) Λ2ϕλ,m (x, t) = − t2ϕλ,m (x, t).

Notation . We denote by
• S(K) the space ofC∞−functions onR2, even with respect of each variable and rapidly
decreasing together with all their derivatives i.e for allk, p, q ∈ N, we have

Nk,p,q(f) = sup
(x,t)∈K

{
(1 + x2 + t2)k

∣∣∣∣ ∂p+q

∂xp∂tq
f(x, t)

∣∣∣∣} < +∞.

• S(Γ) the space of functions g :R × N −→ C, even with respect to the first variable and
satisfying

i) For allm, p, q, r, s ∈ N , the function

λ −→ λp(λ (m +
α+ 1

2
))qΛr

1Λ
q
2g(λ,m)

is bounded and continuous on[0,+∞[, C∞ on ]0,+∞[, and the right derivatives at zero exists.
ii) For all k, p, q ∈ N, we have

νk,p,q(g) = sup
(λ,m)∈Γ

(1 + λ2(1 +m2))k |Λp
1Λ

q
2g(λ,m)| < +∞.

Equipped with the topology defined by the semi-normsNk,p,q (respνk,p,q) the spaceS(K) (resp
S(Γ)) is a Fréchet space.
• γα the measure onΓ, given by

dγα(λ,m) =
λ3α+1

22α−1Γ(α+ 1/2)
L(α)

m (0)dλ⊗ δm,

δm is the Dirac measure at m anddλ is the Lebesgue measure.
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We have forf andg be inS(Γ)

(2.6)
∫

Γ

f(λ,m)Λ1g(λ,m)dγα(λ,m) =

∫
Γ

Λ1f(λ,m)g(λ,m)dγα(λ,m)

and

(2.7)
∫

Γ

f(λ,m)Λ2g(λ,m)dγα(λ,m) =

∫
Γ

Λ2f(λ,m)g(λ,m)dγα(λ,m).

Definition 2.1.
i) The translation operatorsτ (x,t), (x, t) ∈ K, are defined for a continuous functionf onK, by
• If α > 0

τ (x,t)f(y, s) = Aα

∫
[0,π]3

f(∆(x, y, θ + π),∆(X, Y, ξ))dZα(θ,Ψ, ξ).

whereAα, ∆(x, y, θ), X and Y are given by (2.1) and (2.2).
• If α = 0.

τ (x,t)f(y, s) =
1

4π

∑
0≤i,j≤1

∫ π

0

f(∆(x, y, θ + π), xy sin θ + (−1)it+ (−1)js)dθ.

ii) The convolution product of two continuous functionsf, g on K, with compact support is
defined by

(f ?α g)(x, t) =

∫
K

τ (x,t)f(y, s)g(y, s)dmα(y, s).

We have the following properties :
i) For all (x, t), (y, s) ∈ K andf ∈ S(K)

τ (0,0)f(y, s) = f(y, s), τ (x,t)f(y, s) = τ (y,s)f(x, t).

ii) The functionsϕλ,m, (λ,m) ∈ Γ, satisfy the following product formula:

τ (x,t)ϕλ,m (y, s) = ϕλ,m (x, t)ϕλ,m (y, s).

iii) Let p ∈ [1,+∞] andf ∈ Lp(K). Then for all(x, t) ∈ K, we have

(2.8)
∥∥τ (x,t)f

∥∥
p,mα

≤ ‖f‖p,mα
.

iv) Let g in L1(K). Then for all(x, t) ∈ K, we have

(2.9)
∫

K

τ (x,t)g(y, s)dmα(y, s) =

∫
K

g(y, s)dmα(y, s).

v) Let f, g be two continuous functions onK with compact support, then

f ?α g = g ?α f,

and furthermore if suppf ⊂ [−R1, R1]× [−R1, R1] and suppg ⊂ [−R2, R2]× [−R2, R2], then

supp(f ?α g) = [−(R1 +R2), (R1 +R2)]× [−(1 +R2)(R1 +R2), (1 +R2)(R1 +R2)]

Definition 2.2. The Bessel-Laguerre Fourier transformF , is defined onL1(K), by

F(f)(λ,m) =

∫
K

ϕλ,m(x, t)f(x, t)dmα(x, t), (λ,m) ∈ Γ.
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6 E. JEBBARI AND M . SIFI

The Bessel-Laguerre Fourier transformF satisfy the following properties:
i) For all f in (L1 ∩ L2)(K), we have the following Plancherel formula

(2.10) ‖F(f)‖2,γα
= ‖f‖2,mα

.

ii) The Bessel-Laguerre Fourier transformF is a topological isomorphism fromS(K) onto
S(Γ), its inverse is given by

F−1(g)(x, t) =

∫
Γ

g(λ,m)ϕλ,m(x, t)dγα(λ,m), (x, t) ∈ K.

iii) Let f be inL1(K) such thatF(f) ∈ L1(Γ), then we have the inversion formula

(2.11) f(x, t) =

∫
Γ

F(f)(λ,m)ϕλ,m(x, t)dγα(λ,m), a.e onK.

iv) Let f ∈ L1(K). Then for all(x, t) ∈ K and(λ,m) ∈ Γ, we have

(2.12) F(τ (x,t)f)(λ,m) = ϕλ,m(x, t)F(λ,m).

v) Let p ∈ ]1, 2] andq =
p

p− 1
, then for allf ∈ Lp(K), we have

(2.13) ||F(f)||q,γα
≤ ||f ||p,mα .

3. BESSEL-L AGUERRE W IGNER TRANSFORM

In this section, we define and study the Bessel-Laguerre Wigner transform. We establish an
inversion formula for this transform.

Notation . We denote byS(K × Γ) the space of functionsσ defined onK × Γ, such that
i) For all (λ,m) ∈ Γ, the function(x, t) 7→ σ((x, t), (λ,m)) belongs toS(K).
ii) For all (x, t) ∈ K, the function(λ,m) → σ((x, t), (λ,m)) belongs toS(Γ).

Definition 3.1. The Bessel-Laguerre Wigner transformV , is defined onS(K)× S(K), by

V (f, g)((x, t), (λ,m)) =

∫
K

ϕλ,m(t, s)f(y, s)τ (x,t)g(y, s)dmα(y, s),

where(x, t) ∈ K and(λ,m) ∈ Γ.

Remark 3.1. The transformV can also be written in the forms

(3.1) V (f, g)((x, t), (λ,m)) = F(fτ (x,t)g)(λ,m) = g ?α (fϕλ,m(x, t).

Proposition 3.1.
i) The transform V is a bilinear mapping fromS(K)× S(K) into S(K × Γ).
ii) Let p, q ∈ [1,+∞] such that1

p
+ 1

q
= 1. Then for allf, g in S(K), we have

‖V (f, g)‖∞,mα⊗γα
≤ ‖f‖p,mα‖g‖q,mα .

iii) Let f, g be inS(K), then we have

‖V (f, g)‖2,mα⊗γα
≤ ‖f‖2,mα‖g‖2,mα .

iv) Letf be inLp
α(K), p ∈]1, 2[ andg in Lq(K) with q such that1

p
+ 1

q
= 1. Then we have

‖V (f, g)‖q,mα⊗γα
≤ ‖f‖p,mα‖g‖q,mα .
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Proof.
i) Let f ∈ S(K), then the mapping(x, t) → T

(α)
(x,t)f is continuous fromK into S(K). (see [1]).

ii) Using Hölder’s inequality, (2.8) and Definition 3.1, we deduce the assertion.
iii) We have

‖V (f, g)‖2,mα⊗γα
=

∫
K

∫
Γ

|V (f, g)((x, t), (λ,m))|2dγα(λ,m)dmα(x, t)

=

∫
K

∫
Γ

|F(fτ (x,t)g)(λ,m)|2dγα(λ,m)dmα(x, t),

then the result follows from (2.8) and (2.10).
iv) Formulas (2.13), (3.1) and Minkowski’s inequality for integral, yields to

‖V (f, g)‖2
q,mα⊗γα

≤
∫

K

[

∫
K

|f(y, s)|p|T (α)
(x,t)g(y, s)|

pdmα(y, s)|]q/pdmα(x, t)

≤ {
∫

K

[

∫
K

|f(y, s)|p|τ (x,t)g(y, s)|qdmα(x, t)]p/qdmα(y, s)}q/p

≤ ‖f‖q
p,mα

‖g‖q
q,mα

.

Which finishes the proof of the assertion.

Proposition 3.2. Letf andg be inS(K). Then for(x, t) ∈ K and(λ,m) ∈ Γ, we have

F ⊗ F−1[V (f, g)]((λ,m), (x, t)) = f(x, t)ϕλ,m(x, t)F(g)(λ,m).

Proof. Using the relations (2.11),(2.12), (3.1), (2.10) and Fubini’s Theorem, we haveF ⊗
F−1[V (f, g)]((λ,m), (x, t))

=

∫
Γ

∫
K

ϕλ,m(y, s)V (f, g)((y, s), (β, n))ϕβ,n(x, t)dmα(y, s)dγα(β, n)

=

∫
K

f(x, t)τ (y,s)g(x, t)ϕλ,m(y, s)dmα(y, s)

=

∫
K

f(x, t)τ (y,s)g)(β, n)ϕ(β,n)(x, t)dγα(β, n)]ϕλ,m(y, s)dmα(y, s)

= f(x, t)F(τ (x,t)g)(λ,m) = f(x, t)ϕλ,m(x, t)F(g)(λ,m),

which proves the result.

Corollary 3.3. Letf andg be inS(K). For (λ,m) ∈ Γ and(x, t) ∈ K, we have the following
relations∫

K

F ⊗ F−1[V (f, g)]((λ,m), (x, t))dmα(x, t) = F(f)(λ,m)F(g)(λ,m),∫
Γ

F ⊗ F−1[V (f, g)]((λ,m), (x, t))dγα(λ,m) = f(x, t)g(x, t).

Proof. We deduce these relations from Proposition 3.2, Fubini’s Theorem and (2.11).

Theorem 3.4.Letg be inL1(K) ∩ L2(K) such thatc =

∫
K

g(x, t)dmα(x, t) 6= 0. Then for all

f in (L1 ∩ L2)(K) we have

F(f)(λ,m) =
1

c

∫
K

V (f, g)((x, t), (λ,m))dmα(x, t), (λ,m) ∈ Γ.

Proof. Using Definition 3.1, Fubini’s Theorem and formulas (2.8), (2.9), we obtain the result.
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Corollary 3.5. Under the hypothesis of Theorem 3.4, and if moreoverF(f) belongs toL1(Γ),
then we have the following inversion formula for the Bessel-Laguerre Wigner-transform

f(z, r) =
1

c

∫
Γ

∫
K

ϕλ,m(z, r)V (f, g)((x, t), (λ,m))dmα(x, t)dγα(λ,m), (z, r) ∈ K.

Proof. We obtain the result from (2.10) and Theorem 3.4.

4. BESSEL-L AGUERRE WEYL TRANSFORM

In this section, we consider a class of symbols which allows to define the Bessel-Laguerre
Weyl transform. We establish a relation between the Wigner and Weyl transform. At last,
we discuss criterion in term of symbols for the boundedness and compactness of the Bessel-
Laguerre Weyl transform.

4.1. Bessel-Laguerre Weyl transform with symbols in Schwartz spaces.

Definition 4.1. A functionσ((x, t), (λ,m)) belongs to a class ofS l(K × Γ) (respS l
0(K × Γ ))

if it satisfy
i) For fixed (λ,m) ∈ Γ , the function(x, t) → σ((x, t), (λ,m)) defined on K isC∞ on R2

even with respect to each variables.
ii) For fixed (x, t) ∈ K and for allm ∈ N, the functionλ → σ((x, t), (λ,m)) is C∞on

]0,+∞[, the right derivatives at zero exist and for allk, r, s, p, q ∈ N , there exist a constant
C > 0, such that ∣∣∣∣ ∂p+q

∂xp∂tq
Λr

1Λ
s
2σ((x, t), (λ,m))

∣∣∣∣ ≤ C (1+λ2(1 +m2))l−r−s

(resp.

(1 + x2 + t2)k

∣∣∣∣ ∂p+q

∂xp∂tq
Λr

1Λ
s
2σ((x, t), (λ,m))

∣∣∣∣ ≤ C(1 + λ2(1 +m2))l−r−s)).

Notation . We denote by
S∞0 (K × Γ) = ∩

l∈R
S l

0(K × Γ).

Remark 4.1. Let q ∈ [1,+∞[ andl ∈ R such thatlq < −3α+2
2
. ThenS l

0(K × Γ) is included in
Lq(K × Γ).

Proposition 4.1. The spaceS∞0 (K × Γ) is dense inLr(K × Γ), 1 ≤ r < +∞.

Proof. The proof is the same as for Proposition II. 13 p. 350 in [3].

Definition 4.2. Let σ be inS l(K ×Γ), l < −(3α+ 2)/2 . We define the Bessel-Laguerre Weyl
transform onS(K), by

(4.1) Wσ(f)(x, t) =

∫
Γ

∫
K

ϕλ,m(x, t)σ((y, s), (λ,m))τ (x,t)f(y, s)dmα(y, s)dγα(λ,m).

Lemma 4.2. Letσ be inS∞0 (K × Γ). The functionk defined onK ×K, by

k((x, t), (y, s)) =

∫
Γ

ϕλ,m(x, t)τ (x,t)[σ(., (λ,m))](y, s)dγα(λ,m),

satisfies
i) For all q ∈ [1,+∞[ andp ∈ N∗ such thatpq > α+ 3/2, there existsMpq > 0 such that

(4.2)
∫

K

|k((x, t), (y, s))|q dmα(y, s) ≤ Mpq

(1 + x2 + t2)pq
; (x, t) ∈ K.
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ii) The functionk belongs toLq(K ×K), q ≥ 1.

Proof.
i) We consider the function

Φ((y, s), (λ,m)) = (1 + λ2(1 +m2))−l [I − Λ1 − Λ2]
p σ((y, s), (λ,m)).

Let q ∈ [1,+∞[, p, l ∈ N such thatp > (2α+3)l
2q

, l < −(α + 2)/2q. Using the relations (2.4),
(2.5), (2.3), (2.6) and (2.7), we get

(1 + x2 + t2)pk((x, t), (y, s))

=

∫
Γ

[I − Λ1 − Λ2]
p ϕλ,m(x, t)τ (x,t)[σ(., (λ,m))](y, s)dγα(λ,m)

=

∫
Γ

τ (x,t)Φ(., (λ,m))(y, s)ϕλ,m(x, t)(1 + λ2(1 +m2))ldγα(λ,m).

Let q′ such that1/q + 1/q′ = 1. Using Hölder’s inequality and (2.8), we deduce that

(1 + x2 + t2)qp

∫
K

|k((x, t), (y, s))|q dmα(y, s) ≤
∥∥ (1 + λ2(1 +m2))l

∥∥q

q,γα
‖Φ‖q′,mα⊗γα

.

We obtain (4.2) from this inequality.
ii) We deduce the result from (4.2).

Theorem 4.3.Letσ be inS∞0 (K × Γ). Then we have
i) For all f in S(K)

Wσ(f)(x, t) =

∫
K

k((x, t), (y, s)) f(y, s)dmα(y, s), (x, t) ∈ K.

ii) Let q ∈ [1,+∞[andq′ be such that1/q + 1/q′ = 1. Then for allf in S(K), we have

‖Wσ(f)‖q,mα
≤ ‖f‖q,mα

‖k‖q′,mα⊗mα
.

iii) The operatorWσ can be extended to a continuous linear operator denoted alsoWσ, from
Lq(K) intoLq′(K). In particularWσ is a Hilbert-Schmidt operator and a compact operator in
L2(K).

Proof. We deduce these results from Lemma 4.2.

Definition 4.3. For allσ ∈ S l(K × Γ), l ∈ R, we define the operatorHσ onS(K)×S(K), by
Hσ(f, g)(z, r) =∫

Γ

∫
K

ϕλ,m(z, r)σ((x, t), (λ,m))V (f, g)((x, t), (λ,m))dmα(x, t)dγα(λ,m).

We denote byHσ(f, g) = Hσ(f, g)(0, 0).

Example 4.1.Let

σ1((x, t), (λ,m)) = −λ2; and σ2((x, t), (λ,m)) = −4λ(m+
α+ 1

2
).

Then for allf, g ∈ S(K), we have Hσ1(f, g)(z, r) = c (D1f)(z, r),

Hσ2(f, g)(z, r) = c (D2f)(z, r) .

with c =

∫
K

g(x, t)dmα(x, t).
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Corollary 4.4. Letσ be inS l
0(K × Γ), l < −(3α+ 2)/2. Then forf, g ∈ S(K), we have

Hσ(f, g) =< Wσ(g), f >,

where< ., . > is the inner product inL2(K).

Proof. Let l < −(3α+ 2)/2, using Definitions (3.1), (4.1), (4.2), the relation (2.8) and Fubini’s
theorem, we obtain

Hσ(f, g) =

∫
K

f(y, s)Wσ(g)(y, s)dmα(y, s) =< Wσ(g), f >,

which finishes the proof.

4.2. Bessel-Laguerre Weyl transform with symbols inLr(K × Γ), 1 ≤ r ≤ 2.

Notation . We denote byB(Lr(K)) theC∗-algebra of all bounded linear operatorsΨ from
L2(K) into itself with the norm

‖Ψ‖∗ = sup
‖f‖

2,mα
=1

‖Ψ(f)‖2,mα
.

Proposition 4.5. For r ∈ [1, 2]. There exists a unique bounded linear operator

W : Lr(K × Γ) → B(L2 (K))

σ → Wσ

such that for allf, g in S(K)

<Wσ(g), f> =

∫
Γ

∫
K

σ((x, t), (λ,m))V (f, g)((x, t), (λ,m))dmα(x, t)dγα(λ,m).

and

(4.3) ‖Wσ‖∗ ≤ ‖σ‖r,mα⊗γα
.

Proof. Let σ be inS∞0 (K × Γ). Then using Proposition 3.1, we have

‖Wσ‖∗ ≤ ‖σ‖1,mα⊗γα
; ‖Wσ‖∗ ≤ ‖σ‖2,mα⊗γα

.

From these relations and the Riesz-Thorin Theorem (see [2]), we deduce that for allσ ∈ Lr(K×
Γ, r ∈ [1, 2], we have

‖Wσ‖∗ ≤ ‖σ‖r,mα⊗γα
,

which finishes the proof.

Theorem 4.6.Letσ be inLr(K × Γ), 1 ≤ r ≤ 2, thenWσ is a compact operator inL2(K).

Proof. Let σ be inLr(K × Γ)), 1 ≤ r ≤ 2 and{σk}k≥1 a sequence of functions inS∞0 (K × Γ)
such thatσk → σ in Lr(K × Γ) as k→ +∞. Then using Theorem 3.4,Wσk

is compact in
L2(K) for all k ∈ N. Thus by formula (4.3),Wσ is the limit in B(L2(K)) of the sequence
{Wσk

}k≥1. Then we get the result.
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4.3. Bessel-Laguerre Weyl transform with symbols inLr(K × Γ), 2 < r < +∞.

Theorem 4.7. For r ∈]2,+∞[, there exists a functionσ ∈ Lr(K × Γ), such that the Bessel-
Laguerre Weyl transform is not a bounded linear operator onL2(K).

Proof. Suppose that for allσ in Lr(K × Γ), 2 < r < +∞, the Weyl transform defined by (4.1)
is a bounded linear operator onL2(K). Then for allσ in Lr(K × Γ), there exists a positive
constantCσ such that

‖Wσ‖∗ ≤ Cσ.

Let f and g be two functions inS(K) such that‖f‖2,mα
= ‖g‖2,mα

= 1, consider the bounded
linear functionalQf,g : Lr(K × Γ) → C, defined by

Qf,g(σ) = < Wσ(g), f > .

Then using Banach-Steinhauss Theorem, there exists a positive constantC such that for allf, g
in S(K) with ‖f‖2,mα

= ‖g‖2,mα
= 1, we have

‖Qf,g‖∗ ≤ C.

Let r > 2 andr′ such that1/r + 1/r′ = 1, then by Corollary 4.4, we have for allf, g in S(K)
with ‖f‖2,mα

= ‖g‖2,mα
= 1,

sup
‖σ‖r,mα⊗γα

∣∣< Wσ(g), f >
∣∣ = ‖V (f, g)‖r′,mα⊗γα

≤ C.

Using the density ofS(K) intoL2(K), we deduce that for allf in L2(K), we have

(4.4) ‖V (f, f)‖r′,mα⊗γα
≤ C ‖f‖2

2,mα
.

Now let f be an even function onK in L2(K), such that its support is included in[−1, 1] ×
[−1, 1]. So for all(λ,m) ∈ Γ , the support of the function(x, t) → V (f, f)((x, t), (λ,m)) is
included inB = [−2, 2]× [−4, 4] .
Using Hölder′s inequality and (4.4), we get∥∥∥∥∫

B

V (f, f)((x, t), (λ,m))dmα(x, t)

∥∥∥∥
r′,γα

≤ [mα(B)]1/r ‖V (f, f)‖r′,mα⊗γα
.

Thus the function(λ,m) →
∫

B

V (f, f)((x, t), (λ,m))dmα(x, t) belongs toLr(K × Γ), 1 <

r′ < 2. On the other hand using Theorem 3.4, we have

F(f)(λ,m) =
1

c

∫
K

V (f, f)((x, t), (λ,m))dmα(x, t)

wherec =

∫
K

f(x, t)dmα(x, t) 6= 0. So we deduce that the function(λ,m) → F(f)(λ,m)

belongs toLr′(Γ), 1 < r′ < 2.
Now we consider the functionf(x, t) = h1(t)h2(x), with

h1(t) =

{
t2(k−α−1/2), , if 0 ≤ t ≤ 1

0, elsewhere
; h2(x) =

{
x2(k−α−1), if 0 ≤ x ≤ 1

0, elsewhere

wherek ∈ R such thatk>α+1
2

. The functionf belongs toL2(K) and we shall prove thatF(f)

does not belongs toLr′(K × Γ), 1 < r′ < 2, so inequality (4.4) is not valid .
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From Definition 2.2, we deduce that

F(f)(λ,m) = aα
1

λ3k

(∫ λ

0

u2k−1jα−1/2(u)du

) (∫ λ

0

e−
u
2L(α)

m (u)uk−1du

)
,

where

aα =
1

2Γ(α+ 1)Γ(α+ 1/2)L
(α)
m (0)

.

But we have

‖F(f)‖r′

r′,γα
= Cα

∞∑
m=0

L(α)
m (0)

∫ +∞

0

|F(f)(λ,m)|r′λ3α+1dλ

≥ Cα(aα)r′
∫ +∞

0

|g(λ)|r′ λ3α−3kr′+1dλ,

where

Cα =
1

22α−1Γ(α+ 1/2)
; g(λ) =

(∫ λ

0

u2k−1jα−1/2(u)du

) (∫ λ

0

e−
u
2 uk−1du

)
.

But using asymptotic formula forjα−1/2(u), (see [4]), we deduce that there is a positive constant
A, such that forλ > R, we have∣∣∣∣∫ λ

0

u2k−1jα−1/2(u)du

∣∣∣∣ ≥ A.

So there existsM > 0 andR > 0, such that ifλ > R, then|g(λ)| ≥M . Thus

‖F(f)‖r′

r′,γα
≥ CαaαM

r′
∫ +∞

R

λ3α−3kr′+1dλ.

Hence

‖F(f)‖r′

r′,γα
= +∞ , if k <

3α+ 2

3r′
.

Therefore the inequality (4.4) is impossible if we pickk to be some number in the interval
]3α+2

6
, 3α+2

3r′
[.

REFERENCES

[1] E. JEBBARI, Harmonic analysis associated with system of partial differential operators D1 and D2,
Preprint, 2004.

[2] G. B. FOLLAND, Real Analysis. Modern Techniques and Their Applications, Wiley, New York,
1984.

[3] M. M. NESSIBI and K. TRIMECHE, Inversion of the radon transform on the Laguerre hypergroup
by using generalized wavelets,J. Math. Anal. Appl.208(1997) 337-363.

[4] G. N. WATSON,A treatise on the theory of Bessel function.2nd ed Cambridge London, Univ.Press
and New -York, 1996.

[5] H. WEYL, The Theory of Groups and Quantum Mechanics, Dover ,1950.

[6] M. W. WONG, Weyl Transforms, Springer-Verlag New York (1998).

AJMAA, Vol. 2, No. 2, Art. 14, pp. 1-12, 2005 AJMAA

http://ajmaa.org

	1. Introduction
	2. Harmonic Analysis Associate With the Operators D1 and D2.
	3. Bessel-Laguerre Wigner Transform
	4. Bessel-Laguerre Weyl Transform
	4.1. Bessel-Laguerre Weyl transform with symbols in Schwartz spaces.
	4.2. Bessel-Laguerre Weyl transform with symbols in Lr(K) ,1r2.
	4.3. Bessel-Laguerre Weyl transform with symbols in Lr(K),2<r<+

	References

