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2 LIANG-CHENG WANG

1. INTRODUCTION

Let f : [a,b] — R be a decreasing function and [a,b] — [0, 1] be a integrable function.
We write

Yy
ra,y) = / oydt,  a<zy<bh

In [1], Steffensen showed the following inequalities

(1.1) /bbmb dx</ fla dx</a+r(a’b)f(x)dx.

We define two mappingS ands by

z+r(z,y) y
S :la,b] x [a,b] = R, S(z,y) :/ f(t)dt —/ f(t)g(t)dt

and
:a,b ,b] — R, f(t)g(t)dt — f(t)dt,
st [a,b] x [a,b] s(x,y) / /T(xy) (t)

they are differences generated by the inequalifies (1.1).

The aim of this paper is to study the main properties'6f, y) ands(z, y), and then obtain
some refinements of (1.1) and new inequalities. Similar inequalities connected wjth (1.1) can
be seenin]2, 2.16]; [3, P. 570-572].

2. MAIN RESULTS
The main properties of (z, y) are given in the following theorem.

Theorem 2.1.Let f and g be defined as in the first section. Then we have the following.
(1) S(a,y) is nonnegative and monotonically increasing wjtbn [a, b], S(z, b) is nonnega-
tive and monotonically decreasing withon [a, b];
(2) For anyz € (a,b), we have the following three refinements of the right sidp in (1.1):

(2.1) / F(gt)dt < ( / B / bg<t>> F(t)dt < / T
(2.2) / ft)g(t)dt < ( /x I+T(I’b)+ /a xg(t)) ft)dt < /a e f(t)dt

(2.3) / f®)gt)dt < = ( /a W(G’I)Jr /x W(x’b)Jr /a ’ g(t)) f)dt < /a el f(t)dt.

The main properties of(x, y) are embodied in the following theorem.

Theorem 2.2. Let f andg be defined as in Theorgm P.1. Then we have the following.

(1) s(a, y) is nonnegative and monotonically increasing wjthn [a, b], s(x, b) is nonnegative
and monotonically decreasing withon [a, b];

(2) Fox anyz € (a, b), we have the following three refinements of the left side in (1.1):

ey | :(a,b) < ( | :(a,b) [+ o) soar< [ g
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b b—r(z,b) b b
es [ s ( Lo g<t>) Foae < [ roto

and

[\:)Ir—l

b
(2.6) /b , Fbdt <

/f

Theorem 2.3. Let f and g be defined as in Theorein P.1. Then we have the following six
inequalities.

/b br(a’b) ( /a ’ f(t)g(t)dt) dx + ( / e + / b g(x)) ( /a e f(t)dt) dx
@n </ b ( / xf(t)g(t)dt) g(z)da ( / ey | br(a b)) ( / Ty ) da
. /aa+r(a,b) </: f(t)g(t)dt) n (/b:(a’b)—i_ abg (/a+r(aw )dx,

x b—r(z,b) b
/ —/ +/ —|—/ g(t) | f(t)dt
b—r(a,b) z—r(a,z) b—r(a,b) a

/bb,ﬂ(aﬁb) ( / Wwf(t)dt) do+ ( / ey [ o o) ) ( / s )
28) < / ’ ( / ey f(t)dt) o(z)dz + ( / e, bbr(ab)>
[ oo (] ]

_|_
@‘

Q
v

[ (L riom)aes ([ fLo) ([
(29) < /ab (/m:(a,z)f@)dt) g(z)dx + (/W - + bbr >
) /aﬁr(a,b) ( /x:(a’x) f(t)dt> dz + < /b br + bg ) )
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/b :(a’b) ( / ’ f(t)g(t)dt) da + ( / e / bg(as)) (
2.10) < / b ( /x ’ f(t)g(t)dt) g(x)de + ( / e /b br(ab)>
< /a e ( L b f(t)g(t)dt) da + ( /b :(a,b) + /a bg(x)

L (o) ([ foo)
(2.11) < /ab (/:r(a’x) f(t)dt> g(x)dx + (/aa““(a’b) +/b:(a7b) </aa+7“(avx) f(t)dt) dx

. /aa+r(a,b) (/;r(a’m)f(t)dt> et (/b:(a’b)+/abg($) (/aaw(a’a:)f(t)dt) N
212

/ :(a,b) ( / e f(t)dt) do ( / A / bg(:c)) (/ :W) o) as
. /ab (/:M(x,b)f(t)dt) o) + (/aa+r(a7b)+/b:(a,b)> /b:(z,b)f(t)dt> dx
. /aa+r(a,b) </mm+r(m,b)f(t)dt> dg;+( bbr(avb)%_/abg(x)) /bbr(w,b)f(t)dt) .

3. THE PROOF OF THEOREMS

o~

Proof of Theorer 2]1.
(1) The fact thatS(a, y) andS(z, b) are nonnegative follows from the right side 1.1).

Let anyy;,y» € [a,b] andy; < y,. From the property of integrable function (seé [4]), we
have

(3.1) d (a + /ug(t)dt> = g(u)du (almost everywhene

From (3.1) and the property of definite integral (s€e [4]), we obtain
(3.2)

/aaw(am)f(t)dt = /y2 f(a+r(a,u))d (a+ /aug(t)dt) = /3,2 f(a+r(a,u))g(u)du_

+r(a,y1) Y1 Y1

From0 < g(u) <1 (u € [a, b]), we have

¢ ¢
(3.3) a+r(a,t):a+/ g(u)du§a+/ du = t.
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Using (3.2) and[(3]3), we obtain
a+tr ayg)
S(a,y2) — Sa, ) = / dt—/ f(t)

+7" ay1

= [ (ot rtaw)atwan - / " H(Bg(t)du

= /y2 q(t) (f(a + r(a,t)) - f(ﬂ)dt >0,

1

which implies thatS(a, ) is monotonically increasing with on [a, b].
Let anyxy, x> € [a,b] andz; < z,. By the same arguments of proof for (3.2), we obtain

/;:j:i)b) f(t)dt = /:2 f(u + r(u, b))d (u + /ubg(t)dt)

— /:2 f(u + r(u, b)> <1 — g(u))du.
From (3.4), we obtain

Sza,b) — S(z1,b) — /+b £)dt — ( / /ml+rm1b>f(t)dt+ / FB)g(t)dt
- [ - | 101~ o))

1+7(z1,b)

_ / (1—9) (£ (4 r(t.0)) — F0))at <0

which implies thatS(x, b) is monotonically decreasing withon [a, b].
(2) Let anyzx € (a,b). By the monotonically increasing property 8fa, y) on[a, b] with y, we
have

(3.5) O:S( a) < S(a,x) < S(a,b),

(3.4)

the expressmrﬂ (3.5) pluﬁ f(t)g(t)dt yields E.) By the monotonically decreasing property
of S(t,b) on|a, b| with ¢, we have

(3.6) 0= S(b,b) < S(z,b) < S(a,b),

the expressm 3.6) pluﬁ f(t)g(t)dt yields .) The expressm. 1) pI'Z 2) yle.(2 3).
This completes the proof of Theor.2|1

Proof of Theorem 2]2.
(1) The fact thak(a, y) ands(z, b) are nonnegative follows from the left side pf (1.1).
Let anyy;, y» € [a,b] andy; < y». By the same arguments of proof for (3.2), we obtain

/yy_((yy)) F(t)dt = /yy f(u —r(a, u))d <u - /u g(t)dt)
_ /” (= r(aw)) (1 - 9w du.

1

(3.7)
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From (3.7), we obtain

(0 2) — s(ay) = ny(t)gW_(/yyl n /f)f(t)dw [ s

Y1 2—1(a,y2) y1—r(a,y1)
y2—r(a,y2) Y2
= [T e [T (1 90)a
y1—r(a,y1) Y1

_ /:2 (1 . g(t)) (f <t —r(a, t)) . f(t))dt >0,

which implies thats(a, y) is monotonically increasing with on [a, b].
By 0 <g(u) <1 (u€ [a,b]), we have

(3.8) b—r(t,b):b—/bg(u)duzb—/bdu:t.

Let anyz:, z, € [a,b] andz; < z,. By the same arguments of proof for (3.2), we obtain

/:((xb)b) F(tdt = / f2f<b—r(u,b))d<b— /u bg(t)dt)

(3.9 = /I2 f(b — r(u, b))g(u)du.

1

From (3.8) and[(3]9), we obtain

b—r(x2,b)

s(x2,b) — s(x1,b) = /

b—r(z1,b)

F(t)dt - / " Hg (e

= [ o0(r(s-red) - s0)ar <o
which implies thats(z, b) is monotonically decreasing withon [a, b].

(2) By the same arguments of proof for case (2) in the Theprem 2.1, on using the monotonically
increasing property of(a,y) on [a,b] with y and the monotonically decreasing property of

s(x,b) on[a, b] with z, we obtain|(2.) and (2.5), respectively. The expression (2.4) (2.5)

yields [2.6).
This completes the proof of Theorgm 2.

Proof of Theorem 2]3.
Replacingf(z) in the [1.1) with—S(a, z), S(x,b), —s(a,z) and s(z,b), with some simple
manipulations we obtait (4.7], (2.8), (R.9) and (2.10), respectively. The exprelssipn (2.7) plus
(2.9) yields[(2.1]1). The expressign (2.8) plus (2.10) yiglds {2.12).

This completes the proof of Theor¢m2i3.

4. APPLICATIONS

Leth : [a,b] — R be a continuous convex function be defined as in Theoregm 2.3. Then
we have the following two inequalities.
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(4.1)

/b:(%b) (h(x —r(a, x)) + h(a +r(a, x))) dx + </aa+r(a:b) + /ab g(x)) h(x)dx
< /ab <h<x — r(a,:ﬁ)) + h(a + r(a,x))) g(x)dzr + (/:M(a’b) +/b:(a’b)) h(z)dx
. /a~a+r(avb) (h (m —r(a, :v)) + h(a + r(a,x))) dx + (/b:(a,b) + /abg(x)> h(x)dx

and
(4.2)

JRCCE ( [ "gm) (b= re.) + ho+ r(a.1)) ) da

g /ab . </aa+r(a,b) . /bbr(a b)) (h <b — r(x, b)) + h(x +r(z, b))) dz
< /W(a’b) h(z)dz + (/:( o /abg(a:)) (h (b — 1z, b)) + h(a: +r(z, b))) dz.

a

Indeed, Replacing(¢) in the (2.11) and (2.12) with-h_ (¢), and using

/y h_(t)dt = h(y) —h(z) a<z,y<b  (see [5,6]),

with some simple manipulations we obtdin (4.1) gnd]|(4.2), respectively.
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