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1. INTRODUCTION AND PRELIMINARIES
Let ¥, denotes the class of functions of the form:

1 00
(11) f(Z) - Z_p + ap+n—lzp+n_1 (ap—i-n—l Z 07 pE N)7
n=1

which are analytic ang-valent in the punctured unit disR = {z : 0 < |z] < 1}. LetQ,(«a)
be the subclass af, consisting of functiong'(z) which satisfy the inequality
1.2) Re{—%(j))}>a (z€D;0<a<p;peN,).

And letA,(«) be the subclass ai, consisting of functiong (z) which satisfy the inequality

"
(1.3) Re{—l—zj{((j)}>a (z€D;0<a<p; peN).
z
The classe$),(a) andA,(«) were introduced and studied by the authors [2].
For the above classes, the authaors [2] obtained the following sufficient conditions for a func-
tion of the form [1.1) to be in the class@g(a) andA, ().

Lemma 1. If f(z) € £, satisfies

o

(1.4) d p+n+6—1+p+n+2a—06—1)apm1 <2(p—a)

n=1

for somen(0 < o < p) and some(« < 6 < p), thenf(z) € Q, ().

Lemma 2. If f(z) € X, satisfies
(1.5) dp+n—1p+n+d—1+p+n+20—0—1)apn <2(p - a)
n=1

for somen(0 < o < p) and somé(a < § < p), thenf(z) € A,(a).

In view of Lemmeﬂl and Lemn@ 2, we now define the subcla@$gs) C O, (o) andAj(a) C
A, (), which consist of functiong(z) € %, satisfying the conditions (1.4) and ([L.5), respec-
tively. (seel[2]).

From Lemm:ﬂl, we can see that any functfoa 27 («) satisfy the coefficient inequality

p—«
1.6 a, < .
(1.6) P~ p+a
Hence we may take
q(p — @)
1.7 a, = )
(3.7) P P+«

where0 < ¢ < 1. LetQ%(a, ¢) be the subclass 61;(«) consisting of functions of the form

1 - = _

(1.8) fl2) =+ %z + D T (Gpener 2 0).
n=2

SimiI?rIy from LemmaDZ, we can see that any functipre A («) satisfy the coefficient in-

equality

(2.9) a, <
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Hence we may take

c(p— )
1.10 a, = 7
(49 "= ppTa)
where0 < ¢ < 1. Let A5 («, ¢) be the subclass oY («) consisting of functions of the form
1 cop—a) > .
(111) f(Z) = ; + mzp + 2 Clp+n—12p+ 1 (ap+n71 2 O)

In this paper, we obtain coefficient inequalities and closure theorems for the dlj%ses)
andAs(a, c). Also we obtain the radii of convexity and starlikeness for functions belonging to
these. Techniques used are similar to those of Silverman and Silvia [3] and Uralegaddi [4] (see
also [1]).

2. COEFFICIENT INEQUALITIES

The following theorem gives a necessary and sufficient condition for a function to be in the
classt(a, q).
Theorem 2.1. A functionf(z) defined by[(1]8) is in the clasg;(«, ¢) if and only if

[e.e]

(2.1) Y p+nta—1)am < (p—a)(l-q).

n=2

The result is sharp for the function

1 — —a)(l —
(2.2) fo) =L ap=2), =)0 =) piny
2 pta p+n+a—1
Proof. The result follows by putting
q(p — @)
= . 0<g<1,
ap Pt a Sqs

in the inequality[(T.4) s

Corollary 1. Let f(z) defined by[(1]8) be in the clag§(«, g), then
(P—a)(1—9q)
pt+n+a—1’
The result is sharp for the function given by (2.2).

(2.3) Upin—1 < (n>2, peN).

Corollary 2. If 0 < ¢; < g2 < 1, then

In the same way, we can prove the following theorem for the clgss, c) by using Lemma
[2instead of Lemmal 1.

Theorem 2.2. A functionf(z) defined by[(1.11) is in the clagg(«, c) if and only if

o0

(2.5) Y ptn—Dp+n+a—1Da, 1< (p—a)(l-o.

n=2
The result is sharp for the function
1 cdp—a) (p—a)(1—c) -
2.6 = — P prn=l
@9 M= et v T orn-Dornra-1
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Corollary 3. Let f(z) defined by[(1.11) be in the clas$(«, c), then

(p—a)(l —¢)

2.7 ne1 < :
@D W S Gt ta D)
The result is sharp for the function given by (2.6).
Corollary 4. If 0 <¢; < ¢y <1,then

(2.8) Q (v, ca) T Qp(a,er).

(n>2, peN).

3. CLOSURE PROPERTIES

In this section, we shall show that the clas§¥sa, ¢) and A («, ) are closed under arith-
metic means and convex linear combinations.

Theorem 3.1. Let

1 —« >
3.1) fi(z) = i %zp + Zap+n,1,izp+”’1 (apin—1, > 0)
n=2
fori=1,2,3,...,m.If fi(z) € (a,q) foreachi = 1,2,3,...,m, then the function
1 qlp—a > e
(3.2) 9(z) = i ﬁz” + prm,lzp* n (bpsn—1 > 0),
n=2

also is a member d’(«, q), where

1
(33) prrnfl = E Zl Aptn—1,-

Proof. Sincef;(2) € Q;(a, q), it follows from Theoren 2]1 that

[e.9]

Y (p+n+a—1)am1i < (p—a)(l-q).
n=2
Hence
o0 (o) 1 m
—1)b n— = — n—1,i —1
;(p—i—n—l—a L ;(m;aﬁ 1,>(p+n+a )
1 m o
= E Z Z(p +n+a— 1)ap+n,17i
i=1 n=2

IA
5)

| .
2
=

|
-

and the result followsy
With the aid of Theorerp 22, we can similarly prove the following theorem.
Theorem 3.2. Let

— 1 C(p — O'/) p . p+n—1
(3.4) fiz) = pr + mz + ;@pmuz (apsn—1: > 0)
fori=1,2,3,...,m.If fi(z) € Aj(,c) foreachi = 1,2,3,...,m, then the function
_ 1 c(p— ) P S ptn—1
(3.5) 9(z) = s + sz + ;bzﬂrnlz 5 (bpgn—1 = 0),
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with b, ,,,1 defined by[(3]3), is also in the clasg(a, c).
Theorem 3.3. Let

(36) fp(Z) = g + p—l-—OéZ , (Z S D)
and
1 - —a)(1-
(37) fn+p,1(2) = ; + %Z;ﬂ + if+ na—)ifoé _q1> Zp-i-n—l’ (Z c D),

wheren > 2, p € N. Thenf(z) is in the clas<2;(«, ) if and only if f(z) can be expressed in
the form

(3.8) F(2) = Apin-rforn(2)

where),;,—1 >0, (n e N)and Y \,1,-1 = 1.

n=1

Proof. Suppose that

f(z) = Z/\p+n—1fp+n—l(z>

n=1

1 qlp—0) , (p—a)1—q _
= _ —_— )\ — p+n 1'

o p+az_+;;p%l prnta—-1)°

Since
- p—a)1—q)\ (p+n+a—1 =
B - a=1-)\<1
;)\p—&-n 1(p+n+&_1 (p—Oé)(l_Q) §Ap+nl )\p 1 >4,

it follows from Theorem 2/1 thaf(z) € Q(a, q).
Conversely, suppose that

f(z) = 1 + sz + (p—a)(l— Q)Zern,l

2P p+ o p+n+a—1
is in the clas$2(«, q). From Corollarﬂ, we have
(P—a)(1—9q)
g < , >2 peN).
Up+ 1_p+n—i—a—1 (n>2p )
Taking
p+n+a—1
A n—1 — Ap4n—1, (n227 peN)u
P p—a)(1-g)
and

e}
A =1=> Apnoi,
n=2

we getf(z) = fjl Aptn—1fprn-1(2). 1

In a similar manner, we can prove the following.
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Theorem 3.4. Let

1 cp—a) »
(39) fp(Z) = ; + mz , (Z c D)
and
(3.10) fupi()= 2+ L=y WoUZ0 e (cp)

2 p(p+a) (p+n—1{p+n+a-1)

wheren > 2, p € N. Thenf(z) is in the class\;(«;, c) if and only if f(z)can be expressed in
the form

(3.11) F2) = Npntforn(2)

where),;,—1 >0, (n e N)and Y~ \,1,—1 = 1.

n=1
4. RADII OF CONVEXITY AND STARLIKENESS

We next obtain the radii of meromorphically convexity and meromorphically starlikeness for
functions in{; (v, q).

Theorem 4.1. Let the functionf(z) defined by8) be in the class;(«, ¢), then it is mero-

morphically convex i) < |z| < rq = ro(p, ¢, &), wherery(p, ¢, ) is the largest value aof for

which

(p+n—1)@Bp+n-1)(p-—a)l-q)
p+n+a—1

The result is sharp for the functiofi(z) given by [(2.P).

Proof. It suffices to show thalp + 1 + zf"(2)/f'(z)| < pfor0 < |z| < ry = r9(p, ¢, 9, @).
Observe that, iff € Q;(a, q) is given by [1.8), we have

r? 4 P <p? (n > 2).

(4.1)

3qp*(p — @)
+ o

2f"(2)
p+1+
‘ f'(z)
2q(p—a = n—
2 alp=o) ;’fa Ly 2_32(]9 +n—1)2p+n—1Dayy, 7!
< — =~ <p,
whenever
2qp*(p — « -
2P —0) o0 S (= 1) (3t m— D™ <
p+a o
Sincef(z) € Q;(a, q), in view of Theorenj 2[1, we may take
_(p—a)(1—q)
Aptn—1 = ptnta—1 p+n—1;

where )" \,.,—1 < 1. For each fixed-, choose the integer, = n,(r) for which
n=2

(p+n—1)3p+n— 1)1
p+n+a-—1
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is maximal. Then

o0

Z(p-l—n— D(3p+n—1)r*t g, 4 <

n=2

(p+no—1)Bp+no—1)(p—a)(l—q) 2p+no—1
pt+not+a—1 '

We now find the value, = r(p, ¢, §, o) and the corresponding, = nq(ry) so that

3qp*(p—a) 5 (P+mo—1EBp+no—1)(P— )1 —q) spine1 _ o
7/'0 —+ 7AO =D.
D+« p+mngta—1
This gives the radius of convexity for: (o, ¢). u

Remark 4.1. By takingp = ¢ = 1 anda = 0 in Theorenj 4.]1, we have:
If f(z) =1+ 3 a,z" is meromorphically starlike, thefi(z) is meromorphically convex in
n=1

0<|z] <1/V3.

Theorem 4.2. Let the functionf(z) defined by[(1]8) be in clasd;(«, ), then it is meromor-
phically starlike in0 < |z| < r; = r(p,q, @), wherer;(p, ¢, «) is the largest value of for
which

(4.2) 3pa(p—a) o, Bptn—1p-a)1-q)
p+a p+n+a-—1

The result is sharp for the functiofiz) given by|[(2.R).
Proof. It suffices to show thap + zf'(2)/f(z)| < pfor0 < |z| <ry =ri(k,q,«). But

Pl <p (n>2).

2P‘1(p—0/)7,2p + Z (2]7 +n— 1)ap+n_1,r,2p+nfl

z2f'(z pta Sy
‘p+ }fé)) < R <p,
1 _,qg:éﬂ7ap__ E: ap+n_lr2p+n—1
n=2
if
(4 3) SPQ(p - Oé) 2p + i(S + o 1) 2p+n—1 <
. —p o T D+ n Apyn—1T <np.

n=2
The radius of meromorphically starlikeness now follows from|(2a1).

In a similar manner, we can obtain the radii of meromorphically convexity and meromorphi-
cally starlikeness for functions in the clas$(a;, c).

Theorem 4.3. Let the functionf(z) defined byl) be in the cladg(a, c), then it is mero-
morphically convex i) < |z| < ry = ro(p, ¢, @), Wherery(p, ¢, «) is the largest value of for
which
(4.4) 3ep(p — a)r2p + Bp+n—1)(p—a)(l—c) p2rin—l < pQ7 (n>2).

P+« p+n+a—1

The result is sharp for the functiofiz) given by|[(2.B).
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Theorem 4.4. Let the functionf(z) defined by[(Z.11) be in the clag$(«, c), then it is mero-
morphically starlike in0 < |z| < r3 = r3(p, ¢, ), wherers(p, ¢, «) is the largest value aof for

which
3c(p—a) 5, Bp+n—1)(p—a)(l-c)
(4.5) P+« " +(p+n—1)(P+n+a—1)

The result is sharp for the functiofi =) given by |[(2.B).

r2p+n71 S p) (n Z 2)

REFERENCES

[1] H.E. DARWISH, M.K. AOUF and G.S. SALAGEAN, On meromorphic p-valent functions with
positive coefficientsizeneral Mathematicsol. 7 (1999), 1-14.

[2] B.A. FRASIN and G. MURUGUSUNDARAMOORTHY, New subclasses of meromorphic p-valent
functions, Submitted.

[3] H. SILVERMAN and E.M. SILVIA, Fixed coefficients for subclasses of starlike functidtis,iston
J. Math, 7 (1981), 129-136.

[4] B.A. URALEGADDI, Meromorphically starlike functions with positive and fixed second coeffi-
cients,Kyungpook Math. 29(1) (1989), 64-68.

AIJMAA Vol. 2, No. 2, Art. 1, pp. 1-8, 2005 AIJMAA


http://ajmaa.org

	1. Introduction and Preliminaries
	2. Coefficient inequalities
	3. Closure Properties
	4. Radii of convexity and starlikeness
	References

