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1. I NTRODUCTION AND PRELIMINARIES

Let Σp denotes the class of functions of the form:

(1.1) f(z) =
1

zp
+

∞∑
n=1

ap+n−1z
p+n−1 (ap+n−1 ≥ 0, p ∈ N),

which are analytic andp-valent in the punctured unit diskD = {z : 0 < |z| < 1}. Let Ωp(α)
be the subclass ofΣp consisting of functionsf(z) which satisfy the inequality

(1.2) Re

{
−zf ′(z)

f(z)

}
> α (z ∈ D; 0 ≤ α < p; p ∈ N).

And letΛp(α) be the subclass ofΣp consisting of functionsf(z) which satisfy the inequality

(1.3) Re

{
−1− zf ′′(z)

f ′(z)

}
> α (z ∈ D; 0 ≤ α < p; p ∈ N).

The classesΩp(α) andΛp(α) were introduced and studied by the authors [2].
For the above classes, the authors [2] obtained the following sufficient conditions for a func-

tion of the form (1.1) to be in the classesΩp(α) andΛp(α).

Lemma 1. If f(z) ∈ Σp satisfies

(1.4)
∞∑

n=1

(p + n + δ − 1 + |p + n + 2α− δ − 1|)ap+n−1 < 2(p− α)

for someα(0 ≤ α < p) and someδ(α < δ ≤ p), thenf(z) ∈ Ωp(α).

Lemma 2. If f(z) ∈ Σp satisfies

(1.5)
∞∑

n=1

(p + n− 1)(p + n + δ − 1 + |p + n + 2α− δ − 1|)ap+n−1 < 2(p− α)

for someα(0 ≤ α < p) and someδ(α < δ ≤ p), thenf(z) ∈ Λp(α).

In view of Lemma 1 and Lemma 2, we now define the subclassesΩ∗p(α) ⊂ Ωp(α) andΛ∗p(α) ⊂
Λp(α), which consist of functionsf(z) ∈ Σp satisfying the conditions (1.4) and (1.5), respec-
tively. (see [2]).

From Lemma 1, we can see that any functionf ∈ Ω∗p(α) satisfy the coefficient inequality

(1.6) ap ≤
p− α

p + α
.

Hence we may take

(1.7) ap =
q(p− α)

p + α
,

where0 ≤ q ≤ 1. Let Ω∗p(α, q) be the subclass ofΩ∗p(α) consisting of functions of the form

(1.8) f(z) =
1

zp
+

q(p− α)

p + α
zp +

∞∑
n=2

ap+n−1z
p+n−1 (ap+n−1 ≥ 0).

Similarly from Lemma 2, we can see that any functionf ∈ Λ∗p(α) satisfy the coefficient in-
equality

(1.9) ap ≤
(p− α)

p(p + α)
.
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Hence we may take

(1.10) ap =
c(p− α)

p(p + α)
,

where0 ≤ c ≤ 1. Let Λ∗p(α, c) be the subclass ofΛ∗p(α) consisting of functions of the form

(1.11) f(z) =
1

zp
+

c(p− α)

p(p + α)
zp +

∞∑
n=2

ap+n−1z
p+n−1 (ap+n−1 ≥ 0).

In this paper, we obtain coefficient inequalities and closure theorems for the classesΩ∗p(α, q)
andΛ∗p(α, c). Also we obtain the radii of convexity and starlikeness for functions belonging to
these. Techniques used are similar to those of Silverman and Silvia [3] and Uralegaddi [4] (see
also [1]).

2. COEFFICIENT INEQUALITIES

The following theorem gives a necessary and sufficient condition for a function to be in the
classΩ∗p(α, q).

Theorem 2.1.A functionf(z) defined by (1.8) is in the classΩ∗p(α, q) if and only if

(2.1)
∞∑

n=2

(p + n + α− 1)ap+n−1 < (p− α)(1− q).

The result is sharp for the function

(2.2) f(z) =
1

zp
+

q(p− α)

p + α
zp +

(p− α)(1− q)

p + n + α− 1
zp+n−1.

Proof. The result follows by putting

ap =
q(p− α)

p + α
, 0 ≤ q ≤ 1,

in the inequality (1.4).

Corollary 1. Letf(z) defined by (1.8) be in the classΩ∗p(α, q), then

(2.3) ap+n−1 ≤
(p− α)(1− q)

p + n + α− 1
, (n ≥ 2, p ∈ N).

The result is sharp for the function given by (2.2).

Corollary 2. If 0 ≤ q1 ≤ q2 ≤ 1, then

(2.4) Ω∗p(α, q2) ⊂ Ω∗p(α, q1).

In the same way, we can prove the following theorem for the classΛ∗p(α, c) by using Lemma
2 instead of Lemma 1.

Theorem 2.2.A functionf(z) defined by (1.11) is in the classΛ∗p(α, c) if and only if

(2.5)
∞∑

n=2

(p + n− 1)(p + n + α− 1)ap+n−1 < (p− α)(1− c).

The result is sharp for the function

(2.6) f(z) =
1

zp
+

c(p− α)

p(p + α)
zp +

(p− α)(1− c)

(p + n− 1)(p + n + α− 1)
zp+n−1.
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Corollary 3. Letf(z) defined by (1.11) be in the classΛ∗p(α, c), then

(2.7) ap+n−1 ≤
(p− α)(1− c)

(p + n− 1)(p + n + α− 1)
, (n ≥ 2, p ∈ N).

The result is sharp for the function given by (2.6).

Corollary 4. If 0 ≤ c1 ≤ c2 ≤ 1, then

(2.8) Ω∗p(α, c2) ⊂ Ω∗p(α, c1).

3. CLOSURE PROPERTIES

In this section, we shall show that the classesΩ∗p(α, q) andΛ∗p(α, c) are closed under arith-
metic means and convex linear combinations.

Theorem 3.1.Let

(3.1) fi(z) =
1

zp
+

q(p− α)

p + α
zp +

∞∑
n=2

ap+n−1,iz
p+n−1 (ap+n−1,i ≥ 0)

for i = 1, 2, 3, . . . ,m. If fi(z) ∈ Ω∗p(α, q) for eachi = 1, 2, 3, . . . ,m, then the function

(3.2) g(z) =
1

zp
+

q(p− α)

p + α
zp +

∞∑
n=2

bp+n−1z
p+n−1, (bp+n−1 ≥ 0),

also is a member ofΩ∗p(α, q), where

(3.3) bp+n−1 =
1

m

m∑
i=1

ap+n−1,i.

Proof. Sincefi(z) ∈ Ω∗p(α, q), it follows from Theorem 2.1 that

∞∑
n=2

(p + n + α− 1)ap+n−1,i < (p− α)(1− q).

Hence

∞∑
n=2

(p + n + α− 1)bp+n−1 =
∞∑

n=2

(
1

m

m∑
i=1

ap+n−1,i

)
(p + n + α− 1)

=
1

m

m∑
i=1

∞∑
n=2

(p + n + α− 1)ap+n−1,i

≤ (p− α)(1− q)

and the result follows.

With the aid of Theorem 2.2, we can similarly prove the following theorem.

Theorem 3.2.Let

(3.4) fi(z) =
1

zp
+

c(p− α)

p(p + α)
zp +

∞∑
n=2

ap+n−1,iz
p+n−1 (ap+n−1,i ≥ 0)

for i = 1, 2, 3, . . . ,m. If fi(z) ∈ Λ∗p(α, c) for eachi = 1, 2, 3, . . . ,m, then the function

(3.5) g(z) =
1

zp
+

c(p− α)

p(p + α)
zp +

∞∑
n=2

bp+n−1z
p+n−1, (bp+n−1 ≥ 0),
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with bp+n−1 defined by (3.3), is also in the classΛ∗p(α, c).

Theorem 3.3.Let

(3.6) fp(z) =
1

zp
+

q(p− α)

p + α
zp, (z ∈ D)

and

(3.7) fn+p−1(z) =
1

zp
+

q(p− α)

p + α
zp +

(p− α)(1− q)

p + n + α− 1
zp+n−1, (z ∈ D),

wheren ≥ 2, p ∈ N. Thenf(z) is in the classΩ∗p(α, q) if and only iff(z) can be expressed in
the form

(3.8) f(z) =
∞∑

n=1

λp+n−1fp+n−1(z)

whereλp+n−1 ≥ 0, (n ∈ N) and
∞∑

n=1

λp+n−1 = 1.

Proof. Suppose that

f(z) =
∞∑

n=1

λp+n−1fp+n−1(z)

=
1

zp
+

q(p− α)

p + α
zp +

∞∑
n=2

λp+n−1

(
(p− α)(1− q)

p + n + α− 1

)
zp+n−1.

Since
∞∑

n=2

λp+n−1

(
(p− α)(1− q)

p + n + α− 1

)(
p + n + α− 1

(p− α)(1− q)

)
=

∞∑
n=2

λp+n−1 = 1− λp−1 ≤ 1,

it follows from Theorem 2.1 thatf(z) ∈ Ω∗p(α, q).
Conversely, suppose that

f(z) =
1

zp
+

q(p− α)

p + α
zp +

(p− α)(1− q)

p + n + α− 1
zp+n−1

is in the classΩ∗p(α, q). From Corollary 1, we have

ap+n−1 ≤
(p− α)(1− q)

p + n + α− 1
, (n ≥ 2, p ∈ N).

Taking

λp+n−1 =
p + n + α− 1

(p− α)(1− q)
ap+n−1, (n ≥ 2, p ∈ N),

and

λp = 1−
∞∑

n=2

λp+n−1,

we getf(z) =
∞∑

n=1

λp+n−1fp+n−1(z).

In a similar manner, we can prove the following.
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Theorem 3.4.Let

(3.9) fp(z) =
1

zp
+

c(p− α)

p(p + α)
zp, (z ∈ D)

and

(3.10) fn+p−1(z) =
1

zp
+

c(p− α)

p(p + α)
zp +

(p− α)(1− c)

(p + n− 1)(p + n + α− 1)
zp+n−1, (z ∈ D).

wheren ≥ 2, p ∈ N. Thenf(z) is in the classΛ∗p(α, c) if and only iff(z)can be expressed in
the form

(3.11) f(z) =
∞∑

n=1

λp+n−1fp+n−1(z)

whereλp+n−1 ≥ 0, (n ∈ N) and
∞∑

n=1

λp+n−1 = 1.

4. RADII OF CONVEXITY AND STARLIKENESS

We next obtain the radii of meromorphically convexity and meromorphically starlikeness for
functions inΩ∗p(α, q).

Theorem 4.1. Let the functionf(z) defined by (1.8) be in the classΩ∗p(α, q), then it is mero-
morphically convex in0 ≤ |z| ≤ r0 = r0(p, q, α), wherer0(p, q, α) is the largest value ofr for
which

(4.1)
3qp2(p− α)

p + α
r2p +

(p + n− 1)(3p + n− 1)(p− α)(1− q)

p + n + α− 1
r2p+n−1 ≤ p2, (n ≥ 2).

The result is sharp for the functionf(z) given by (2.2).

Proof. It suffices to show that|p + 1 + zf ′′(z)/f ′(z)| ≤ p for 0 ≤ |z| ≤ r0 = r0(p, q, δ, α).
Observe that, iff ∈ Ω∗p(α, q) is given by (1.8), we have∣∣∣∣p + 1 +

zf ′′(z)

f ′(z)

∣∣∣∣
≤

2p2q(p−α)
p+α

r2p +
∞∑

n=2

(p + n− 1)(2p + n− 1)ap+n−1r
2p+n−1

p− pq(p−α)
p+α

r2p −
∞∑

n=2

(p + n− 1)ap+n−1r2p+n−1

≤ p,

whenever

2qp2(p− α)

p + α
r2p +

∞∑
n=2

(p + n− 1)(3p + n− 1)ap+n−1r
2p+n−1 ≤ p2.

Sincef(z) ∈ Ω∗p(α, q), in view of Theorem 2.1, we may take

ap+n−1 =
(p− α)(1− q)

p + n + α− 1
λp+n−1,

where
∞∑

n=2

λp+n−1 ≤ 1. For each fixedr, choose the integern0 = n0(r) for which

(p + n− 1)(3p + n− 1)r2p+n−1

p + n + α− 1
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is maximal. Then
∞∑

n=2

(p+n−1)(3p+n−1)r2p+n−1ap+n−1 ≤
(p + n0 − 1)(3p + n0 − 1)(p− α)(1− q)

p + n0 + α− 1
r2p+n0−1.

We now find the valuer0 = r0(p, q, δ, α) and the correspondingn0 = n0(r0) so that

3qp2(p− α)

p + α
r2p
0 +

(p + n0 − 1)(3p + n0 − 1)(p− α)(1− q)

p + n0 + α− 1
r2p+n0−1
0 = p2.

This gives the radius of convexity forΩ∗p(α, q).

Remark 4.1. By takingp = q = 1 andα = 0 in Theorem 4.1, we have:

If f(z) = 1
z

+
∞∑

n=1

anz
n is meromorphically starlike, thenf(z) is meromorphically convex in

0 ≤ |z| ≤ 1/
√

3.

Theorem 4.2. Let the functionf(z) defined by (1.8) be in classΩ∗p(α, q), then it is meromor-
phically starlike in0 ≤ |z| ≤ r1 = r1(p, q, α), wherer1(p, q, α) is the largest value ofr for
which

(4.2)
3pq(p− α)

p + α
r2p +

(3p + n− 1)(p− α)(1− q)

p + n + α− 1
r2p+n−1 ≤ p, (n ≥ 2).

The result is sharp for the functionf(z) given by (2.2).

Proof. It suffices to show that|p + zf ′(z)/f(z)| ≤ p for 0 ≤ |z| ≤ r1 = r1(k, q, α). But

∣∣∣∣p +
zf ′(z)

f(z)

∣∣∣∣ ≤
2pq(p−α)

p+α
r2p +

∞∑
n=2

(2p + n− 1)ap+n−1r
2p+n−1

1− q(p−α)
p+α

r2p −
∞∑

n=2

ap+n−1r2p+n−1

≤ p,

if

(4.3)
3pq(p− α)

p + α
r2p +

∞∑
n=2

(3p + n− 1)ap+n−1r
2p+n−1 ≤ p.

The radius of meromorphically starlikeness now follows from (2.1).

In a similar manner, we can obtain the radii of meromorphically convexity and meromorphi-
cally starlikeness for functions in the classΛ∗p(α, c).

Theorem 4.3. Let the functionf(z) defined by (1.11) be in the classΛ∗p(α, c), then it is mero-
morphically convex in0 ≤ |z| ≤ r2 = r2(p, c, α), wherer2(p, c, α) is the largest value ofr for
which

(4.4)
3cp(p− α)

p + α
r2p +

(3p + n− 1)(p− α)(1− c)

p + n + α− 1
r2p+n−1 ≤ p2, (n ≥ 2).

The result is sharp for the functionf(z) given by (2.6).
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Theorem 4.4. Let the functionf(z) defined by (1.11) be in the classΛ∗p(α, c), then it is mero-
morphically starlike in0 ≤ |z| ≤ r3 = r3(p, c, α), wherer3(p, c, α) is the largest value ofr for
which

(4.5)
3c(p− α)

p + α
r2p +

(3p + n− 1)(p− α)(1− c)

(p + n− 1)(p + n + α− 1)
r2p+n−1 ≤ p, (n ≥ 2).

The result is sharp for the functionf(z) given by (2.6).
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