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2 W.T. SULAIMAN

1. INTRODUCTION

Steffensen’s inequality reads as follows:
Assume that two integrable functiofi§) and ¢(t) are defined on the intervah, b), that f(¢)
never increases and that< ¢(¢) < 1in (a,b). Then

b at+A

b
(1.1) f@ydt< [ f(t)g(t)dt < [ f(t)dt,
Jrims friomre |

a a

b
where A = [ g (t)dt.

A generaﬁization via new proof of Steffensen’s inequality has been given by Bellmah in [2]
(see alsa ]3], p. 41 [4], p. 11). It can be stated as follows:

Let f(¢) be a nonnegative and monotone decreasing functidn,itj and f € L?[a, b] and

b
let g(t) > 0in [a,b] and [ g (t)*dt <1,wherep>1and1/p+1/q=1. Then

a+A

(1.2) [twgwa| < [ rora
where A = fbg (t) dt>p

Bellman’s ?esult, is incorrect, as has been pointed out by Godunova and Levin [6] , where a
generalization is made fgr < 1. Notice that forp > 1, a similar result to inequality (1.2) is
given in [6]. P&aric [7], however, through some modification, gives the following generaliza-
tion.

Theorem 1.1.Let f : [0, 1]— R be a nonnegative and nonincreasing function and let
g : [0,1]— R be an integrable function such that< ¢(t) < 1forall t € [0,1]. If p > 1, then

1 p A
(1.3) /&awawt g/fufw

where\ = (bll“g(t) dt)p.

The aim of this paper is to give a correct version of Bellman'’s result, as well as, some other
new results.

2. A GENERALIZATION AND SOME NEW RESULTS

Theorem 2.1.Let f,g,h : [a,b] — R be nonnegativef is nonincreasingg and h are inte-
grable functions satisfying:

b p
1. NYPg () < h(t), whereh = (fg(t) dt) p > 0.
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b ki(X)
2. [ h(t)ydt < X < [ h(t)dt, for somek;, k, functions ofA with a < ki (N);
kz(/\) a
ks (\) < b

Then, we have

b k1(A)

(2.1) / P h(t)dt <A™ Vp/f (t)g(t)dt < / fP(t)h(t)dt.
Proof. Observe that
k1(X) b
/f%wmww—»*@/ﬁ@waMt
kal(A) ’ b
= [ ro[po-xrgwla- [ ey
a k1(N)
ki(N) b
> a0 [ o -3 gw]a-nr [ o
a kE1(N)
[k (V) b b b
— Py [ a MW/ /g@—ﬁW/mwmw
a k(N E1(\)
k1(/\ b b
= )| [ h@)dt— AN / g (t)dt| — X1 / £ (8) g (t) dt
ki(\) ki(\)
l<:1(>\ b
(P%QDQ/hUﬁ—%+Y”p F7 (kr (V) — 7 (8)] g (1) dt
L a k1(A)
Z 07

which proves the concerned inequality in {2.1). The left inequality can be done similarly , and
therefore is omittedn

Theorem 2.2.Let f,g,h : [a,b] — R be nonnegativef is nonlncreasmgg and h are inte-
grable functions satisfying'~'/7g (t) < h (t) , where = (fg ) , p>0.

k(\)
1. If X< [ h(t)dt,forafunctionk of A witha < k (\) < b, then

(2.2) (/bf(t)g( ) /fp Ddtp> 1.
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b
2.1fX> [ h(t)dt ,0 < p <1, then, with the same assumptions for

k(\)
b p b
(2.3) ( [ 9w dt) > [ rana
a k(N
Proof. Since, by Hoélder’s inequality,
b b
[rwgwa= [ rwla@p o) d@

hence,
b

b P
(/f(t)g(t) dt) < A“/p/fp (t) g () dt.

The proof of [2.2) follows from[(2]1).
The proof of [2.8) is similar and therefore omittag.

Corollary 2.3. Letf, g : [a,b] — R be nonnegativef is nonincreasingy is integrable function

b p
satisfying\'~"/?¢ (t) < ¢, where A = (fg () dt> ,p > 1. Then we have

a+A/c

b p
(2.4) ( / f(t)g(t)dt> <e / f () dt.

a

Proof. Follows from Theorerh 2|2, by choosifgt) = c andk(\) = a + A/c. The definition of
k()\)is correctas\! /Pg(t) < c= A < c(b—a). 1

Corollary 2.4. Let f, g : [a,b] — R be nonnegativef is nonincreasingy is integrable function

b p
satisfying\' "'/7¢(t) < ¢, where\ = <f9 (t) dt) ,0 < p < 1. Then we have

b

b p
(2.5) ( / f(t)g(t)dt) > ¢ / 7 (1) dt.

b—\/c
Proof. Follows from Theorerh 2|2, by putting(¢) = c andk(\) =b— A/c. 1

Corollary 2.5. ([7]) Let f : [0,1] — R be a nonnegative and nonincreasing function and let
g : [0,1] — R be an integrable function such that< g(x) < 1 (Vz € [0,1]). If p > 1, then

1 p A
(2.6) ( / F(t)g®) dt) < / P (1) dt,
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where

\ = (/Olg@) dt)p.

Proof. Follows from Corollary 2.3, by putting = 0,b =c=1. 1

Corollary 2.6. Let f(t,u) : [a,b] X [a,b] — R be nonnegative, nonincreasing with respect to
botht andw. Letg, h : [a,b] — R be nonnegative integrable functions satisfying

A}_l/pg (t) < e, )\é_l/ph (u) < e,

where

= (fa0a) e (frorm) o

Then, we have

2

o (//ftu )ﬁw)p

a+Ai/c1 a+Aa/ca
< (area) Mad)P ( 7 (t,u) dUdt) :
Proof. We have succesively
b b
/f (u) dtdu
a+)\1/01 1/p
= ( f(t t)dt | h(u)du / / 1P (t,u) h(u) du

b a+Ai/c1 1/p
- / (/ “Wt) (B ()7 [h ()7 du

b a+Ai/c1 1/p b >
e / F7 (t,u) )dtdu) (/h(u) du)

IN
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B a+>\1/cl 1/]0

b

p—1

= ci/p / fP(t,u)h(u)du | dt Ay
[ a+A1, /a1 a+Xa/ca 1/p e )
p—1
< al? / o / 77 (t,u) du dt A

Ry
a+>\1/01 a+)\2/62 1/p a+>\1/01 p?fl g

p—1
< Ci/pC;/pz / / fp2 (t,u) dudt / dt /\2,,2
p—1 )\ % a+Ai1/c1 atAa/c2 1/p2
— ci/pcé/zﬂ)\;ﬁ <_1) P / / fpz (t,u) dtdu
C1
a+A1/c1 at+Aa/c2 P%
1 -1
= (cic9)?” ()\1)\2)])72 / / pr (t, ) dtdu

The desired inequality (2.7) is thus obtaingd.

Lemma 2.7. Define

-1

f(z) :z/(lu )/\du,)\>0,x21.
0

o[>

Then

(2.8) fx)<p (% %) (1 - %xw)

for anyz > 1, whereg is the Euler’s Beta function.

Proof. Observe that

fx) = (
B

_ (M)_x;;] =
29 L as e a:
A A N
= ﬁ(§7§)—$ g(y)
, say.
Now
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Y
< v — (é) yéil /ué_ldu
Tyt \2) 14yt

= 0

<s(33)-ran-n(32) (1- 1)

and the inequality| (2]8) is proved.
Corollary 2.8. Let f(t,u) : [0,1] x [0,1] — R be nonnegative, nonincreasing with respect to

botht andu. Letg, h : [0,1] — R be nonnegative integrable functions such that ¢(t) <
1,0 < h(t) < 1. Define

A = (/lg(t)dt)p,)\Q (/lh(t)dt)p,p>1.

0 0
Then we have, fok > 0,

(2.9) ( / /1 G )dtdu> p

0

A\ 1/p
< (M) (% %) (/ﬂ“/””/ﬂ/? (1 - %t”) 5 (t,0) dt )

0

N 1/q
" (/tuw)q/pk/? <1 — %t‘é) fpT (0, t)d) ,

0

1 1 _
where}—g + i 1.

Proof. By Corollar, witha = 0, ¢ = o = 1, - + ; = 1, we may state that

(//f t+u )dtdu) < ()\1/\2)1»10/10/2%6[%
p—1 A A fP*/2 (t,u) (%)Q 1) o2 (t,w) (ill//(:))(Al)
= (MA2) // (t—l—u)/\/p (t+u))‘/q dtdu

0 0
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1/p

p*/2 (3-1)
< (M) //f (8, tp/q) dtdu

1/
FPU2 (4 u) (=L )(%*1) !
. / / o) KO
t+u)
= ()\1)\2)1) LMUPNYA,
say. Observe by Lemnja 2.7 that
" 0 (z)%*ll
M < /fz (t70)t(1—/\/2)p/q—/\/2dt/ t ;du
) (L+3)
A1 ATQ %71
_ / H=N20/a=32 5 (1 0Y i / B
(14 u)
0 0
< /t(1A/2)p/q>\/2fpz (t,0) dt/ Y du
) ) (14 u)

At
A A 1. _»
< (1=X/2)p/q—A/2 _ 4% ]
—ﬁ(g 2)/75 f (tO)(l 275 )dt
0

Ao
N < ﬁ(;\ ;) / uI=Da/p- ’\/2f (0,u) <1—%u‘§) du.

This completes the prooi

Similarly,
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