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ABSTRACT. In this paper we present simple new proofs of the inequalities:

n+1
2(1—005 )Zak<z (ag — ak—1) <2(1+cos )Zak,

which holds for all real numberg, = 0, a1, - - - , an, anr1 = 0 and the coefficients
2(1 — cos(m/(n + 1))) and2(1 + cos(w/(n + 1))) are the best possible; and

2m
2<1—c052 +1>Zak<z ap — aj— 1) <2(1+0052 +1)Zak,

k=1 k=1

which holds for all real numbeis, = 0,a4, - - - , a,, and the coefficientd(1 —cos(r/(2n + 1)))
and2(1 + cos(w/(2n + 1))) are the best possible.
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1. INTRODUCTION

In 1955, K. Fan, O. Taussky and J. Todd published a remarkable paper proving discrete
analogues of several well-known integral inequalities. Among their results is the following
theorem inl[2]:

Theorem 1.1. Assume; are real numbers fot < i < n, we have
@)if ap = a,y1 =0, then

n n+1
™
(1.1) 2 (1—COSn+1) Zai §Z(ak_akil)2’
k=1 k=1
with equality holding if and only i, = c¢sin 11 (k=1,2,--- n,cis areal constant
n
(b) if ag = 0, then
T n n
(1.2) 2 (1 —cos 1> Zai < (g — ap_1)’,
k=1 k=1
with the equality holding if and only if, = csin 5 _7; . (k=1,2,--- ,n,cisareal constant
n

T and?2 (1 — cos —
n+1 2n+1
and (1.2), respectively, are the best possible.

Redheffer[[4] presented an “ingenious proof” for these results based on an analysis of the
characteristic values and vectors of Hermitean matrices. The main tool is an intriguing inequal-
ity of D. E. Rutherford who investigated the structure of Hermitean matrices “because of their
great importance in a number of mathematical models of chemical and physical prodesses” [1].
E. F. Beckenbach and R. Bellman mention the Theprem1.1 as well as similar results are impor-
tant for the numerical integration of differential equations. Motivated to find “easy proofs” of
the inequalitieq (1]1) anfl (1.2), R. M. Redheffer [4] presented in 1983 a very elegant elementary
method for the proof of Theor¢m].1.

In 1982, G. V. Milovanovt and I. Z. Milovanowvt [3] obtained reversed of inequaliti¢s (|1.1)
and 1.2). By using techniques similar to those of Fan-Taussky-Todd they proved:

The two constantg [ 1 — cos

> given in inequalities[(1]1)

Theorem 1.2. Assumez; are real numbers fot < ¢ < n, we have
@)if ap = a,y1 =0, then

n+1 n
(1.3) Z (ap — ap_1)* <2 (1 + cos T 1) Zai,
k=1 n k=1
with the equality holding if and only if, = (—1)’“‘l csin kfl(k =1,2,---,n, cis areal
n
constany.
(b) if ag = 0, then
(1.4) (ap — ap_1)* <2 (1 + cos T 1) az,
k=1 =1
: . o . _ k .
with the equality holding if and only if, = (—1)"" ¢sin 5 i 1(k =1,2,---,n,cisareal
n

constant.
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By using a modification of Redheffer’'s technique [4], H. Alzer [5] gave a simple proof of

inequalities[(1.8) and (1].4) in 1991.
Combining TheoremI]1 and Theoienj1.2, we obtain

Theorem 1.3. Assume; are real numbers fot < ¢ < n, we have
@)if ag = a,41 =0, then

n+1
T
)Zak_z ak—ak1)2§2(1+cosn+

1) and2(1 + cos ni

(1.5) 2 (1 —cos

)Y
k=1

1) are the best possible.

and the coefficient®(1 — cos i
n
(b)if ag = 0, then

) 2
(1.6) 2(1_6082n+1>;ak§

(ak — ak,1)2 < 2 <1 + COS

)5

1) are the best possible.

k=1

and the coefficient®(1 — cos ) and2(1 + cos 5 T
n

™
2n+1
Therefore[(1.1) and (1.2) are called Fan-Taussky-Todd inequalities| and (1.3) gnd (1.4) are

called the reverse Fan-Taussky-Todd inequalities.
In this paper, we give a simple elementary proof of inequalifies (1.5)[and (1.6).

2. MAIN RESULT

Theorem 2.1.Letn be an integer with > 1, a;(1 < i < n) ben real numbers, and € (0, Z),
then we have

1)t
(2.1) 2cost2ak sin (n + ) 2:&22akak+1,

sinnt
k=1

with the equality holding if and only i, = ¢; sin kt for “ +”, and a;, = (—1)’“_1 co sin kt for

“—" wherek =1,2, ---,n,andc, c, are two real constants.

Proof. Fromt € (O, g), we havesin kt > 0(k =1,2,--- ,n—1),and
sin(k+1)t sin kt

(2.2) # 2 aiﬂ > +H2apa541,

sinkt m
with equality holding if and only if
ag18inkt + apsin (k+ 1)t = 0.
From [2.2), summing from ton — 1, we get
n—1 . . n—1
; [%az + %aiﬂ} > +2 ; apg1,
that is

" sin(k—1)t+sin(k+1)t sin (n + 1)t
ey 3 TSR 2 T 23w
k=1 k=1

Utilizing the fact that
sin(k — 1)t +sin(k+ 1)t = 2sin kt cost,
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inequalities|(2.3) becomg (2.1), with the equality holding if and only if
a1 8inkt = agsin (k + 1) ¢,
ora, = csinkt (k=1,2,--- ,n,cis aconstant) for “+”; and
a1 sinkt + agsin (k+ 1)t =0,

ora, = (—1)""'esinkt (k =1,2,--- ,n, cis a constant) for+".

This proves Theoremd. k.

3. REMARKS
Remark 3.1. Let ) for “+”, let t = L, ort = il , since
n+1 2n+1
: 0. s n+l)m . 7w
SIN 7T = SIN ———— = S1n
’ 2n +1 2n+1’
then we have
T n n
3.1 cos az > arOgi1,
(3.1) ESPIUEDBLIEE
with the equality holding if and only ifi, = c¢sin Il (k=1,2,--- ,n,cisaconstant and
n
T n n
(3.2) 2 cos 1 Zaz > ai +22akak+1,
k=1 k=1
with the equality holding if and only ifi, = csin 1 (k =1,2,---,n, cis a constant
n
respectively.
[1] ” 7T 27T
Remark 3.2. Let ) for“—", andt = , ——, because
n+1 n+1
2(n+ ) . 2nmw
sin = sin ,
2n +1 2n+1
therefore
n n—1
m
3.3 cos a; > — QpQgit,
( ) n+1 ; k= ; kW41
with the equality holding if and only ifi, = (—1)""'¢sin 1 (k = 1,2,--- ,n,cis a
n
constant, and
o n n—1
3.4 2 2> g2 -2 ,
(3.4) cos T 1 ;ak > —a; ;akak+1
k

with the equality holding if and only if, = (—1)"' ¢sin (k =1,2,---,n,cis a

_ 2n+1
constany, respectively.

Remark 3.3. It is easy to see that inequalitigs (3.1) ahd](3.3) are equivalefit to (1.5), and in-
equalities|(3.R) and (3.4) are equivalent[to [1.6), respectively.
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Remark 3.4. Combining inequalitieg (3/1) and (3.3), that is to say: assujfie< i < n) be n
real numbers fop_" | a? # 0, and

n—1

z A Q41
(35) f(al,CZQ,“‘ 7an) :k:ln—’
> ai
k=1
then
T
3.6 maxr — )
(3-6) / 8 +1
and
3.7 in — T :
(3.7) Jm 1

4. AN OPEN PROBLEM

The paper of Fan-Taussky-Todd contains also noteworthy inequalities involving the second
differences

(41) A? ap = ap — 2041 + ag42.
One of their results states thatif, - - - , a,, are real numbers anddf, = a,,.; = 0, then
2 n n—1
. T 2 2
(4.2) (2 S m) ; aj < kZ:O (ar — 2ap41 + apq2)”,

with the equality holding if and only if, = csin((kn)/(n + 1)) (k = 1,--- ,n,c be a real
constant).
We conclude the paper by asking: Does there exist converse inequalities]of (4.2) and of
related inequalities given in[[2], and if the answer is “yes” which are the best possible constants?
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