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ABSTRACT. We define and investigate a class of complex-valued harmonic univalent functions
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1. I NTRODUCTION

A continuous functionsf = u + iv is a complex-valued harmonic function in a complex
domainΩ if both u andv are real harmonic inΩ. In any simply connected domainC ⊂ Ω,
we can writef = h + g, whereh andg are analytic inC. We call h the analytic part andg
the co-analytic part off. A necessary and sufficient condition forf to be locally univalent and
orientation preserving inC is that|g′(z)| < |h′(z)| (see Clunie and Sheil-Small [3]).

Denote byH the family of functionsf = h + g that are harmonic, univalent and orientation
preserving in the open discU = {z : |z| < 1} so thatf = h + g is normalized byf(0) =
h(0) = fz(0) − 1 = 0. Therefore, forf = h + g ∈ H we can express the analytic functionsh
andg by the following power series expansion

(1.1) f(z) = z +
∞∑

m=2

amzm +
∞∑

m=1

bmzm, |b1| < 1.

Note that the familyH consisting of orientation preserving, normalized, harmonic univalent
functions reduces to the classS of normalized analytic univalent functions if the co-analytic
part off = h + g is identically zero, ie.,g(z) ≡ 0. Further denote byH the subfamily ofH
consisting of harmonic functionsfn = h + gn of the form

(1.2) fn(z) = z −
∞∑

m=2

amzm + (−1)n

∞∑
m=1

bmzm, am, bm ≥ 0 and |b1| < 1.

For f = h + g, given by (1.1), recently Jahangiri et al. [5], defined the Salagean derivative of
harmonic functionsf = h + g in H by

(1.3) Dnf(z) = Dnh(z) + (−1)nDng(z), n ∈ N ∪ {0}

where the Salagean derivative [7] of power seriesφ(z) =
∞∑

m=1

φmzm is given byD0φ(z) = φ(z),

D1φ(z) = zφ′(z) andDnφ(z) = D(Dn−1φ(z)) =
∞∑

m=1

mnφmzm.

For fixed values ofn, we letFH(n, λ, α) to consist of harmonic functionsf = h + g in H so
that

(1.4) Re

{
(1− λ)[Dnf(z)/z] + λ

[
∂Dnf(z)

∂θ
∂z
∂θ

]}
> α,

where0 ≤ α < 1,0 ≤ λ ≤ 1 andz = reiθ ∈ U. We also letFH(n, λ, α) = FH(n, λ, α) ∩H.
As λ changes from 0 to 1, the familyFH(n, λ, α) provides a passage from the class of har-

monic functionsPH(n, α) ≡ FH(n, 0, α) consisting of functionsf whereRe
{

Dnf(z)
z

}
≥ α

to the class of harmonic functionsQH(n, α) ≡ FH(n, 1, α) consisting of functionsf where{
∂
∂θ

Dnf(z)/ ∂
∂θ

z
}

> α. Note that ifn = 0 and the co-analytic partg ≡ 0, the classFH(n, λ, α) =
Fλ(α) [2]. Further ifn = 0, QH(n, α) = NH(α)[1] and ifn = 0, QH(n, α) = NH(α).

Recently there has been triggering interest to study harmonic complex functions (details see
[1], [3], [4], [5], [6], [8]), motivated by Jahangiri et al., [5] and using the techniques of Silverman
[8], in this paper, we have obtained the coefficient conditions for the classesFH(n, λ, α) and
FH(n, λ, α). Further a representation theorem, inclusion properties and distortion bound for the
classFH(n, λ, α) are established.
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2. M AIN RESULTS

First we give the sufficient coefficient bound for functions in the classFH(n, λ, α).

Theorem 2.1.Letf = h + g be given by (1.1). If

(2.1)
∞∑

m=1

mn {|(m− 1)λ + 1||am|+ |(m + 1)λ− 1||bm|} ≤ 2(1− α)

wherea1 = 1 and0 ≤ α < 1 thenf is orientation preserving, harmonic univalent inU and
f ∈ FH(n, λ, α).

Proof. If the inequality (2.1) holds for the coefficients off = h + g, then by (1.3),f is orienta-
tion preserving and harmonic univalent inU. It remains to show that

Re

{
(1− λ)

Dnf

z
+ λ

(
∂
∂θ

Dnf
∂
∂θ

z

)}
≥ α.

According to (1.2) and (1.3) we have

Re

{
(1− λ)

Dnf

z
+ λ

(
∂
∂θ

Dnf
∂
∂θ

z

)}

= Re

{
(1− λ)[Dnh(z) + (−1)nDng(z)] + λ[z(Dnh(z))′ − (−1)nz(Dng(z))′]

z

}
≥ α.

Using the fact that Rew ≥ α it suffices to show that|1−α+w| ≥ |1+α−w|. This is equivalent
to showing that if the condition (2.1) holds then∣∣∣(1− α)z + (1− λ)

[
Dnh(z) + (−1)nDng(z)

]
+ λ

[
z(Dnh(z))′ − (−1)nz(Dng(z))′

]∣∣∣
−

∣∣∣(1− λ)
[
Dnh(z) + (−1)nDng(z)

]
+ λ

[
z(Dnh(z))′ − (−1)nz(Dng(z))′

]
− (1 + α)z

∣∣∣
≥ 0

substituting forDnh(z), Dng(z), (Dnh(z))′ and(Dng(z))′ , simple computation leads yield

≥ z − αz −
∞∑

m=2

mn|1− λ + mλ| |am||z|m −
∞∑

m=1

mn| − 1 + λ + mλ| |bm||z|m

−αz + z −
∞∑

m=2

mn|1− λ + mλ| |am||z|m −
∞∑

m=1

mn| − 1 + λ + mλ| |bm||z|m

= 2(1− α)|z|{
1−

∞∑
m=2

mn|(m− 1)λ + 1|
(1− α)

|am||z|m−1 −
∞∑

m=1

mn|(m + 1)λ− 1|
(1− α)

|bm||z|m−1

}

≥ 2(1− α)|z|

{
1−

∞∑
m=2

mn|(m− 1)λ + 1|
(1− α)

|am| −
∞∑

m=1

mn|(m + 1)λ− 1|
(1− α)

|bm|

}
.

The last expression is nonnegative by (2.1) and so the proof is complete.
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The starlike harmonic function

(2.2) f(z) = z +
∞∑

m=2

(1− α)

mn|(m− 1)λ + 1|
xmzm +

∞∑
m=1

(1− α)

mn|(m + 1)λ− 1|
ym zm

where
∞∑

m=2

|xm|+
∞∑

m=1

|ym| = 1 shows that the coefficient bound given by (2.1) is sharp.

The function of the form (2.2) are inFH(n, λ, α) because
∞∑

m=1

(
mn|(m− 1)λ + 1|

(1− α)
|am|+

mn|(m + 1)λ− 1|
(1− α)

|bm|
)

= 1 +
∞∑

m=2

|xm|+
∞∑

m=1

|ym| = 2.

In the following theorem, it is shown that the condition (2.1) is also necessary for functions
fn = hn + gn wherefn are of the form (1.4).

Theorem 2.2.Letfn = h + gn be given by (1.2). Thenfn ∈ FH(n, λ, α) if and only if

(2.3)
∞∑

m=1

mn {|(m− 1)λ + 1|am + |(m + 1)λ− 1|bm} ≤ 2(1− α).

Proof. SinceFH(n, λ, α) ⊂ FH(n, λ, α), we need to prove the "only if " part of the theorem.
To this end, for functionsfn of the form (1.2), we notice that the condition

Re

{
(1− λ)

[
Dnf(z)

z

]
+ λ

[
∂
∂θ

Dnf(z)
∂
∂θ

z

]}
≥ α

is equivalent to
(2.4)

Re


(1− α)z −

∞∑
m=2

mn|(m− 1)λ + 1|amzm − (−1)2n
∞∑

m=1

mn|(m + 1)λ− 1|bmzm

z

 ≥ 0.

The above required condition (2.4) must hold for all values ofz in U and from choosing the
values ofz on the positive real axis where0 ≤ z = r < 1, we have

(2.5) 1− α−
∞∑

m=2

mn|(m− 1)λ + 1|amrm−1 −
∞∑

m=1

mn|(m + 1)λ− 1|bmrm−1 ≥ 0.

If the condition (2.3) does not hold then the numerator in (2.5) is negative forr sufficiently
close to 1. Hence there exists az0 = r0 in (0, 1) for which the quotient in (2.5) is negative. This
contradicts the required results forfn ∈ FH(n, λ, α) and so the proof is complete.

Next we determine the extreme points of the closed convex hulls ofFH(n, λ, α) denoted by
clc0FH(n, λ, α).

Theorem 2.3.Letfn be given by (1.2). Thenfn ∈ FH(n, λ, α) if and only if

(2.6) fn(z) =
∞∑

m=1

(Xmhm(z) + Ymgnm(z))
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whereh1(z) = z, hm(z) = z − 1−α
mn|(m−1)λ+1|z

m, (m = 2, 3, . . . ),

gnm(z) = z + (−1)n (1− α)

mn|(m + 1)λ− 1|
zm, (m = 1, 2, . . . ),

∞∑
m=1

(Xm + Ym) = 1, Xm ≥ 0, Ym ≥ 0.

In Particular, the extreme points ofFH(n, λ, α) are{hm} and{gnm}.

Proof. For functionsfn of the form (2.6) we have

fn(z) =
∞∑

m=1

(Xmhm(z) + Ymgnm(z))

=
∞∑

m=1

(Xm + Ym)z −
∞∑

m=2

1− α

mn|(m− 1)λ + 1|
Xmzm

+ (−1)n

∞∑
m=1

1− α

mn|(m + 1)λ− 1|
Ymzm.

Then
∞∑

m=2

mn|(m− 1)λ + 1|
1− α

am +
∞∑

m=1

mn|(m + 1)λ− 1|
1− α

bm

=
∞∑

m=2

Xm +
∞∑

m=1

Ym = 1−X1 ≤ 1

and sofn ∈ clc0FH(n, λ, α).
Conversely, suppose thatfn ∈ clc0FH(n, λ, α). Setting

Xm =
mn|(m− 1)λ + 1|

1− α
am; (m = 2, 3, 4, . . . )

Ym =
mn|(m + 1)λ− 1|

1− α
bm; (m = 1, 2, 3, . . . )

where
∞∑

m=1

(Xm + Ym) = 1 we obtainfn(z) =
∞∑

m=1

(Xmhm(z) + Ymgnm(z)) as required.

The following theorem gives the distortion bounds for functions inFH(n, λ, α) which yields
a covering result for this class.

Theorem 2.4.Letfn ∈ FH(n, λ, α). Then for|z| = r < 1 we have

(1− b1)r −
1

2n

(
1− α

1 + λ
− |2λ− 1|

1 + λ
b1

)
r2 ≤ |fn(z)|

≤ (1 + b1)r +
1

2n

(
1− α

1 + λ
− |2λ− 1|

1 + λ
b1

)
r2.

Proof. We only prove the right hand inequality. The proof for the left hand inequality is similar
and will be omitted.
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Let fn ∈ FH(n, λ, α). Taking the absolute value offn we obtain

|fn(z)| ≤ (1 + b1)r +
∞∑

m=2

(am + bm)rm

≤ (1 + b1)r +
∞∑

m=2

(am + bm)r2

≤ (1 + b1)r +
1− α

2n(1 + λ)

∞∑
m=2

(
2n(1 + λ)

1− α
am +

2n(|2λ− 1|)
1− α

bm

)
r2

≤ (1 + b1)r +
1

2n

[
1− |2λ− 1|

1− α
b1

]
r2

= (1 + b1)r +
1

2n

[
1− α

1 + λ
− |2λ− 1|

1 + λ
b1

]
r2.

Corollary 2.5. Letfn be of the form (1.2) so thatfn ∈ FH(n, λ, α). Then{
w : |w| < 2n(1 + λ)− 1 + α

2n(1 + λ)
− 2n(1 + λ)− |2λ− 1|

2n(1 + λ)
b1

}
⊂ fn(U).

For our next theorem, we need to define the convolution of two harmonic functions. For

harmonic functions of the formfn(z) = z −
∞∑

m=2

amzm + (−1)n
∞∑

m=1

bmzm andFn(z) = z −
∞∑

m=2

Amzm + (−1)n
∞∑

m=1

Bmzm we define the convolution offn andFn as

(fn ∗ Fn)(z) = fn(z) ∗ Fn(z)

= z −
∞∑

m=2

amAmzm + (−1)n

∞∑
m=1

bmBmzm.(2.7)

Theorem 2.6. For 0 ≤ β ≤ α < 1, let fn ∈ FH(n, λ, α) and Fn ∈ FH(n, λ, β). Then the
convolutionfn ∗ Fn ∈ FH(n, λ, α) ⊂ FH(n, λ, β).

Proof. For fn andFn as in Theorem 2.3, writefn(z) = z −
∞∑

m=2

amzm + (−1)n
∞∑

m=1

bmzm and

Fn(z) = z −
∞∑

m=2

Amzm + (−1)n
∞∑

m=1

Bmzm. Then the convolutionfn ∗ Fn is given by (2.7).

We wish to show that the coefficients offn ∗Fn satisfy the required condition given in Theorem
2.2. ForFn ∈ FH(n, λ, α) we note that|Am| ≤ 1 and|Bm| ≤ 1.
Now for the convolution functionfn ∗ Fn we obtain

∞∑
m=2

mn|(m− 1)λ + 1|
1− β

amAm +
∞∑

m=1

mn|(m + 1)λ− 1|
1− β

bmBm

≤
∞∑

m=2

mn|(m− 1)λ + 1|
1− β

am +
∞∑

m=1

mn|(m + 1)λ− 1|
1− β

bm

≤
∞∑

m=2

mn|(m− 1)λ + 1|
1− α

am +
∞∑

m=1

mn|(m + 1)λ− 1|
1− α

bm

≤ 1.

Since0 ≤ β < α < 1 andfn ∈ FH(n, λ, α). Thereforefn∗Fn ∈ FH(n, λ, α) ⊂ FH(n, λ, β).
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Finally we show that the classFH(n, λ, α) is closed under convex combination of its mem-
bers.

Theorem 2.7.The familyFH(n, λ, α) is closed under convex combination.

Proof. For i = 1, 2 . . . supposefni
∈ FH(n, λ, α) where

fni
(z) = z −

∞∑
m=2

aimzm + (−1)n

∞∑
m=1

bimzm.

Then by Theorem 2.2,

(2.8)
∞∑

m=2

mn|(m− 1)λ + 1|
1− α

aim +
∞∑

m=1

mn|(m + 1)λ− 1|
1− α

bim ≤ 1.

For
∞∑
i=1

ti = 1, 0 ≤ ti ≤ 1, the convex combination offni
may be written as

∞∑
i=1

tifni
(z) = z −

∞∑
m=2

(
∞∑
i=1

tiaim

)
zm + (−1)n

∞∑
m=1

(
∞∑
i=1

tibim

)
zm.

Then, by (2.8),
∞∑

m=2

mn|(m− 1)λ + 1|
1− α

(
∞∑
i=1

tiaim

)
+

∞∑
m=1

mn|(m + 1)λ− 1|
1− α

(
∞∑
i=1

tibim

)

=
∞∑
i=1

ti

(
∞∑

m=2

mn|(m− 1)λ + 1|
1− α

aim +
∞∑

m=1

mn|(m + 1)λ− 1|
1− α

bim

)

≤
∞∑
i=1

ti = 1 and therefore
∞∑
i=1

tifni
∈ FH(n, λ, α).
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