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ABSTRACT. In this paper, it is proved that
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for all natural numbers, and all realr < 0.

Key words and phrasesMartins’ inequality, Reverse inequality, Kdnig's inequality, Power mean, Geometric mean.

2000Mathematics Subject Classificat 086D15.

ISSN (electronic): 1449-5910

(© 2005 Austral Internet Publishing. All rights reserved.

The authors were supported in part by NSF (#10001016) of China, SF for the Prominent Youth of Henan Province (#0112000200), SF of
Henan Innovation Talents at Universities, NSF of Henan Province (#004051800), Doctor Fund of Jiaozuo Institute of Technology, China.


http://ajmaa.org/
mailto: <chenchaoping@sohu.com>
mailto: <chenchaoping@hpu.edu.cn>
mailto: <qifeng@hpu.edu.cn>
http://rgmia.vu.edu.au/qi.html
mailto: <sever.dragomir@vu.edu.au>
http://rgmia.vu.edu.au/SSDragomirWeb.html
http://www.ams.org/msc/

2 CHAO-PING CHEN AND FENG QI AND SEVER S. DRAGOMIR

1. INTRODUCTION

The inequality to which the title refers is

1 & o\ ]
(1.1) -y i / i < —
for all natural numbers, and all real- > 0. For convenience, we call it Martins’ inequality

(seel4)).
We prove that Martins’ inequality is reversed fok 0.

Theorem. For all natural numbers:, and all realr < 0, then

{L/_ n+1 1/r
(1.2) W ( Z /n-l-l ) .

2. LEMMAS

Lemma 1 (Konig's inequality [2, p. 149] and [3, p. 24]}et{q;}" , and{b;}!, be decreasing
nonnegative:-tuples such that

k k
(2.1) ITo:i<][a 1<k<n,
=1 =1

then, forr > 0,

(2.2) ib; < ia;ﬁ.
=1 i=1

The sign of equality if2.2) holds if and only ifa; = b; forall 1 < i < n.

Lemma 2 ([5]). For all natural numbem, then

n

1 !
(2.3) U T <1

n-+1 n -+ 2 "*,1/(n—|-1)|

3. PROOF OF THEOREM

Proof. Letr = —s, s > 0, then [1.2) is equivalent to

(3.1) (n+1)§; (ﬁ) <nnz+1( >

Define
1

Apnt1 = Appi2 = = Qppign = m
forp=0,1,2,...,n,and
Dy(nt1)+1 = Dg(nyry2 = -+ = Dg(ni1)+(ni1) = :
(g+1) "/ (n+1)!

forg=0,1,2,...,n— 1.
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Easy calculation reveals that
n(n+1) n+1 1
> ai nz( nl)
n(n+1) s
st_ <.n+1/ 1[) ’
=1 )

Then, [3.1) is equivalent to

~.

3

n(n+1) n(n+1)

(3.2) Z b] < Z as.

=1

Itis easy to see that both the sequenge$; ;™" and{b,}7":"" are decreasing, ang, 1, =

(n+1) \/m n "*{/(n—o—l)!
show that

k k
(3.3) [Io:i <[ for1<k<nmn+1).
=1 =1
SetA, =[[",a; and By, =[], b, then

foron+1<k<(p+1)n,p=0,1,2,...,n,and

| k—q(n+1) g1 | n+1
b= ((q+ 1) "/ (n + 1)!) ]HO ((j +1) "/ (n + 1)!) ’

forqin+1)+1<k<(¢g+1)(n+1),¢=0,1,2,...,n— 1.

Letk € {1,2,...,n(n+1)}, thenthere exists a uniquely determined nunikex0,

such thatn + 1 < k < (i + 1)n. We consider three cases to show|(3.3).
Case 1: = 0. Then we havé < k < n which leads to

1\* 1 ’
Ay = and By,=|———
‘ <nn'> g (”*xl/(n—i-l)!)
Because of/n! < "R/(n + 1)!, we haveB;, < Ay.

Case 2i = n. Thenwe haver> + 1 < k < n(n + 1) which leads to

HWV HO(JHHH

and

) k—(n—1)(n+1) ,,_o ntl
Bi=|——— .
<n "*%/(n—i—l)!) 0 ( (7+1) "*%/(n—i—l) )

Inequality B, < Ay is equivalent to
k 2
n+1 vn! n! (n+1\"
3.4 < =
(34) ( no "N(n+ 1)!) oot ( n )
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1,2,...,n}
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o
Beause otn + Vil

no "R/ (n+1)!
computation shows that the sign of equality[in [3.4) holdsfer n(n + 1).
Case31 <i<n-—1.Thenwehaven+1 <k <i(n+1)ori(n+1)+1<k < (i+1)n.
If in+1 <k <i(n+1),then

> 1, we have to show thaf (3.4) holds fbr= n(n + 1). Easy

and

k—(i—1)(n+1) ;_o n+1
k p— n— . n .
i "/ (n+1)! im0 \(U+1) "R/ (n+1)!
Fori =1,thenk =n+ 1, B, < A is equivalent to
n+1
> 2,
Unl T
which is true, since the sequen%é\/—m} __is strictly increasing from (2]3).
For2 <i<n-—1.B, <A;canbe wrltten as

Hj;o[(j +1) "/ (n + 1)1 "+
[Tbl(+ 1) ¥/nl ]
[i "R/ (n + 1)! |G- D+ (z N 1) o |
It is easy to see fronj (2.3) that

(3.5)

n

7 n n!

- < < , 2<1<n—1,
Z+1 n+1 "*11/(714—1)!
which implies
I+ 1 vn!
(3.6) Tt M o1, 2<i<n-1.

it "R/ (n+1)!
Because of (3]6), it suffices to prove tHat {3.5) is validifot i(n + 1). This means we have to
show that

which holds strictly, since the sequen{:é\ﬁ}oo is strictly increasing fron (2]3).
n ) n=1
If i(n+1)+ 1<k < (i+1)n, then we have

n

and
1

k—i(n+1) ;_q n+1
Bk:<(¢+1>n+\1/m> ]H0<j+1”+\1/m)
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such thatB, < A, is equivalent to

k
2! vn! ,

Because of% < 1, it is enough to prove inequality (3.7) fér= i(n + 1) + 1. This

w1
means we have to show that
(3.8) <”—+1 ﬂ) S
From LemmaR we conclude that
n+1 /i+1 vn!

(3.9) 2<i<n-—1,

— ) > 1> ———, <1<

Il | Vi Y CESY

which implies [[3.8) with strictly inequality. This finishes the proof jof {3.3), and thus of the
theorem.p

The proof of Theorem has motivated by an article of Alzér [1].
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