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2 VASILE MIHESAN

1. INTRODUCTION

The most natural way to approximate a continuous function of which data are know at certain
discrete points only is to use piecewise linear interpolation. This technique has some most
advantages: it is very easy, it requires data at certain discrete points, it interpolates at the given
data, it reproduces linear functions. The major disadvantage of this technique is that it does not
generate approximating functions which are smooth.

Our approach in order to eliminate this disadvantage, will be to compose certain linear oper-
ators with the piecewise linear interpolator.

We obtain estimates for the remainder in approximating of continuous functions by means of
positive linear operators, using the second order modulus of smoothness.

2. PIECEWISE LINEAR FUNCTIONS ON |[a, b

Letf : [a,b] — RandA, :a =2y <z <--- <z, =bbe a partition of the intervak, b].
There exists exactly one continuous functighs, f on the intervala, b], whose restriction to

each of the interval&y, z;..1], k = 0,1,...,n — 1 is a polynomial of degree. 1 and which
interpolates the functioffi at the pointsey, i.e. (Sa, f)(xx) = f(zx), k=0,1,...,n

So, on each intervdly, 11|, k = 0,1,...,n — 1, Sa, f is the Lagrange polynomial of
degree 1

(Sanf) (@) = 7L flay) + ——5 fagp).

Tr+1 — Tk T+1 — Lk
Several representations for the operatar f are known. We will use in the sequel the
following representation, given by T. Popoviciu [8].

Theorem 2.1. For every functionf defined on the points,, £ = 0,1, ..., n there holds:

(2.1) (Sa, f)(z) = f(xo) + (z — o) [0, 21, f]
n—1
+ > (@re1 — Tho1)[Tro1, Thy Thg; f] (3; — 4—2|x — xk|> ;
k=1
(2.2) (Sa @) = 3 =T g s |t = al)ef (@)

k=1
where, for mutually distinct, b, c we denote by, b, ¢; f(¢, x)]; the fact that the divided differ-
ence is applied in the variable

The operatoiSa, : Cla,b] — Cla, b] is a positive linear operator, which has the following
properties:

Lemma 2.2. For = € [z, xx41], K = 0,1,...,n — 1 the following equality holds:

) (Sa, f)(@) = f(x) = (v — z)(Ter1 — @) [T, T, Thys f1;
i) Sa,e; =e€;,1=0,1,

(Sa,t*)(x) = 2° + (2 — 2) (Tpyr — ),

Sa, ((t—2)*2) = (x — ) (Tpg1 — 2);

(x —ap)(Tp41 — ),

i) Sa, (|t —z|;2) =2

Lh+1 — Tk
. Lpy1—T T— Tk
k+17— 4k k+17— 4k
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Proof. i) (Sa, f)(z) — f(x)
T — T

= —xkﬂ__ . f(zr) + ————f(zp41) — fl2)
Thy1 — Tk Tk+1 — Tk
f(xx)

= (@ = 3)(@en — o) (m s T E——
f(xkﬂ) f(iU)
(@t — ) @res —20) (@ —20)(@ — >)

- (.I' - xk)(xk—‘rl - [E)[CC'k,I',xk_t,_l; f]
i) By i) we obtain for f = ey, e1, es:

_|_

+

SAneo = €, SAnel = €1,

(Sa,e0)(z) = 22 + (x — 21) (Tpy1 — )
and evidently
Sa, ((t = )% 2) = (x — ) (w1 — 2).
iif) Replacing ini) f(t) = |t — z| we obtain
Sa, ([t = alz) = (2 — ap) (@1 — @) [0, @, 2o [E — ]
(z — zp) (Tps1 — )
Trpy1 — Tk .
iv) It is obtained by i) forf(¢) = [t — A|. &
We will need in the sequel the following result given by H. Burkhill [1] and H. Whitney [9].

=2

Lemma 2.3. Let f : [a,b] — R and denote by.,(f; a,b) the Lagrange polynomial of degree 1
interpolating the functiory at a andb.
Then for allz € [a, b], one has

(&)~ L, b)] < ws (f; b- “) |

2

By Lemmd 2.8 we obtain far € [z, 2,1 the following estimate
23) (Sa.0)(0) = )] < (12222

Using Lemmd 22.i) and formul@ (2.3), we can give an upper bound for the absolute value
of the divided difference of functiorf on three distinct points in terms of the modulus of
smoothness

CTe1 — Tk

1
@4 s e | Ul

We will use this result under the following form.
For f € Cla,b] anda < 251 < zp < k41 < bWwe have

(2.5) [k—1, Zh, Trp; £l
1

Tyl — Tg—1
< wa | f5 —) :
(k= Th1) (Tass — Tk) < 2

Let L, : C[a,b] — C|[a,b] be a positive linear operator of the form:

(2.6) (Ln,f)(z) = ank(x)f(xk), with L,,eg = e, L,e1 = eq,
k=0
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wherep, ; are continuous functions defined @nb|, p,x(z) > 0,V z € [a,b], zx, k =
0,1,...,n are the nodes ah, ande;(x) := 2%, € N.

We denote by’ the set of discretely defined operatdrs : Cla,b] — C|a, ] satisfying
2.9).

Lemma 2.4. The operatord.,, € L, have the following discretely representation:

(2.7) (Lnf)(z) = f(xo) + (x — z0)[x0, 215 f]
+% (Tpa1 — Th—1) [The1, T, Trg1; f1(@ — 2 + L ([t — 21]5 7))
=1
28)  (Luf)@) = Y T e v Lu(u — ts)]uf (22).
k=0

Proof. For everyf : [a,b] — R we have

(Sa, ) (k) = [ k)

and

n

Lo(Sa, ) (@) = (Sa, ) (@) pas(@)

k=0
= f@)pur(z) = (Lof)(@).
k=0
We apply the operatat,, to the identities[(2]1) andl (3.2) and we obtain the results.

3. QUANTITATIVE ESTIMATES ON [a, ]

Making use of Theorern 2.1 and formufa (2.4), we can give estimates for the remainder in
approximating a continuous functiorisyy operatorL,, € La,,.

Theorem 3.1.LetL,, € LA, and f € Cla,b]. Then for every: € (xy, zx41) there holds:
[(Lnf)(z) — f(2)]

< (1 + Lot —2)" — (xp; T ) (Thy1 — 33)) wa(f5 1 Anll),

wherep = min(xy1 — xx) andA,, = max(zg; — %), k=0,1,...,n — 1.
Proof. From Theorem 2]1(i) we have
(Sa, F)(8) = (S, F)(x) = o, 215 fI(t — )+

n—1
# 3 T o s (= ol = e = + (¢ = ).
Applying the operatol.,, on the variable we obtain
(3.1) (Lnf)(@) = (Sa,f)(2)
n—1
=> wmmxk,mm; (Lt = zpl; ) — |2 — 21]).
k=1
Replacing in[(3JL)(¢) = (¢t — z)* we obtain
(3.2) L((t = 2)%2) — Sa, ((t —2)%2) =
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=N IR TR Lt — 2y @) — |2 — xi]) > 0.

3
—

2
k=1
By (2.5) we obtain
| walf3 | Al 1o
(33) |[xk—1’xk"rk+1’ f” < (xk+1 _ xk;)(xk _ xkz—l) < pz 2(f7 HATZH)
By (3.1), (3.2) and (3]3) it result
(3.4) |(Lnf)(@) = (Sa, f)(@)] <
< sl 1) Y T L (= i) = o =) =
k=1

= %wz(f; 1AL (La((t = )% 2) — Sa, ((t — 2)* ).

By (2.5) we have
35) (S8.£)(0) = £ < n (1
By (3.4), [3.5) and Lemmia 2.2 (ii) we obtain
|(Ln f) (@) = f(2)] < |(Lnf)(x) = (Sa, f)@)] +[(Sa, f)(x) = f(z)| <

S (1 + Ln(t - 33) - (pr_ xk)<xk+l - x)) WQ(f; HAn”)

1A
2

) < walF 1AW,

We can observe that during the proof it appears the estimate of the remainder b8tween
andf. This estimate can be improved for functigre C™1a, b].

Theorem 3.2.1f f € CW[a,b] andx € [z}, 7441] then

(S8, - f@)] < E=D =D pgy oy,

Proof. Forx € [z, 441] We have
Tpy1 — T

(S, £)(e) = f(2) = = ()
+%f($k+1) ~ f(x)
= SE ) = S @)+ () = S (@)
= = () (e — 0)['(6)
— ’f("’c_‘“;k_ Dre) - )

with &, € (24, ) andé, € (z, z441), hence, — & < a1 — x. Therefore

(Sanf)(@) — fla)] < T W@ 78 oy,

Tr+1 — Tk
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Corollary 3.3. For f € CV]a, b] the following inequalities hold:

36) (Sa,F)@) — )] < ol ag). = € o)
@7) o1, 22,05 )] < AL 2270

T3 — I

wherea < 77 < 29 < 23 < b.
Theorem 3.4.Let L, € L, and f € CW[a, b]. Then for every € [z, 7141] there holds
[(Lnf)(x) — f(2)]

< (i " Ln((t — m) ;l') _p(j:kJrl - $)<5U — mk)) ||An||w<f,7 ||An||)

Proof. It is obtained by Theorein 3.2, Corollgry B.3 and using the inequality
w2(f7 h) S hCU<f/, h)

4. QUANTITATIVE ESTIMATES FOR EQUIDISTANT NODES ON [0, 1]

The operatorSy, f relative to the interval0, 1] and the nodes of\,, : =, = k/n, k =
0,1,...,n will be denoted in the sequel y,.
The operatorS,, : C[0,1] — C[0, 1] can be written as:
I-[k=1Fk k+1 k
@) sh)) =3 [ E ] £ (2).

n n n
k=0

This operator has the following propertiés$ [3], which can be deduced by L¢mina 2.2.

Corollary 4.1. i) S,, : C[0,1] — C[0, 1] is positive and linear.
i) (Suf)(k/n)=f(k/n), k=0,1,...,n.
i) S,e; =e;, i=0,1.
iv) S, (|t — s 2) = 2{”‘%}(1; tnr})

2.y _ {na}(1—{nz})

STL((t_x) ?x)_ 77/2 )
where{nz} = nx — [nz].

We denote by_,, the set of discretely defined operatdrs : C[0,1] — C/[0, 1] satisfying
(2.6) and the nodes df,, arex;, = k/n, k =0,1,...,n.

For representation of the operatdrs € £, seel[4], [5].

As an application of Theorem 3.1 we can given estimates for the remainder in approximation
of function f € C0, 1] by means of positive linear operatats € £, (see also[2]).

Corollary 4.2. LetL, € £, and f € C[0, 1]. Then for every: € [0, 1] there holds
(Lo f)(x) = f(2)]

- (1 ot =) {na)(1 - W})) o (f, l) |

2 2 n
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Proof. It is obtained by Theorefn 3.1, fer=1/n and

k=1 k k+1
n 'n n’

n? 1
< — = .
~ 2w2<fvn>

For f ¢ CW|0, 1], using Theore4 we can obtain the following results.
Corollary 4.3. LetL, € £, and f € CV[0,1]. Then for every: € [0, 1] there holds

(Luf)(@) — f(@)] < = (é sl x>2;w>) y ( ;. %) |

Proof.

(Luf)(o) — flay] < LD, (f’v %)
+ (nQL”((t —21‘) ) _ {nx}<12— {nx})) il ).

Using inequalityws (f, h) < hw(f’, h) we obtain

[1]

[2]

[3]

[4]

[5]

[6]

[7]

(Lof)(@) — fla)] < I Aned) (f,’ 1)

n n

<n2 Laf(t=Pia) _ {1~ {nx})) } ( . 1)

< % @ +n2L"<<t—2$)2;x)> y (f’,%) |
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