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ABSTRACT. In 1940 (and 1968) S. M. Ulam proposed the well-known Ulam stability problem.

In 1941 D.H. Hyers solved the Hyers-Ulam problem for linear mappings. In 1951 D. G. Bourgin
has been the second author treating the Ulam problem for additive mappings. In 1978 according
to P.M. Gruber this kind of stability problems is of particular interest in probability theory and in
the case of functional equations of different types. In 1982-2004 we established the Hyers-Ulam
stability for the Ulam problem for different mappings. In 1992-2000 J.M. Rassias investigated
the Ulam stability for Euler-Lagrange mappings. In this article we solve the Ulam problem
for Euler-Lagrange type quadratic functional equations. These stability results can be applied
in mathematical statistics, stochastic analysis, algebra, geometry, as well as in psychology and
sociology.
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1. INTRODUCTION
In 1940 (and 1968) S. M. Ulam [28] propost Ulam stability problem

“When is it true that by slightly changing the hypotheses of a theorem one
can still assert that the thesis of the theorem remains true or approximately true ?”

In particular he statethe stability question
“Let G; be a group and &a metric group with the metrid(-, -) Given a constant > 0, does
there exist a constant> 0 such that if a mapping : G; — G, satisfies
p(f(zy), f(z) f(y) < cforall z,y € Gy, then a unigue homomorphisin: G; — G exists
with p (f (z),h(z)) < dforallz € G17”

In 1941 D.H. Hyers/[13] solved this problem for linear mappings. In 1951, D.G. Bourgin [3]
was the second author to treat the Ulam problem for additive mappings. In 1978, according to
P.M. Gruber[[12], this kind of stability problems is of particular interest in probability theory
and in the case of functional equations of different types. In 1980 and in 1987, |. Fenyo6 [7],
[8] established the stability of the Ulam problem for quadratic and other mappings. In 1987
Z. Gajda and R. Ger [10] showed that one can get analogous stability results for subadditive
multifunctions. Other interesting stability results have been achieved also by the following
authors: J. Aczél ]1], C. Borelli and G.L. Fortil[2],][9], P.W. Cholewa [4], St. Czenwik [5],
and H. Drljevic [6], and Pl. Kannappan [15]. In 1982-2004, J.M. Rassids [16, 17, 18,119, 20,
21,122) 23| 24, 25, 26, 27] solved the above Ulam problem for different mappings. In 1999, P.
Gavrug [11] answered a question of J.M. Rassias [18] concerning the stability of the Cauchy
equation. In 1998, S.-M. Jung [14] and in 2002-2003 we [25, 26] investigated the Hyers-Ulam
stability for additive and quadratic mappings on restricted domains. In 1992-2000 the second
author ([19] 211, 22, 23, 24]) investigated the Ulam stability for Euler-Lagrange mappings.

In this article we solve the Ulam stability problem for Euler-Lagrange type quadratic func-
tional equations.

Throughout this paper, lef be a real normed space a¥ice a real Banach space in the case
of functional inequalities, as well as l&t andY” be real linear spaces for functional equations.

Let us introduce the Euler-Lagrange type quadratic functional equation

(11) Q (mlalxl + mgagl’g) + mlsz (CLQ.Tl — CL1£L’2>
= (maa] +maa3) [miQ (21) + maQ (22)]

with mappings : X — Y, for all z1, 2z, € X, and any fixed paifa, as) of realsa; # 0 and
any fixed pair(m;, my) of positive realsn; (i = 1,2) : 0 < m = 212 (1,43 + myad) # 1.

mimeo+1

Definition 1.1. A mapping@ : X — Y is calledEuler-Lagrange type quadratidf the above-
mentioned functional equatiohn (1.1) holds for every, z,, ..., x,) € X? with an arbitrary but
fixedp = 2,3,4,...

In this paper, we establish an approximation of approximately Euler-Lagrange type quadratic
mappingsf : X — Y by Euler-Lagrange type quadratic mappirigs X — Y/, such that the
corresponding functional inequality

(1.2) | f (mya121 + maasxs) + mama f (asxy — ai22)

— (mlaf + mgag) [my f (1) + maf (22)] ||
< c

holds with a constant > 0 (independent of, x5, € X).
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It is useful for the following, to observe that, frofn (IL.1) with = 25 = 0, and0 < m # 1,
we get(myms + 1) |1 —m|Q (0) =0, or

(1.3) Q(0) = 0.
Similarly, from (1.2), one find$m,ms + 1) |1 — m| || f (0)]| < ¢, or
ﬁ, if m>1
w4 fOl< - =
(mams + DL =m| mimz + 1| it < < 1.

Let us denote
ma(zhe) a5 )

_ — Jifm > 1
(1.5) Q () =mg
m [m@Q (o) +mo@ (L0)] it 0 <m <1,
andb; = (i = 1,2) andm, = 2512 as well as

Q(miaiz)+mimaQ(azz)
101 m12 22) if i > 1

16 Q)=
MO [Q (mabyx) + myma@ (bex)], i 0 < m < 1,

forall z € X.

Definition 1.2. Let X andY be real linear spaces and > 1. Then the following equation

(1.7) F*(Q) = Q (mjarx) + mymaQ (asx) — mgml {le (%x) + mo@ <2x)} =0,

0 mo
is calledfundamental functional equation of first typehis (1.7) is equivalent to
Fa = _
1.8) (@ 5 QG -G =0m > 1.

Mot

Note that if X andY are real normed linear spaces and> 1, then
(1.9) [E* (F)] < e,
with a constant; > 0 (independent of;, z, € X). This inequality[(1.P) is equivalent to

@10 (M) =) —

momm

17 (0= [T @) -F @) < ——m>1

mommm

Definition 1.3. Let X andY be real linear spaces, = * (: = 1,2) and0 < m < 1. Then

(1.11) F’ (Q) =Q (mﬂ?ﬂ) +mymyQ (bﬂ) - m?)m1 {le (:Tliﬁ) + mao @) (b—2$>} =0

0
is calledfundamental functional equation of second typhis (1.11) is equivalent to

(1.12) (M (Q) =) F'(Q =Q(x)—Q(z)=0,0<m< 1.

m

momy
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Note that if X andY are real normed linear spaces and m < 1, then
(1.13) [F* (] < e,
with a constant, > 0 (independent of;, z, € X). This inequality [(1.13) is equivalent to

m

|F* ()] = H?(ﬂf) —7($)H < " L 0<m<l.

Moy

@ () =)

Now, claim that fom € Ny = N J{0} = {0,1,2, ...}

(1.15)

m=2"Q (m"z), if m > 1
|

m*Q (m™"x),if0<m<1

holds for allz € X.
Let us consider firghe casen > 1. Forn = 0, itis trivial. From (1.3),[(1.5) and (1}1), with
x; = tx (i = 1,2), we obtain

Q (mz) = mmyg {TmQ (ﬂx) + moQ) (235)} )
mo mo
or

(1.16) Q (z) =m™2Q (mx).
Besides from[(1]3)[ (1]6) and (1.1), with = z, z» = 0, one gets

Q (miayz) + mimaQ (agr) = mmym,Q (),

or
(1.17) Q) =Q(x).
Therefore from[(1)8)[ (1.16) anfd (1]17) we have
(1.18) Q () =m™*Q (mx),

which is [1.15) forn = 1, andm > 1. Assume[(1.15)n > 1, is true and from[(1.18), with
m™x on place ofr, we get :

(1.19) Q (m"“a:) = m?*Q (m"z) = m? (m")2 Q(z) = (m"“)2 Q (z).
This formula [(1.1P), by induction, proves formula (1.15) for> 1.

Let us consider nowthe casé) < m < 1. Similarly from (1.3), (1.5) and (1}1), with; =
it (1= 1,2), we obtain

= (55 +m (2]

0 mom

or
(1.20) Q(z) =Q(z).
Besides from[(1]3)[ (1}6) and (1.1), with = =, x, = 0, one gets

T

0(52) minia (%) = (2.

or

(1.21) 5(9&) =m?Q (m'z).
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Therefore from[(1.712)[(1.20) and (1]21) we have

(1.22) Q () =m*Q (m™'x),

which is [1.15) forn = 1, and0 < m < 1.
Assume[(1.15)) < m < 1, is true and from[(1.32), witln~"z on place ofr, we get :

(1.23) Q (m ") =m™2Q (m™"z) = m™? (77”f")2 Q(z) = (m’(”+1))2 Q (z).
This formula [[1.2B), by induction, proves formula (1.15) flor m < 1.

2. ULAM STABILITY FOR EULER-LAGRANGE TYPE QUADRATIC FUNCTIONAL
EQUATIONS

Theorem 2.1. Let X andY be real normed linear spaces. Assume thais complete. Take
0 <m = ;U2 (myaf +maa3) # 1 for any fixed non-zero reals; and positive realsn;

(¢ = 1,2). Assume in addition that mappings: X — Y and f : X — Y satisfy the Euler-
Lagrange type functional equation (IL.1) and inequality](1.2), respectively, and conditions

(2.1) Q(x) =Q(2),
and

_ B 1 %61, if m>1
(2.2) [F@-F@| <

meo, if0<m <1,

with constantg, ¢, > 0 (independent of, z, € X), and a positive constant, = %
Define

m=2"f (m"zx),if m > 1

(2.3) () =

m* f (m™"x),if 0 <m <1,
forall x € X andn € Ny = {0, 1,2, ...}. Then the limit
(2.4) Q(w) = lim f,(x)

exists for allr € X and@ : X — Y is the unique Euler-Lagrange type quadratic mapping,
such that

25) [If (z) = Q)]

{(m + momy) (mymg + 1) |m — 1| + mgma|m? — m?|} ¢ + m (mymy + 1) |m — 1|e

<
N momy (mymy + 1) (m — 1) (m + 1)
=9
holds for allz € X, with non-negative constantsand
e, ifm>1
(2.6) €= independent of € X.

gg, IFO<m< 1
Proof. Now claim forn € N, that inequality

6 (1—m™2),ifm>1

(2.7) 1f (2) = fo (@)]] <

G (1=m?),if0<m <1,
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holds for allx € X, whered; = form > 1 andd, = for0 < m < 1:

5. = {(m + memy) (mymg + 1) (m — 1) + mgma|m? — m?|} ¢ +m (mymy + 1) (m — 1) &4
! momq (m1m2 + 1) ( — 1) ( + 1)
(2.8)

5y = {(m + memy) (mymsy + 1) (1 — m) + mema|m? — m?[} ¢ +m (myms + 1) (1 — m) ey

momy (mimsg + 1) (1 —m)” (m + 1)

are two non-negative constants independem ef X. Forn = 0, itis trivial.
Assumem > 1. From [1.2), withe; = ;2x, (i = 1,2), we obtain

| 0m2) + i 0) = mmg {mlﬂj,b—;x) (o) | <e
or

(2.9) |7 @) = m2(ma) -

] <

wheref (z) = ™ [mlf(%x) +m2f(1?1—20x)]. Besides, from2), with; = z, 20 = 0, we

m

get|| f(mia1x) +myms f(asx) — mmg [my f(x) +my f(0)]|| <c, or

= Mo C

(2.10) Hf T+ 250 <

~ momim’

my

where¥ (z) = i [f (maawx) + muma f (agz)]. Therefore from.4).2). 9 , (2/10)

and triangle inequality we have

my (m? —m?)

|70 = m2p o) 4 2 )
< r@-T@+ 20|+ |[Fw - T+ [Fw - n o) - 521 0
< ¢, & % _ (m+m0m1)02+ m517
o 0771 0lre1 0771
(2.11) | f (z) = m™2f (mz)|| < 6, (1 —m7?).

Assume) < m < 1. Similarly, from l) withz; =
obtain | £(x) + myma f(0) — mmo [1m f(2ex) + myf(22)| | < e, or

(2.12) £ (@) = F (@) + mimaf(0)]| < e,
wheref (z) = mom [mlf(%x) —i—me(?fl—?Ox)} . Besides, from2) withe; = =, 25 = 0,
we get|| f(mibix) + mima f (bax) — mmg [my f(Z£) + my f(0)]|| < ¢, or

mo m

(2.13) H? (z) —m*f (m™ ') — —m2f(O)H < ¢,

my moma
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where? (x) = o= [f (mabix) + mima f (box)] . Therefore from),2) (2.12), (2113)

and triangle inequality we have

my (m? —m?)

F @)= m?f (m7) + ro)

< 7@ =T o) mumad O +[70) = T @) + [ o) = 2y () = 2202y o)
< (m+m0m1)c+m52’
mommq
or
(2.14) ||f (x) —m2f (m_lm) || < 09 (1 — mQ) )

Assumem > 1. From (2.11), withm'z (i = 1,2,...,n), on place ofr, and the triangle
inequality, we havewithout induction

I @) = fu (@ = [ (&) = m ()
< 15 @) -2 ()| + m? | ) — i ()|
+ .4+ m Y |f (m"'z) = m™2 f (m")]|
< G (l+m2+ .+ m’2("’1)) (1-m™?) =6 (1-m™>").

Similarly if we assumé® < m < 1, we have from@4) that

1f (2) = fu @) = [|f () = m*> f (m™"2) ]
< G (T+m?+ . +mP D) (1—m?) =6, (1 —m™).
Therefore we prove inequality (2.7).
Claim now that the sequendd,,(z)} converges.To do this it suffices to prove that it is a

Cauchy sequence. Inequality (2.7) is involved.
In fact, if m > 1 andi > j > 0, andh; = m’z, we have

/() = f3 (@)
= mm0 S (m ) = f ()|
< Gym Y (1— D)

= 0 (m_Qj — m_Qi)
—2j

— 0.
j—00

< 51m

Similarly, if 0 < m < 1, andhy = m~7z, we have :

| fi(@) = (@)l = m® [[m* D f(m= D ha) = f(ha)| < 63m™ — 0.
Thus we cardefinea mapping? : X — Y, by (2.4).
Claim that from [(1.R) and (2}4) we can ggt (1.1), or equivalently that the afore-mentioned
well-defined mapping) : X — Y is Euler-Lagrange type quadratidn fact, it is clear from
the functional inequality (1}2) and the limjt (2.4) with > 1 that

m”2|| f (myiaym"z; + moagm™xs) + mimaf (agm™x; — aym™zy)

— (mia] +moad) [my f (M 21) + maof (M 22)] || < m™>",
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or
| fo(miaizy + moagas) + mims fr(asxr — ai2)
— (maa} +mya3) [my fu(ar) + my fo(22)] |
< m e — 0,
or

|Q(mia1z1 + maasry) +mimaQ(agr — a172) — (mla% + mﬂ%) [my Q(z1) + myQ (2]
=0

or the mapping) satisfies[(L[1) ifn > 1. Similarly, from [1.2) and(2]4) we get thé satisfies
(L1.1) if 0 < m < 1. ThereforeQ satisfies[(1]1) il < m # 1, completing the proof tha® is
Euler-Lagrange type quadratic mappimng X .

It is now clear from inequality[ (2]7) with. — oo, as well as formulg (2}4) that the required
inequality @) holds inX. This completeshe existence proobf the above-mentioned Theo-
rem[2.1.

We claim that() is unique. Let ' : X — Y be another Euler-Lagrange type quadratic
mapping satisfying2.5). Then@Q' = Q.

In fact, assumen > 1. Remember botl) and’ satisfy (1.15). Then for every € X and
n e No,

1Q(x) — Q" ()]
m= " {[|Q(m"x) — f(m"z)[| + Q" (m"z) — f (m")|}

20m =" — 0,

n—oo

IA A

or Q(z) = Q'(x). Similarly we establish uniqueness result ik m < 1. This completes
the proof ofthe uniquenesandthe Ulam stabilityfor Euler-Lagrange type quadratic functional
equations of the fornj (1.1

Corollary 2.2. Let X andY be real normed linear spaces. Assume tHa complete. Take
m; =my=1:0<m=a}+ a3 +#1andm, = 1 for any fixed non-zero reals, (i = 1,2).
Define functionsf,, = f.(z) as in (2.3). Then the limit i (24) exists for all € X and
Q@ : X — Y is the unigue Euler-Lagrange type quadratic mapping such that

3 1
(2.15) If @) - Q@ < §r—ge(=9)

for all x € X with constant: > 0 (independent of € X).

Note that in this case therem® constante in the right-hand side 05) becaUJzé(az) =
f (x). Besides’ given by ) is sharper than the corresponding one in'[21, 22] which is of

the form
1 3m?2—1,ifm>1
5= - c
2(m—1)*(m+1) 3—m2if0<m<1
1 3m?2—3,ifm>1
C
> 3 2
2m—=1)"(m+1) | 3_3m2,if0<m<1
31
= 2m—1”
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If a; = a; = 1, thenm = 2 and from (2.15) we havé = 2. We note that in this case
a sharper constantd = § may be found, if new substitutian, = z, = x is applied in @),

because (z) = f (z) = f (z) [21,122].
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