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2 A. S. CUNANAN

1. INTRODUCTION

The topic of integrating vector-valued functions remains a focus of ongoing research in func-
tional analysis, particularly when the target space is the Banach g§facé, which encom-
passes continuous real-valued functions defined on a compact interval. Functions that take
values inC|a, b] frequently emerge in various applications, such as the analysis of evolution
equations, integral equations, and functional differential equations. However, conventional in-
tegration methods like the Riemann or Lebesgue integrals may not be adequate for addressing
these functions, particularly in cases involving non-absolutely integrable or rapidly oscillating
functions.

The Henstock-Kurzweil integral, also known as the generalized Riemann or gauge integral,
offers a flexible and robust alternative. Unlike the Lebesgue integral, the Henstock-Kurzweil
integral can integrate every derivative and allows for finer convergence theorems, such as the
Dominated Convergence Theorem in broader contexts. Its ability to extend integration to func-
tions with problematic behavior makes it a powerful tool for analyZifig, b]-valued mappings.

In parallel, the concept of Harnack extension plays a fundamental role in the theory of har-
monic and subharmonic functions. Originating in potential theory, Harnack extensions provide
a method to extend functions beyond their original domains while preserving harmonicity or
related regularity properties. In the setting of vector-valued functions, particularly those valued
in function spaces lik&'[a, b], Harnack-type principles offer pathways to extend solutions to
partial differential equations or variational problems in a controlled and analytically tractable
manner.

This article aims to investigate analytic structure by Harnack extension for Henstock-Kurzweil
integral ofC'[a, b]-valued functions.

2. Cla,b]-VALUED FUNCTIONS
Throughout, we consider the spatie, b] of all continuous real-valued functions defined on
la, b]. For more details of the spaCéu, b|, seel[2] or[[5].

Let [f, g] be a closed interval of[a,b]. A partition of [f, g] is any finite set{hq, hq, ...
,hn} C [f, g] such that
ho = f, hy = gandh;_, < h;

foralli =1,2,...,n.
Denote the set of all real-valued continuous function$aoh| by Cla, b]; that is,

Cla,b] = {f|f : [a,b] — R is continuous ofja, b]}.
We denote the zero function &a, b] by 0. If f, g € Cla,b] we define
f<ge fx) <g(e), f<ge f(z) <g(x), andf =g & f(z) = g(z)
for everyz € [a,b]. AlsoCla, b] is a Banach space, see [4], with norm defined by

|f] = nax | f(@)].

Definition 2.1. [5] Let f, g € C[a, b] with f < g. We define the following:

e (f,g) ={h €Cla,b]: f <h < g},is called aropen interval;
e [f,9] ={h €Cla,b]: f <h<g},is called aclosed interval;
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o [f,g) ={h € Cla,b] : f < h < g}, is calledhalf — closed half — open interval;
and
e (f,g]={h €Cla,b]: f <h < g},is calledhalf — open half — closed interval.

. h
Forh, k € Cla, b, we deflneE, hV k, h Ak and|h| as follows :

— @ €T a X
= forallz € [a,b], k(x) # 0,

()
(hVEk)(x) = sup{h(z),k(x)}, forallzx € [a,bl.

)(x) = inf{h(z),k(x)}, forallz € [a,bd].

(z) = |h(z)|, forallz € [a,b].
Definition 2.2. [2] A subsetS C Cla, V] is said to bébounded if there existsK” > 0 such that
forallh € S,

|h| < K -e.

Definition 2.3. [2] A sequence{ f,,} of elements of’[a, b] is said to beconvergent to f €

Cla, b] if for every e > 0 there is a positive integek” such that for every, > K, the termsf,,
satisfy

‘fn - f| <e€-e.
A sequencs f,,} which converges tg in Cla, b], will be written
fo= [ n — oo.

Definition 2.4. [2] A subsetS C Cla, b] is said to beclosed if for all h € S, there exists a
sequencéh,, } in S such thath,, — h.

3. HENSTOCK-KURZWEIL INTEGRAL

Definition 3.1. [5] A function F' : [f, g] — Cla, b] is said to be Henstock-Kurzweil integrable,
briefly H/C-integrable, onif, ¢] if there iss € C|a, b] with the following property:

for everye > 0 there is a gaugé on [f, g] such that ifD = {([h;_1, hi],ti) : i = 1,2,...n}is
anyo-fine tagged division off, g|, then

|IS(F,D) —s| <e-e.

The element € C[a, b] is called the Henstock-Kurweil integral, briefly/C-integral, of F over
[f, g] and is written by

g g
s = (HK) / F(h) dh = (HK) / F
f f
Definition 3.2. Let F' : [f, g] — C|a, b] be a function such that the product 1 is Henstock-

Kurzweil integrable onf, g| whereX C [f, g]. A primitive of F'- 1y is a functionG : [f, g] —
C[a, b] such that for every, € [f, g],

G(h) = (HK) /f " (P 1x)(s) ds
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4. HARNACK EXTENSION

Let F': [f, g] — Cla, b] be Henstock-Kurzweil integrable dt, g. then(HK) ffg F can be
evualted as limit; that is,

lim (HK) /h " _ tnK) /f " F

h—ft

g
Conversely, iff' is Henstock-Kurzweil integrable dih, g| forall f < h < gand hm (HIC)/ F

exists, thery is Henstock-Kurzweil integrable dif, g]. This is known as the Cauchy extension
for Henstock-Kurzweil Integral.

Definition 4.1. Letd(h) : [f, g] — Cla, b] with 5(h) > 6 be a function and( be a closed subset
of [f, g]. Afinite collection of interval-point pai€) = {([u, v],t)} is a Henstock-fine cover of
X if each([u, v], t) is a Henstock-fine with¢ € X and

X C U u, v
[u,v]€Q
To formulate the Harnack extension, we need the notion of “nonabsolute” set.

Definition 4.2. A setE C Cla, b] is said to be an elementary setfifis an interval or a finite
union of mutually non-overlapping intervals.

Definition 4.3. Let G be an open interval ifif, g]. An elementary sek is called a Henstock
nonabsolute subset ¢f if there existsi(¢) > 6 on [f, g] such thatE is the complement of a
Henstock)-fine cover of(f, g] \ G; that is, there exist§(t) > 6 on|f, g] and a HenstocK-fine
cover@ = {([u,v],t)} of [f, g] \ G such that

E = ( U [u,v]) :
[uv]eQ

We also say thak’ is a Henstock nonabsolute sub&ginvolving .

We note thatF" : [f, g] — Cla, b] is Henstock-Kurzweil integrable ol C [f, ¢] if the function
F' - 1x is Henstock-Kurzweil integrable dif, g] and

g
(HIC)/ P (HIC)/ (F-1y).
X f
Definition 4.4. Let F;, be Henstock-Kurzweil integrable dif, ¢] for all n € N. We say that

the sequencér,,) is equi-integrable off, ¢| if for everye > 0 there exists @(h) > 6 on|[f, g|
such that for alb-fine divisionD of [f, ¢], we have

‘ ZF hi — hica] — (HIC)/ng

5. MAIN RESULTS

< €e-e.

Proposition 5.1. Let F' : [f, g] — Cla, b] and subsets|, S, € [f, g] be given. Then, whenever
three of the integrals

(HK) /S1 F, (HK) /52 F, (HK) /slus2 F, (HK) /81052 F
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exist, then

(HK) /S F + (HK) /S F = (HK) /slus2 F + (HK) /Sm F

Proof: From the identityxq 5, = X5, + X5, — Xsins, the Henstock-Kurzweil integral of
F - xg,us, IS given by

g g g
(HK)/f Fxsus, = (H’C)/f Fxs, +(H/C)/f F-xs,

g
- (H’C)/f F ' XSﬂTSQ

(HIC)/SlUSQ P (HIC)/Sl F+(HIC)/S2 F_(HIC)/W2 P
(HK) /S P () /S P=(K) /5 o (HE) /5 r

In the case whers; N S, = 0,

(HK) / F = (HK) / F + (HK) / F
S1US5 S1 So
Theorem 5.2.Let F' : [f, g] — C[a, b], X be a closed subset of, g] and

=L\ X =] E

€N
where E; are mutually disjoint elementary sets [if g]. Furthermore, puts, = ., E;

for n € N and assume that the integl(a’(lC)/ F exists and the sequengé'y s } is equi-
X

integrable orif, g]. Then the integraléHlC)/ F, (HIC)/ F, and(HlC)/ F exist for all
s [f.9]

(HK) /{m F = (HK) /X F + (HK) /S F

(HIC)/S F:Zf;(wq /E P

Proof: SinceE!s are elementary sets,, is an elementary set iff, g| foreveryn ¢ N, E; C S,
fori = 1,2,--- ,n are mutually disjoint and the integrafg_ Ffori=1,2,...,nexist. By
induction of Propositiofd. 1]

(HIC)/n F:(HIC)/U?_IEi F
:(HIC)/E1 F+(HIC)/EQ F+---+(Hl€)/n F

:g(mc)/& F

1 € N. Moreover,

where
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Furthermore, as gets large
(F : Xsn)(t) = nlim (F : Xsn)(t) forallt € [f, g],

— 00

we obtain

<HK>[9F:<HK>/JCQF-XSH

g
= (HIC)/ lim F-xg,
f n—oo

n—oo

g
= lim (HIC)/ F-xg,
f

= lim (HIC)/n F

n—oo

= lim (HK) / F
e Uiz B

zimm/ﬁ P

|
Theorem 5.3.Let ' : [f, g] — Cla, b] and X be a closed subset pf, g]. Suppose the following
conditions are satisfied:

(1) F is Henstock-Kurzwell integrable of,

(2) F'is Henstock-Kurzweil integrable on every elementary subset [f, g] \ X, and

(3) there exists! such that for every > 0 there existg,(h) > 6 such that for any Henstock
nonabsolute subsét of [f, g] \ X involving dy(h), we have

‘(HIC)/EF—A‘<6-6.

ThenF is Henstock-Kurzweil integrable dif, g] and
g
(HIC)/ P (HIC)/ FA
f X

Proof Lete > 0 and

L:(HIC)/X F:(HIC)/fg(F-IX).

Then there exist§,(¢) > 6 such that for any Henstocl-fine divisionD = {[h;_1, h;], t;} of
[f,g], we have

(5.1) (D) Z(F “1x)(t)[hi — hi—a] — L

=1

n
‘ < €-e.

Since(f,g) \ X is open, choose a countable collection of pairwise disjoint open intervals
{(pi,q:) - i=1,2,...} such that

(f,9\ X = U (pis ¢i)-

=1

AJMAA Vol. 23(2026), No. 1, Art. 9, 10 pp. AIMAA


https://ajmaa.org

HARNACK EXTENSION OF Cp, B]-VALUED FUNCTIONS 7

Let I, = (pi,q:).- By condition(2), F' is Henstock-Kurzweil integrable on ea¢h Thus, for
eachi, there exist9;(t) > 6 on [f, g] such that wheneveb = {|h;_1, h;],;} is a Henstock
d;-fine partial division of f, g], we have

wher F; is the primitive of £ - 1,, on[f, g]. DefineF (h) = F;(h) if h € 1.

Note that ift € (f, g) \ X, then there existse N such that € /;. Defineé(t) > 6 on[f,g] b

d(t) = min{do(t), d;(t)}.

Since eacll; is open, we may assume that- 6(¢),t + d(t)) C I; whenevet € I; for some;.
Let D = {([hi—1, hi], t;)} be a HenstocK-fine division of[f, g] and

U= U (i1, hal.

([hi—hhi],ti)ED
tiéX

Thenl/ is a Henstock nonabsolute subset fifg) \ X involving §,. Hence, by (3)

(5.2) ‘(D)Z}“(hi_l,hi)—fl‘ = ’(HIC)/MF—A‘ <e-e

t¢X

Note that ift ¢ X, then

hir b © (¢ = 8(), ¢+ 8(0) € 1, C (f9)\ X

Then!/ is the union of some Henstodk-fine division of ;. Hence, we have

> €
(5.3) %}F Vhs — hi_y] — }"(hi_l,hi)‘<;§.e:e.e.
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8 A. S. CUNANAN

Thus, by(5.1), (5.3), and(5.2)), we have

' ZF h; — h (L+A)‘
=|@)5 F -t - 05 - - L4
< (D)tEZX F(#)[h; — hii] ‘ ‘ ;X F(t)[h; — hia] — A'
S CONCRRTTEEE L'
+ ‘(D)t% F()[h; — ; F(t)(hi1, h (D)% F(t)(hi-, hs) —A'
< 'w)z (F - 1) 0 s — hi] — L\ +1D)SS B = hii] = (D)S" F () (R 1, hi)

tex t¢ X t¢ X

o o

t¢X
<€e-ed+e-ete-e

=3¢e-e.

This implies thatF' is Henstock integrable tb + A on[f, g, that is,
g
(HIC)/ FeL+A= (HIC)/ FiA
! X

Theorem 5.4.Let I : [f,g] — Cla,b], X be a closed subset ¢f, g], and suppose that is
Henstock-Kurzweil integrable on every elementary subdsef (f, g) \ X. Then the following
are equivalent:

(1) there existsi such that for every > 0 there exist$,(¢) > 6 such that for any Henstock
nonabsolute subsét of (f, ¢g) \ X involving éy, we have

< €-e.

‘(HIC)[E Foa

(2) for everye > 0, there exist$(¢) > 6 for any two Henstock nonabsolute subsEtand
E'of (f,¢) \ X involving ¢, we have

‘(HIC)/E F—(HIC)/, F

Proof: (i) = (ii): By (i), there existsA such that for every > 0 there exist9,(¢) > 0
such that for any Henstock nonabsolute subgets (f, g) \ X involviing 6o, we have

< €e-e.

’(HIC)/ F—A’<E~e.
B 2
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Thus, for any two Henstock nonabsolute subdgeend £’ of (f, g) \ X involving é,, we have

(HIC)/E F—(HIC)/E/ F (HIC)/E F—A+A—(HIC)/E, F‘

<

(HIC)/E f—A'Jr‘(HIC)[E/ F—A'

€ +€
_.e —_—
2 2
€-e.

<
Hence,(iz) holds.

(i) = (i): For eachn € N, there exists),(t) > 6 such that for any two Henstock
nonabsolute subsetsand £’ of (f, g) \ X involving §,,, we have

‘(HIC)[E F—(HIC)/E/ F

We may assume thdb,, } > ; is decreasing. Now, for eache N, fix a Henstock nonabsolute
subsett, of (f, g)\ X involving §,, and consider the sequenf€-K) |, F}Z":1 of real-valued
functions.

1
< —-e
n

Lete > 0. We claim that the sequen¢éHK) |, F}:’:1 is Cauchy. By Archimedian property,
there existsV € N such that% < €. Letn,m > N. Then bothE, andFE,, are Henstock
nonabsolute subsets Of, g) \ X involving ¢,,. Hence,

‘(HIC)/H F—(HIC)/m F
This shows tha{(HIC) Iz, F}Oo

n=

1
< —-e<e-e
N€ €-€

is a Cauchy sequenceda, b]. Let
1

n—oo

A = lim (H/C)/ F.
Then there existd/ € N such that for alh € M, we have

(HIC)[E FoA

By (i), there exist$(¢) > 6 such that for any two Henstock nonabsolute subgetsd £’ of
(f,9) \ X involving §, we have

(HIC)[EF—(HIC)/, F‘<§-e.

Taking do(t) = min{d(t),d(t)} and E be any Henstock nonabsolute subset ffg) \ X
involving dy. Thus,

'(HIC)/EF—A’—‘(HIC)/EF—(HK)/ F+(HIC)/ F—A‘

m m

(HIC)/E F—(HIC)/m F’Jr‘(HIC)/m F—A‘

<€
— . e.
2

<

€
e+

< — .
26

€
2
€-e.
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Therefore (i) holds. [

Corollary 5.5. Let F' : [f,g] — Cla,b] and X be a closed interval inf, g|. Suppose the
following conditions are satisfied:
(1) F is Henstock-Kurzweil integrable oi,
(2) F is Henstock-Kurzweil integrable on every elementary subset (f, ¢) \ X, and
(3) for everye > 0, theexistsi(¢) > # such that for any two Henstock nonabsolute subsets
EandFE’ of (f,g) \ X involving §, we have

(HIC)/E F—(HIC)/, F

ThenF is Henstock-Kurzweil integrable df, g].

<e€e-e.

6. CONCLUSION

The Harnack extension of the Henstock-Kurzweil integral e, b]-valued functions suc-
cessfully generalizes the integrability framework to functions defined on subsgtsybfvith
values in a Banach space. The central result establishes #at|jf, g — C|a, b] is Henstock-
Kurzweil integrable on a closed subsgt C [f, g], integrable on every elementary subset of
[f,g] \ X and satisfies a Harnack-type control condition with respect to an additive correction
term A, then F' is Henstock-Kurzweil integrable on the whole interYAlg|, and the integral
decomposes as

(HlC)/fg F:(HIC)/X F+ A

Moreover, this formulation is supported by an equivalence criterion: the existence of a limiting
value A of the Henstock-Kurzweil integral over arbitrarily fine nonabsolute subséts of \ X

is equivalent to the Cauchy-type condition that integrals over such subsets converge uniformly in
difference. This characterization not only generalizes the scalar-valued Harnack extension but
also provides a robust convergence structure for function-valued Henstock-Kurzweil integrals.
As such, it deepens the theoretical foundation for integrating in Banach spaces and paves the
way for further development in vector integration theory.
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