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2 A. S. CUNANAN

1. I NTRODUCTION

The topic of integrating vector-valued functions remains a focus of ongoing research in func-
tional analysis, particularly when the target space is the Banach spaceC[a, b], which encom-
passes continuous real-valued functions defined on a compact interval. Functions that take
values inC[a, b] frequently emerge in various applications, such as the analysis of evolution
equations, integral equations, and functional differential equations. However, conventional in-
tegration methods like the Riemann or Lebesgue integrals may not be adequate for addressing
these functions, particularly in cases involving non-absolutely integrable or rapidly oscillating
functions.

The Henstock-Kurzweil integral, also known as the generalized Riemann or gauge integral,
offers a flexible and robust alternative. Unlike the Lebesgue integral, the Henstock-Kurzweil
integral can integrate every derivative and allows for finer convergence theorems, such as the
Dominated Convergence Theorem in broader contexts. Its ability to extend integration to func-
tions with problematic behavior makes it a powerful tool for analyzingC[a, b]-valued mappings.

In parallel, the concept of Harnack extension plays a fundamental role in the theory of har-
monic and subharmonic functions. Originating in potential theory, Harnack extensions provide
a method to extend functions beyond their original domains while preserving harmonicity or
related regularity properties. In the setting of vector-valued functions, particularly those valued
in function spaces likeC[a, b], Harnack-type principles offer pathways to extend solutions to
partial differential equations or variational problems in a controlled and analytically tractable
manner.

This article aims to investigate analytic structure by Harnack extension for Henstock-Kurzweil
integral ofC[a, b]-valued functions.

2. C[a, b]-VALUED FUNCTIONS

Throughout, we consider the spaceC[a, b] of all continuous real-valued functions defined on
[a, b]. For more details of the spaceC[a, b], see [2] or [5].

Let [f, g] be a closed interval ofC[a, b]. A partition of [f, g] is any finite set{h0, h1, . . .
, hn} ⊂ [f, g] such that

h0 = f, hn = g andhi−1 < hi

for all i = 1, 2, . . . , n.
Denote the set of all real-valued continuous functions on[a, b] by C[a, b]; that is,

C[a, b] = {f |f : [a, b] → R is continuous on[a, b]}.

We denote the zero function inC[a, b] by θ. If f, g ∈ C[a, b] we define

f ≤ g ⇔ f(x) ≤ g(x), f < g ⇔ f(x) < g(x), andf = g ⇔ f(x) = g(x)

for everyx ∈ [a, b]. Also C[a, b] is a Banach space, see [4], with norm defined by

|f | = max
x∈[a,b]

|f(x)|.

Definition 2.1. [5] Let f, g ∈ C[a, b] with f ≤ g. We define the following:

• (f, g) = {h ∈ C[a, b] : f < h < g}, is called anopen interval;
• [f, g] = {h ∈ C[a, b] : f ≤ h ≤ g}, is called aclosed interval;
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• [f, g) = {h ∈ C[a, b] : f ≤ h < g}, is calledhalf − closedhalf − open interval;
and

• (f, g] = {h ∈ C[a, b] : f < h ≤ g}, is calledhalf − openhalf − closed interval.

Forh, k ∈ C[a, b], we define
h

k
, h ∨ k, h ∧ k and|h| as follows :(

h

k

)
(x) =

h(x)

k(x)
, for all x ∈ [a, b], k(x) 6= 0,

(h ∨ k)(x) = sup {h(x), k(x)}, for all x ∈ [a, b].

(h ∧ k)(x) = inf {h(x), k(x)}, for all x ∈ [a, b].

|h|(x) = |h(x)|, for all x ∈ [a, b].

Definition 2.2. [2] A subsetS ⊂ C[a, b] is said to bebounded if there existsK > 0 such that
for all h ∈ S,

|h| ≤ K · e.

Definition 2.3. [2] A sequence{fn} of elements ofC[a, b] is said to beconvergent to f ∈
C[a, b] if for every ε > 0 there is a positive integerK such that for everyn ≥ K, the termsfn

satisfy

|fn − f | < ε · e.

A sequence{fn} which converges tof in C[a, b], will be written

fn → f n →∞.

Definition 2.4. [2] A subsetS ⊂ C[a, b] is said to beclosed if for all h ∈ S, there exists a
sequence{hn} in S such thathn → h.

3. HENSTOCK-K URZWEIL I NTEGRAL

Definition 3.1. [5] A function F : [f, g] → C[a, b] is said to be Henstock-Kurzweil integrable,
brieflyHK-integrable, on[f, g] if there iss ∈ C[a, b] with the following property:
for everyε > 0 there is a gaugeδ on [f, g] such that ifD = {([hi−1, hi], ti) : i = 1, 2, . . . n} is
anyδ-fine tagged division of[f, g], then

|S(F, D)− s| < ε · e.

The elements ∈ C[a, b] is called the Henstock-Kurweil integral, brieflyHK-integral, ofF over
[f, g] and is written by

s = (HK)

∫ g

f

F (h) dh = (HK)

∫ g

f

F.

Definition 3.2. Let F : [f, g] → C[a, b] be a function such that the productF · 1X is Henstock-
Kurzweil integrable on[f, g] whereX ⊂ [f, g]. A primitive of F · 1X is a functionG : [f, g] →
C[a, b] such that for everyh ∈ [f, g],

G(h) = (HK)

∫ g

f

(F · 1X)(s) ds

.
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4 A. S. CUNANAN

4. HARNACK EXTENSION

Let F : [f, g] → C[a, b] be Henstock-Kurzweil integrable on[f, g]. then(HK)
∫ g

f
F can be

evualted as limit; that is,

lim
h→f+

(HK)

∫ g

h

= (HK)

∫ g

f

F.

Conversely, ifF is Henstock-Kurzweil integrable on(h, g] for all f < h < g and lim
h→f+

(HK)

∫ g

h

F

exists, thenf is Henstock-Kurzweil integrable on[f, g]. This is known as the Cauchy extension
for Henstock-Kurzweil Integral.

Definition 4.1. Let δ(h) : [f, g] → C[a, b] with δ(h) > θ be a function andX be a closed subset
of [f, g]. A finite collection of interval-point pairQ = {([u, v], t)} is a Henstockδ-fine cover of
X if each([u, v], t) is a Henstockδ-fine with t ∈ X and

X ⊆
⋃

[u,v]∈Q

[u, v].

To formulate the Harnack extension, we need the notion of “nonabsolute” set.

Definition 4.2. A setE ⊂ C[a, b] is said to be an elementary set ifE is an interval or a finite
union of mutually non-overlapping intervals.

Definition 4.3. Let G be an open interval in[f, g]. An elementary setE is called a Henstock
nonabsolute subset ofG if there existsδ(t) > θ on [f, g] such thatE is the complement of a
Henstockδ-fine cover of[f, g] \G; that is, there existsδ(t) > θ on [f, g] and a Henstockδ-fine
coverQ = {([u, v], t)} of [f, g] \G such that

E =

 ⋃
[u,v]∈Q

[u, v]

c

.

We also say thatE is a Henstock nonabsolute subsetG involving δ.

We note thatF : [f, g] → C[a, b] is Henstock-Kurzweil integrable onX ⊆ [f, g] if the function
F · 1X is Henstock-Kurzweil integrable on[f, g] and

(HK)

∫
X

F = (HK)

∫ g

f

(F · 1X).

Definition 4.4. Let Fn be Henstock-Kurzweil integrable on[f, g] for all n ∈ N. We say that
the sequence〈Fn〉 is equi-integrable on[f, g] if for every ε > 0 there exists aδ(h) > θ on [f, g]
such that for allδ-fine divisionD of [f, g], we have∣∣∣∣(D)

n∑
i=1

Fn(ti)[hi − hi−1]− (HK)

∫ g

f

F

∣∣∣∣ < ε · e.

5. M AIN RESULTS

Proposition 5.1. Let F : [f, g] → C[a, b] and subsetsS1, S2 ∈ [f, g] be given. Then, whenever
three of the integrals

(HK)

∫
S1

F, (HK)

∫
S2

F, (HK)

∫
S1∪S2

F, (HK)

∫
S1∩S2

F
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exist, then

(HK)

∫
S1

F + (HK)

∫
S2

F = (HK)

∫
S1∪S2

F + (HK)

∫
S1∩S2

F.

Proof: From the identityχS1∪S2
= χS1

+ χS2
− χS1∩S2

, the Henstock-Kurzweil integral of
F · χS1∪S2

is given by

(HK)

∫ g

f

F · χS1∪S2
= (HK)

∫ g

f

F · χS1
+ (HK)

∫ g

f

F · χS2

− (HK)

∫ g

f

F · χS1∩S2

(HK)

∫
S1∪S2

F = (HK)

∫
S1

F + (HK)

∫
S2

F − (HK)

∫
S1∩S2

F

(HK)

∫
S1∪S2

F + (HK)

∫
S1∩S2

F = (HK)

∫
S1

F + (HK)

∫
S2

F.

�

In the case whereS1 ∩ S2 = ∅,

(HK)

∫
S1∪S2

F = (HK)

∫
S1

F + (HK)

∫
S2

F.

Theorem 5.2.Let F : [f, g] → C[a, b], X be a closed subset of[f, g] and

S = [f, g] \X =
⋃
i∈N

Ei

whereEi are mutually disjoint elementary sets in[f, g]. Furthermore, putSn =
⋃n

i=1 Ei

for n ∈ N and assume that the integral(HK)

∫
X

F exists and the sequence{FχSn
} is equi-

integrable on[f, g]. Then the integrals(HK)

∫
S

F , (HK)

∫
[f,g]

F , and(HK)

∫
Ei

F exist for all

i ∈ N. Moreover,

(HK)

∫
[f,g]

F = (HK)

∫
X

F + (HK)

∫
S

F

where

(HK)

∫
S

F =
∞∑
i=1

(HK)

∫
Ei

F.

Proof: SinceE ′
is are elementary sets,Sn is an elementary set in[f, g] for everyn ∈ N, Ei ⊂ Sn

for i = 1, 2, · · · , n are mutually disjoint and the integrals
∫

Ei
F for i = 1, 2, . . . , n exist. By

induction of Proposition5.1,

(HK)

∫
Sn

F = (HK)

∫
Sn

i=1 Ei

F

= (HK)

∫
E1

F + (HK)

∫
E2

F + · · ·+ (HK)

∫
En

F

=
n∑

i=1

(HK)

∫
Ei

F
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6 A. S. CUNANAN

Furthermore, asn gets large(
F · χSn

)
(t) = lim

n→∞

(
F · χSn

)
(t) for all t ∈ [f, g],

we obtain

(HK)

∫
S

F = (HK)

∫ g

f

F · χSn

= (HK)

∫ g

f

lim
n→∞

F · χSn

= lim
n→∞

(HK)

∫ g

f

F · χSn

= lim
n→∞

(HK)

∫
Sn

F

= lim
n→∞

(HK)

∫
Sn

i=1 Ei

F

=
∞∑
i=1

(HK)

∫
Ei

F.

�

Theorem 5.3.Let F : [f, g] → C[a, b] andX be a closed subset of[f, g]. Suppose the following
conditions are satisfied:

(1) F is Henstock-Kurzweil integrable onX,
(2) F is Henstock-Kurzweil integrable on every elementary subsetE of [f, g] \X, and
(3) there existsA such that for everyε > 0 there existsδ0(h) > θ such that for any Henstock

nonabsolute subsetE of [f, g] \X involving δ0(h), we have∣∣∣∣(HK)

∫
E

F − A

∣∣∣∣ < e · ε.

ThenF is Henstock-Kurzweil integrable on[f, g] and

(HK)

∫ g

f

F = (HK)

∫
X

F + A.

Proof Let ε > 0 and

L = (HK)

∫
X

F = (HK)

∫ g

f

(F · 1X).

Then there existsδ0(t) > θ such that for any Henstockδ0-fine divisionD = {[hi−1, hi], ti} of
[f, g], we have

(5.1)

∣∣∣∣(D)
n∑

i=1

(F · 1X)(ti)[hi − hi−1]− L

∣∣∣∣ < ε · e.

Since (f, g) \ X is open, choose a countable collection of pairwise disjoint open intervals
{(pi, qi) : i = 1, 2, . . .} such that

(f, g) \X =
∞⋃
i=1

(pi, qi).
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Let Ii = (pi, qi). By condition(2), F is Henstock-Kurzweil integrable on eachIi. Thus, for
eachi, there existsδi(t) > θ on [f, g] such that wheneverD = {[hi−1, hi], ti} is a Henstock
δi-fine partial division of[f, g], we have

(D)
n∑

i=1

∣∣(F · 1X)(ti)[hi − hi−1]−Fi[hi − hi−1]
∣∣ <

ε

2i
· e

wherFi is the primitive ofF · 1Ii
on [f, g]. DefineF(h) = Fi(h) if h ∈ Ii.

Note that ift ∈ (f, g) \X, then there existsi ∈ N such thatt ∈ Ii. Defineδ(t) > θ on [f, g] by

δ(t) = min{δ0(t), δi(t)}.

Since eachIi is open, we may assume that(t− δ(t), t + δ(t)) ⊂ Ii whenevert ∈ Ii for somei.
Let D = {([hi−1, hi], ti)} be a Henstockδ-fine division of[f, g] and

U =
⋃

([hi−1,hi],ti)∈D
ti /∈X

[hi−1, hi].

ThenU is a Henstock nonabsolute subset of(f, g) \X involving δ0. Hence, by (3)

(5.2)

∣∣∣∣(D)
∑
t/∈X

F(hi−1, hi)− A

∣∣∣∣ =

∣∣∣∣(HK)

∫
U

F − A

∣∣∣∣ < ε · e.

Note that ift /∈ X, then

[hi−1, hi] ⊂ (t− δ(t), t + δ(t)) ⊆ Ii ⊆ (f, g) \X.

ThenU is the union of some Henstockδi-fine division ofIi. Hence, we have

(5.3) (D)
∑
i/∈X

∣∣F (t)[hi − hi−1]−F(hi−1, hi)
∣∣ <

∞∑
i=1

ε

2i
· e = ε · e.
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8 A. S. CUNANAN

Thus, by(5.1), (5.3), and(5.2), we have∣∣∣∣(D)
n∑

i=1

F (t)[hi − hi−1]− (L + A)

∣∣∣∣
=

∣∣∣∣(D)
∑
t∈X

F (t)[hi − hi−1] + (D)
∑
t/∈X

F (t)[hi − hi−1]− L− A

∣∣∣∣
≤

∣∣∣∣(D)
∑
t∈X

F (t)[hi − hi−1]− L

∣∣∣∣ +

∣∣∣∣(D)
∑
t/∈X

F (t)[hi − hi−1]− A

∣∣∣∣
=

∣∣∣∣(D)
∑
t∈X

(F · 1X)(t)[hi − hi−1]− L

∣∣∣∣
+

∣∣∣∣(D)
∑
t/∈X

F (t)[hi − hi−1]− (D)
∑
t/∈X

F(t)(hi−1, hi) + (D)
∑
t/∈X

F(t)(hi−1, hi)− A

∣∣∣∣
≤

∣∣∣∣(D)
∑
t∈X

(F · 1X)(t)[hi − hi−1]− L

∣∣∣∣ +

∣∣∣∣(D)
∑
t/∈X

F (t)[hi − hi−1]− (D)
∑
t/∈X

F(t)(hi−1, hi)

∣∣∣∣
+

∣∣∣∣(D)
∑
t/∈X

F(t)(hi−1, hi)− A

∣∣∣∣
< ε · e + ε · e + ε · e
= 3ε · e.

This implies thatF is Henstock integrable toL + A on [f, g], that is,

(HK)

∫ g

f

F = L + A = (HK)

∫
X

F + A.

�

Theorem 5.4. Let F : [f, g] → C[a, b], X be a closed subset of[f, g], and suppose thatF is
Henstock-Kurzweil integrable on every elementary subsetE of (f, g) \X. Then the following
are equivalent:

(1) there existsA such that for everyε > 0 there existsδ0(t) > θ such that for any Henstock
nonabsolute subsetE of (f, g) \X involving δ0, we have∣∣∣∣(HK)

∫
E

F − A

∣∣∣∣ < ε · e.

(2) for everyε > 0, there existsδ(t) > θ for any two Henstock nonabsolute subsetsE and
E ′ of (f, g) \X involving δ, we have∣∣∣∣(HK)

∫
E

F − (HK)

∫
E′

F

∣∣∣∣ < ε · e.

Proof: (i) =⇒ (ii): By (i), there existsA such that for everyε > 0 there existsδ0(t) > θ
such that for any Henstock nonabsolute subsetsE of (f, g) \X involviing δ0, we have∣∣∣∣(HK)

∫
E

F − A

∣∣∣∣ <
ε

2
· e.
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Thus, for any two Henstock nonabsolute subsetsE andE ′ of (f, g) \X involving δ0, we have∣∣∣∣(HK)

∫
E

F − (HK)

∫
E′

F

∣∣∣∣ =

∣∣∣∣(HK)

∫
E

F − A + A− (HK)

∫
E′

F

∣∣∣∣
≤

∣∣∣∣(HK)

∫
E

f − A

∣∣∣∣ +

∣∣∣∣(HK)

∫
E′

F − A

∣∣∣∣
<

ε

2
· e +

ε

2
· e

= ε · e.
Hence,(ii) holds.

(ii) =⇒ (i): For eachn ∈ N, there existsδn(t) > θ such that for any two Henstock
nonabsolute subsetsE andE ′ of (f, g) \X involving δn, we have∣∣∣∣(HK)

∫
E

F − (HK)

∫
E′

F

∣∣∣∣ <
1

n
· e.

We may assume that{δn}∞n=1 is decreasing. Now, for eachn ∈ N, fix a Henstock nonabsolute
subsetEn of (f, g)\X involving δn and consider the sequence

{
(HK)

∫
E

F
}∞

n=1
of real-valued

functions.

Let ε > 0. We claim that the sequence
{
(HK)

∫
E

F
}∞

n=1
is Cauchy. By Archimedian property,

there existsN ∈ N such that 1
N

< ε. Let n, m ≥ N . Then bothEn andEm are Henstock
nonabsolute subsets of(f, g) \X involving δn. Hence,∣∣∣∣(HK)

∫
En

F − (HK)

∫
Em

F

∣∣∣∣ <
1

N
· e < ε · e.

This shows that
{

(HK)
∫

En
F

}∞
n=1

is a Cauchy sequence inC[a, b]. Let

A = lim
n→∞

(HK)

∫
En

F.

Then there existsM ∈ N such that for alln ∈ M , we have∣∣∣∣(HK)

∫
En

F − A

∣∣∣∣ <
ε

2
· e.

By (ii), there existsδ(t) > θ such that for any two Henstock nonabsolute subsetsE andE ′ of
(f, g) \X involving δ, we have∣∣∣∣(HK)

∫
E

F − (HK)

∫
E′

F

∣∣∣∣ <
ε

2
· e.

Taking δ0(t) = min{δM(t), δ(t)} andE be any Henstock nonabsolute subset of(f, g) \ X
involving δ0. Thus,∣∣∣∣(HK)

∫
E

F − A

∣∣∣∣ =

∣∣∣∣(HK)

∫
E

F − (HK)

∫
Em

F + (HK)

∫
Em

F − A

∣∣∣∣
≤

∣∣∣∣(HK)

∫
E

F − (HK)

∫
Em

F

∣∣∣∣ +

∣∣∣∣(HK)

∫
Em

F − A

∣∣∣∣
<

ε

2
· e +

ε

2
· e

= ε · e.
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10 A. S. CUNANAN

Therefore,(i) holds. �

Corollary 5.5. Let F : [f, g] → C[a, b] and X be a closed interval in[f, g]. Suppose the
following conditions are satisfied:

(1) F is Henstock-Kurzweil integrable onX,
(2) F is Henstock-Kurzweil integrable on every elementary subsetE of (f, g) \X, and
(3) for everyε > 0, theexistsδ(t) > θ such that for any two Henstock nonabsolute subsets

E andE ′ of (f, g) \X involving δ, we have∣∣∣∣(HK)

∫
E

F − (HK)

∫
E′

F

∣∣∣∣ < ε · e.

ThenF is Henstock-Kurzweil integrable on[f, g].

6. CONCLUSION

The Harnack extension of the Henstock-Kurzweil integral toC[a, b]-valued functions suc-
cessfully generalizes the integrability framework to functions defined on subsets of[f, g] with
values in a Banach space. The central result establishes that ifF : [f, g] → C[a, b] is Henstock-
Kurzweil integrable on a closed subsetX ⊆ [f, g], integrable on every elementary subset of
[f, g] \ X and satisfies a Harnack-type control condition with respect to an additive correction
termA, thenF is Henstock-Kurzweil integrable on the whole interval[f, g], and the integral
decomposes as

(HK)

∫ g

f

F = (HK)

∫
X

F + A.

Moreover, this formulation is supported by an equivalence criterion: the existence of a limiting
valueA of the Henstock-Kurzweil integral over arbitrarily fine nonabsolute subsets of(f, g)\X
is equivalent to the Cauchy-type condition that integrals over such subsets converge uniformly in
difference. This characterization not only generalizes the scalar-valued Harnack extension but
also provides a robust convergence structure for function-valued Henstock-Kurzweil integrals.
As such, it deepens the theoretical foundation for integrating in Banach spaces and paves the
way for further development in vector integration theory.
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