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ABSTRACT. The present paper deals with an extension of classical fixed point theory using
random variable for advancement because it has far-reaching applications in calculus, optimiza-
tion, and stochastic processes. However, many nonlinear operators arise in applied mathematics
which do not fulfill the strict contraction conditions of the classical Banach principle. This limi-
tation has inspired the development of generalized non-contractive mappings. New generalized
contractive-type conditions for random operators in a complete probability measure space as well
as Banach space are established. The proposed conditions incorporate nonlinear, fractional, and
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results not only generalize existing theorems, but also contribute to further development of func-
tional analysis and its applications in mathematical modeling.
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2 A. GHORAI ET AL.

1. INTRODUCTION

Fixed point theory holds a significant position in functional analysis, and its origins can be
traced back to Poincare! [4] in 1886 and Brower [5] gave the Bravetheory in 1912. After a
decade, Banach introduced a concept using the contraction principle, named Banach’s Contrac-
tion Principle [13]. This leads to algorithmic applications in numerical analysis and differential
equations, integral equatioris [34, 35] 12], optimization, and stochastic processes. Moreover,
this principle has been generalized in various directions, including the works of Kannan [7],
Chatterjeal[8], Kirk [9], Reich, and others. However, many researchers have observed that
some operators that arise in functional analysis, differential equations, and applied mathemat-
ics do not satisfy the strict contractive condition. This observation has driven the study of non
contraction or non expansive mappings, which extend the scope of fixed point theory beyond
the classical framework. Recently several mathematicians Datson [14], Goebel [15], kirk and
Simi [16], Iseki [17], Singh and Chatterjee |18], Sharma and Rajput [19], Pathak and Maity
[20], Sharma and Bhagwah [21], Prajapatil[36], Bhardwa] [37], Shahzad and Udomeéne [22]
introduced the generalization on non expansive mappings, as well as explored non contraction
mappings concerning fixed point theorem in different types of topological spaces [10].

Therandom fixed pointss an emerging topic for research in non-linear analysis in present
time [1,/2,38] 40] due to interaction with an uncertain and ambiguous real-life problem. More-
over, random non-linear analysis is the most efficient branch to deal with the solution of ran-
dom operator related problem such as developing models or equation which demonstrate certain
physical phenomena in engineering mathematics, physics and different biological systems. In
1950s this theory has been originated from the work of the Prague school of probabilities. It
is viewed as a natural generalization of classical (deterministic) fixed point theorems and plays
an essential role in the study of stochastic dynamic programming, random equations, random
matrices, random partial differential equations, and other classes of random operators arising in
physical systems. Over the years, this field has attracted considerable attention, leading to the
development of powerful techniques for solving non-linear random systems.

In this direction, Hans [23] proved a stochastic analogue of the BFT in separable complete
metric spaces. Later, Itoh [24] (1979) extended these results to the setting of multivalued con-
traction random operators. More recently, Zhang et al. (2011) [25] investigateshkly con-
tractive random operators and established stability. Many mathematicians worked in the said
field. Furthermore, Khan et al. developed a class of generalized random operators and es-
tablished convergence and stability results that improved and extended many existing random
fixed point theorems, including those of Okekel[27]. In addition, In 2012, Chugh et al. [26]
introduced a new three-step iterative process known as the CR iterative scheme. They demon-
strated that this scheme is equivalent to, and converges more rapidly than the Picard, Mann [29],
Ishikawa [28], Agarwal et al[ [39], Noor [30], and SP [32] iteration methods for certain classes
of contractive operators, in the sense of Berinde [31]

The developments have provided the motivation for undertaking my research in the area of
random fixed point [3]. The objective of this paper is to advance the theaRpfwhere the
underlying operator depends not only on a Banach space but also on an associated probability
space. In this study, we focus 6y, 7 : © x £ — £ defined on a complete probability measure
space, wher€ is a subset of a separable Banach space. Our study is particularly concerned with
operators that satisfy the involution conditi@i# = Z, whereZ is the identity operator, that
satisfies a generalized contractive inequality involving the paramé&térs, ¢, n, 71, 72, and
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the central contribution of this work is the introduction of a generalized contractive-type condi-
tion using these random operators. Unlike classical contractions, which are typically linear or
involve a single control parameter, our formulation incorporates multiple parameters, namely
&, (0,0, n, 11, T2, @long with new contractive-type conditions that incorporate combinations of
nonlinear contractive distance terms, fractional expressions, and minimum functions. In addi-
tion, the presence of minimum-type terms provides greater flexibility and allows us to address a
wider class of random operators. This generalized inequality allows us to capture a wide range
of operator behaviors, including those that are nonlinear or exhibit variable contraction strength
depending on the points in the Banach space or the outcomes in the probability space. which
is a versatile and powerful framework. Under these generalized contractive conditioRg,the

[11] also opens avenues for further research using two and more than two random operators and
iterative methods to approximate random fixed point, which is called confrpon

2. BAsIC DEFINITIONS

Some fundamental definitions and findings that will be used throughout the article are re-
viewed in this section.

One can see the details about contraction mapping and Banach fixed point theorem for Banach
spaces in the given literatures. [13], [33]

Definition 2.1 (Rg,). Let® = (0, X, 1) define a complete probability measure spatdye a
Banach space, arttl C X i.e. nonempty. A mapping@ : © x £ — £ is said to be & if for
eachr € &, the mapping

0 T(0,x)
is measurable.
A random fixed poindf 7 is a measurable function: © — £ such that

7(0,2(0)) = x(9), for pu-almostevery € O.

Here® represents complete probability measure space@nil) is measure wherd) is a
non empty sample spacedenotes sigma algebra andlemonstrate probability measuredn
A random fixed pointg(0) therefore represents a random variablé imhich mapse : © — £.
T :0 x & — £isknownRy if, for all particularz € € the mapr : © — £ is measurable. It
not only depend on the variahtec £ but also depends on a random elemegarawn from®
[24].

3. ESTABLISHED RESULTS

Theorem 3.1. Let® = (O, %, 1) be a complete probability measure space @nde Banach
space, le€ C X i.e. nonempty. Let

T:0xE—E
be aR, satisfying

T =7

Y
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for everyo € © and everyX € £ the following inequality holds:

(1X(9) = 7(9, X (@)l + 1Y (9) — T(2. Y (9))|) X (9) — Y (9

)
170, X(9)) =T YN < £ T v 5y —T@. X @) + [70.Y@) ~ Y@ +1X@) — Y@

(I1X(2) = T(@, Y () + [IY(9) — T(3, X (@) T (8, X(9)) — T(3,Y(9))|
1+ [X(0) = T(0, Y(O)I? +117(0,Y(9)) = Y(9)° + [|17(9, X (9)) — Y (9)|*

+o(IIX(0) =T (0, X))l + 1Y () — T (3, Y (9)ll)
+¢(1X©@) = T@,Y () + 1Y) — T (0, X))
+n[1X(0) =Yl

+ 71 min{[[X(9) = 7(9, X ()|, [X(8) = T(8,Y(9))Il}
+ 72 min{|[Y(9) — 7(8, X(9))|, Y(9) = T(3,Y (9|}

+¢

Whereg? C? g, wa n,7T1,T2 2 0.
If

26 +(¢ +4do+20+n+T11+ 72 <2

then7 has at least onézp,,.
Moreover, if

(+2¢0+n<1,
then7 has a uniqueRp,,.

Proof. existence:
SupposeX € X
Let

Y(0) = %(T(@,X(O)) +I(6,X(8))), Z(0)=7T(0,Y(0)), U()=2Y(0)— Z(0).
Then
(1Y () = T(9,Y(9) + 1T (9, X(9)) = X)) Y (9) = T(9, X(9))||
1+[|7(9,X(0)) = T(0,Y(0)II* + [ X(9) — T(9, X(9))[I* + Y (9) — T (9, X(9))]*
) —

(V@) = X (@) + 179, X(9)) — T (9, Y ()7 (9,Y(9)) — X(9)|
1+ [Y(9) = X9 + 1X(9) = T (0, X ()P + 70, Y (9)) = T (9, X (9))||*

+a(Iv©) - T@.YO)]+IT(0.X(0)) - X))

12(0) = X (9 < ¢

+<

+ (I (0) - XO) + 17(0, X(9) = T(2,Y(9))]])
+[lY(9) - T(9, X ()]

+rimin{ Y (9) = 7@, Y @), [Y(9) - X ()] |

+ rpmin{ | 7(9, X(9) = T(@,Y )], 170, X(9) - X ()] }.

Using the inequality— 4+Bg+cz < a+})+c on the coefficient of and( in right hand side
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1Z(0) — X (8)]| (”Y(a) -7, YY)+ |7T(0,X(9)) — X(@)H)”Y(@) —T7(8,X(9))|
“ o 7(0,X(9) = T(0,Y(0)|l + [|X(9) =T (9, X))l + Y (9) —T(9,X(9))]

)
(IV(9) = X(@)[l +17(9,X(9)) — T (9, Y ()N 7(9,Y(9)) — ( )l
1Y(9) = X(9)| + 1X(9) = T(9,X(9))[| +|7(8,Y(9)) — T(9, X (9))]

+<

+a(Iv©) - T@.Y @O)]+IT(0.X(0)) - X))

+ (I () - XO) + 170, X(9)) - T(2,Y(9))]])
+ ]|V (9) - T(9, X(9))]
+rimin{|[Y(9) - T@.Y )l [Y(9) - X(0)] }

+ rpmin{ | 7(9, X (9) = T(@,Y )], 17(0,X(9) - X ()] }.

Equating the denominator in the first term and the second term in the right-hand side, we get
the next step as follows:

Y (9) = 7(9,

12(0) = XO)1 < € 57 - ('§®”+V”8X@» X(0)
X
0

)

DI+1Y(9) -T(0,X
I +17(9,X(9)) - T )
@ONI+117(8,Y(9)) = T(9, X(9))|

o LY (9) - T(0.X(0))]
¥ (0) - X(0

@) - T0.x

17(0,Y(9)) = X (9

+o (V@) = T@,Y ) + T2, X(2)) - X ()]

+(IY(0) = X ()] + T2, X(9) =T, YO))]
+11|Y(0) - T(0, X (9))]
+ rimin{ ||V (9) = T2, Y @)l [Y(9) - X(O)]| |

+ rpmin{ | 7(9, X (9)) = T(@,Y )], 170, X(9)) - X ()] }.

Substitutingy (0) = 3 (7(9, X (9))+Z(9, X(0))) inthe term||Y (9)—T (9, X (9))]|, | X (8)—
TO, YO, 1T(0,Y(9)) —T(9,X(0)|,]]Y(9) — X(9)| and using the conditioi? = T
we obtain the following
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(1Y (9) = T(3,Y (9))Il + 7(3,X(9)) — X157 (9, X(9)) — X(9)|
317(9,X(9)) = X(9)|l + 31|17 (9, X(9)) = X (9]
3170, X(9)) — X (9)Il + 517 (9, X(9)) — X937 (9, X(3)) — X(9)|
317(9,X(9)) = X(9)| + 3117 (9, X(9)) = X(9)]

12(0) = X(9) < ¢

+¢

+0@YWFJT YOI +117(9,X(9)) = X ()]

+4(

+u5]17(0,X(9) - X ()]

[

HN&X@D—X@W+;U@X@D—X@W>

O |

Frimin{ [V(0) - T@, Y @), 31T, X() - X (0]}

ramind 1|70, X(9) - X(@)], |70, X(2) - X(d)] }

Then,

1Y (9) = 7(9,Y (9))lIz1|7 (9, X (9)) — X(9)]| + 517 (9, X(9)) — X(9)|]
179, X(9)) = X(9)]

CMU@X@» X+ 1170, X(9)) - X(9)|?
17(0, X(9)) = X (9)|

+o(IY(0) - T@,Y @) + T, X(0) - X))

12(0) = X (9 < ¢

+u(I7(0.x(9) - X(9)]))
F5llT(0.%(0) - X))
Frimind [Y(9) - 70, Y @), 51T, X(@) -~ X(@)]}

+ma{ I, X(0) - X))}

Case 1. If}[|7(9, X(9)) — X(9)| < [|[Y(9) — T(8,Y(9))]|| then the inequality becomes as
follows:
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12(0) - X(@)]| < € 5[Y(0) ~ T@, Y @) + 5| 7(0. X(2)) - X
+CSIT@, X)) - X()]
+o(Iv©) - T,y @)+ 170, X(@) - X))
+(I7,X(@) - X@)])
+u517(0,%(9) - X ()]
+r {5170, %) - x(0)]}

+n {3170, X)) - X1}
Now,

120) = XO) < (65 + ¢ +0+v4ng +715 +725) T2, X()) ~ X(0)]

+ (&5 +0)IV(0) - T2, Y @)

Case 2. if|Y (9)—T(9,Y(9))|| < 1| 7(8, X(8))— X (9)|| then using this relation we obtain
120) - X(@)]| < € 5V (0) ~ T@, Y @) + 5| 7(0, X(2)) - X
+CSIT@, X(2)) - X
+o (V@) = T@,Y @) + |70, X)) - X(2)])
+ (170, X(0) - X))
5170, X(0) - X(0)]
+m{IIV(0) - T, Y 0) }

1
+ {5170, X(9) - X(0)] }.
Then the inequality should be

12(0) - ()||<(§ +C +0+w+77 + T2 )HT(aX(@)) X9l

+(eg+o+m)IYO) - T, )
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Combining both cases, we get the result

1Z(9) — X(9)|| < min(casel, case2)

Again, solving for||U(9) — X (9)]],

100~ XN < €510 KNI (O T - YO £ 1K 0T
+  (IX(©) - T@.Y(0)[| + [Y(2) - T(0. X(@))IT(, X(2) - T(0.Y D)
L+ [X@) ~ 7@, Y @) +[T0.Y @) - Y @) + [T0,X@) - YOI
+o(1X(2) - T, X@)] + [¥(0) - 7@, Y @)
+6(IX(0) = TO.Y O] +V(0) - T2, X(0))])

+1[|X(0) =Y (9l
+71mind|| X (9) — 7(9, X(9))[l, X(9) —T(8,Y(9))ll}
+romin{||[Y/(9) = T(9, X (9)[|, [Y(9) = T(8,Y(9))l[}-

1 1
implementing this inequality: < in the first and second terms on
P J N T I B e S atbre
the right-hand side

1U(9) = X(9)]| <€

1X(9) = T(9,X(92)]| + Y (9) -~ T(3,Y(9))| -
V@)~ T, X)) + [7@.7(0) - @) + [x@) —v@)] @~ Yl

Y(9)
1X(0) = T(9, Y (O)| +1Y(9) = T(9, X(9))|
1X(0) =T, Y () +117(0,Y(9)) = Y ()| +[17(9, X(9)) = Y ()

(

) = T(3,Y(9))

+o(IIX(0) = T(9, X)) +[[Y(9) - T(9,Y(9))ll)
+9(1X(0) =T (0, Y(9)l + 1Y (2) - T(2, X (9))]])
+1(X(9) = Y(9)
+ 71 min{[|X(9) = 7(8, X(9))|, |1X(9) = T(9,Y(9))Il}
+ 2 min{[[Y'(9) = T(9, X ()|, [IY(9) = T(8,Y(9))|}-

+<

% ||7(, X (9
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We calculate this by equating the denominator of the first two terms, as we have done above in
a previous calculation

) 1X(0) — T(0, X(@)] + [Y(0) - T(0.Y()
1U@) = XN = 175, @) - 7.y @)+ [X0) - V(0

|

|

1X(9) = T(9,Y ()| + [[Y(9) = T(9, X(9)
1X(9) =Y (9)|| +[7(9, X(9)) = Y (9)

|
+o([IX(0) = T(9, X)) +[[Y(9) - T(9,Y(9))l)
+9(1X(0) =T (0, Y(9)Il + 1Y) - T(2, X (9))]])
+1[X(9) =Y (9)]|
+ 71 min{[|X(9) = 7(8, X(9))|, |1X(9) = T(9,Y(9))Il}
+r2min{[[Y'(9) = T(9, X ()|, [IY(9) = T(8,Y(9))|}-

i: 1X(®) ~ Y (9)]

¢ 70, x(0)) — T(0.¥ )]

Now we replace these terfit (0) — 7 (9, X(9))||, [|X(0) — T
7(9, X)), Y(9) — X (9)I| by usingY (9) = 3(7(9,X(9)) +
condition7? =7

@,Y@)]. |T(0,Y () -
9,X(0))) and utilize the

) 11X(0) - T, X(@)] + [¥(@) - T(@. Y (@)13]X() - T(0, X (@)
1U(0) = X0l < ¢ TX(0) - 7. X0)] 1 LX) - 70, X(@))]

311X (0) — T(3, X ()|l + L1 X(0) — T(3, X ()3 X(8) — T(9,X(9))]
SI1X(9) —T(9,X(0))| + 511X (9) — T(9,X(9))]

+o(I1X(0) = T, X @) + Y (9) - T, Y))])
FO(IX(0) ~T@, X @) + 1 X(0) - T, X ()]

+¢

5 IX(0) - T(0, X))
i ming] X(9) - 7@, X@)I, 51X(0) T, X@)])

Framin{ 2| X(9) - T(@, X@)], [¥(0) - 7@, Y (@)}
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Then we have

LIX(0) — T(@, X )] + [Y(0) — T(0, Y (@) | }|X(®) — T(0, X ()]
X =¢ 1X(0) —7(0.X0))]

11X(9) - T(9, X(9))|” + 111X (9) — 7(2, X(9))||*
1X(0) = T(9, X(9))]

) =
+0o([X(9) = T(9, X))l + 1Y(9) = T(2,Y (o))
+9(1X(0) = T(0. X))

1U(9) -

5 IX(0) - T(0, X))
+r{5I1X(0) - T2, X))}
+ramin{ 3 X(0) - T(0, X)), I7(0,Y(0) - Y @)}

Case 3. if}||7(9, X (9)) — X(9)| < [|I7(9,Y(9)) — Y (9)| then the inequality of the form
of

[U(2) - X@)] < € 51V (0) = T@, Y @) + 517 (2, X(2)) - X()]

+CSIT@, X(2)) - X@)

+o(IV(0) = TO.Y@) + T2, X)) - X))

+ (170, X(0) - X))

5170, X(2) - X(0)]

+r{51T@ x@) - X1}

+ma{ 170, X)) - X))}

Computing all these we get
[U(@) - X@)I < (€5+C 5 +0+ 45+ 75 +75)[T(0, X)) - X()|

+ (g5 +0)IT@. (@) - V@)

Case 4. if|Y (9) — T(9,Y(9))|| < 1]|7(9,X(9)) — X(9)| then we have the inequality in
the form of
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[U0) - X ()] < €5 ¥(2) - T, Y @) + 51 7(2, X(2)) -~ X (2]
+ ST, X(2)) - X@)
+o(|IY (@) - TO.Y @)+ |70, X(9) - X(9)])
+u(I7, X(@) - X))
5170, %(9) - X ()]
+r {5170, x0) - X))
+ {170, Y (9) - Y(O)lI}.

Continuing similarly, we obtain

[U@) ~ X@)] < (€5 +Cy 0 +6+n5+12)IT0 X)) - X@)

+ (&5 40 +m)IT@.Y() - V(@)

1U(9) — X(0)]| < min(case3, case4>

12(9) = U )]l = [(Z(9) = X(9)) = (U(9) = X(9))]l
< [I(2(9) = Xl = (U(9) = X))l

12(0) ~ D)) < (€5 +C 5 +o+b+ng +7ig +720)IT(0, X(0) ~ X(0)]

(&5 +0)IT@,Y(@) - Y @)1+
(6 +C 5 +0+¢+771+T1;+72 T (9, X(8)) — X(0)||+

(65 +0)IT@,Y(@) - V@)

1Z(0) =U@)|| < (€ +¢ +20+ 20 +n+ 71+ 72)[7(9,X(9)) - X(9)|

+ (¢+20) 170, ¥(2) - YO
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12(9) = U @)l = 1T(9,Y(9)) — (24(9) — Z(9))|
= [127°(0,Y (9)) = 2y(9)||
=2[|7(2,Y(9)) = Y(9)l

2T, Y(9)) = Y(O)| < (¢ +¢ +20+ 20 +n+ 71 +72)|T(9, X(9)) - X()]
+(£+20) 170, Y (9) - Y (9)]

(2-€+20)IT(0,Y(0) = YOI < (€ +C +20+ 20 +n+ 71 +7)|T(0, X(2)) - X()]

E4+(+20+20+n+71+72)
(2—5—1—20)

IT(0.v() - v(o)] <\

179, X(9)) = X(9)]

(E+C¢+20+20+n+71+72)
p= <1

(2—.§+20>

(€ +C+20+20 40471 +72) < (2-€+20)
Since
(26 +C4+4o+2¢+n+71+72) <2

Let, S(9,X(9)) = 3(7T(9,X(9)) +Z(9, X(9))) foreveryd € © andX € X

Y (0

15%(9, X(9)) — 8(9, X(9))|| = IS(9, Y (9)) — Y (9)
) =Y (9)

)

)

I
= 13(7(0,Y(9)) +Z(0. X(9) I
=§IIY( ) =T(3,Y(9))l

< 21X(0) - 7. X))
Forp, 8™ is a Cauchy seq. i’ and using completenesS; — X(0)
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lim S"(8, X (9)) = Xo(0)

n—oo

Which impliesS (9, Xy(9)) = Xo(0)
Therefore,7 (0, X, (0)) = X,(0) is fixed point of7 .
uniqueness:If possible, letYy(# X,) be anotheRRy, of 7, then

(I X0(9) = 7(9, X0(9)) |l + [1Y0(9) — 7(9, Yo(9)) 1) I X0(9) — Yo (9)]|
1+ [[Y0(0) = T(0, Xo(9)II* + 179, Y0(0)) — Yo (0) |1 + [ X0(9) — Yo (9)|*
| 9)

(1 X0(9) — 7(9,¥0(9))I| + [1Y0(9) — T (9, Xo(I)) |17 (9, X0(9)) — T (9, Yo (9))l|
1 4[| Xo(9 ) T(9, Yo(O)I* + 17 (9, Y0(9)) = Yo(9)||* + [|17(0, Xo(0)) = Yo (O)[|*

+o ([ X0(9) = T(9, Xo(9))Il + [1Y0(0) — T(0, Yo (9))])
+([1X0(9) = T (0, Yo ()]l + 1Y0(9) — T (9, Xo(9))]])
+1X0(9) — Yo (9)]

+71min{[[Xo(8) — 7(9, Xo(9))l, [[X0(0) = 7(9,Yo(9))l[}
+remin{[|Yo(9) = T(9, Xo(9))[l; [Yo(9) =T (9,¥o(9))|}-

1X0(9) — Yo(9)|| < ¢

+¢

2][X0(9) — Yo (9)|*

1X0(9) = Yol < ¢ By =7 @]

+ 24| X0(9) = Yo (9) || + 1l X0(9) — Yo (9)

1X0(9) = Yo(9) || < (¢ +2¢ +n) 1 X0(0) — Yo(9)

(+2v+n<1

|X0(8) — Yo()]| = 0 implies Xo() = Yo(®)

Corollary 3.2. Let ® be a complete probability measure space andbe a Banach space let
E C X where€ # ¢. Iftwo Rp, 7,S : © x £ — £ commute and both satisfy the condition
7? = 7,8% = T and this mapping holds

179, X(9)) = T(9, Y (9)] <
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3

(
1+ (150, Y(9)) = T(9, X (> + 1 7(9,Y(9)) = S8, Y (9))* + 15(9, X(9)) — S(8,Y (9))|*

—T(0,Y(9)| +118(9,Y(9)) — T(9, X)) (9, X(9) — T(9,Y(9))l
—T@,YODI*+1T(9,Y(9)) = 8(9,Y(9)II> + 1T(9, X(9)) = S0, Y (9))|I*

(I8(0, X(9)) — T (9, X ()|l +15(9, Y (9)) — T(,Y (9))I)) [S(0, X(9)) — S(0, Y (9))
Y

(Is@,x(9))

T SE, X@)

+o (1158, X(9)) — T(9, X ()] + 158, Y (9)) = T (9, Y (9))]])
+4([15(9, X(9)) = T(9,Y/(9))I| +15(9,Y(9)) — T(9, X(9))])
1509, X(9)) = S(0,Y(9))l

+71min{[[5(9, X(9)) — T(9, X ()|, [15(8, X(9)) = T(9,Y(9)|}

+72min{[[8(9,Y(9)) — 7(9, X (9))|, [5(9,Y(9)) = T(9,Y(9))]I}-

For everyo € O,
57 CJ g, ?/17 n,T1,T2 2 0 and

26 +CH+H4o+20+n+T11+ T2 <2

then7 andS has at least oné?p,,.
Furthermore, if

C+2+n<l,
then7 andS has a uniqueR .

Corollary 3.3. Let ® be a complete probability measure space atds a Banach space let
E C X where€ # ¢. Ifthree Ry, 7,5,U : © x £ — £ commute and satisfy the condition
7% =1,5% =1,U? = T and this mapping holds

178, X(9)) = T(9, Y () <

(I1SU(2, X(9)) — T(9, X (9))ll + [ISU(9,Y (9)) — 7(9,Y (9))[)ISU(9, X(9)) — SU(9,Y (9))||
L+ [ISU(0,Y(9)) = T(9, X(II* + 17(9,Y(9)) = SU(9, Y ()P + ISU(9, X(9)) = SU(8, Y (9))[|*

e (15U (8, X(9)) - T(3,Y (9)|| + 1SU(8,Y (9)) — T (9, X(9) )7 (9, X(9)) — T(8,Y (9))
1+ [[SU(9,X(0)) = T(0,Y(OII? +117(8,Y(9)) = SU@, Y (9))? + (|7 (9, X (9)) — SU(9, Y (9)|*

+o([SU(9,X(9)) — T(9, X ()| + [1SU(2,Y(9)) — T(3,Y (9)])
+y([1SU(9, X(9)) = T(9,Y ()l +11SU(9,Y (9)) — T(9, X (9))l)
+nSU(9, X(9)) = SU(9,Y(9))]

+71min{[[SU(9, X(9)) — T(8, X ()|, [SU(9,X(9)) = T(5,Y(9))lI}

+ramin{[|SU(9, Y (2)) — T(2, X ()], [SU(,Y(d)) — T(3, Y (@))]}.

For everyo € O,
57 CJ g, ?/17 n,T1,T2 2 0 and

26 4+C+H4o+20+n+T11+ T2 <2

then7, S andU has at least onézp,,.
Furthermore, if

C+2+n<l,
then7, S andU has a uniqueR,,.
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Example 3.1.Let X C R be a Banach space and Iétbe a probability space. Defineid,
T:0xX — Xby

7(0,X) = k(0)X,
where|k(0)| < c < 1forall 6 € ©.

Then, for anyX,Y € X,
we have

170, X) =T(0,Y)| = |k(0)X = kO)Y] = [k(@O)] X =Y.
Since|k(0)| < ¢, it follows that
1700, X) =T(0,Y)] <cl|X=Y].
Now, comparing this with the inequality given in Theofen) 3.1, we choose the constants as
follows:
n=c, E=(=0c=¢v=11=719=0.
Substituting these values into the existence condition

2+ +H4o+2+n+T11+T72 <2,

we obtain
c <2,
which holds since < 1.
For the uniqueness condition,
(+20Y+n<1,
we get
c<l1,

which is also satisfied sinee< 1.
As a result, every requirement of Theollenj 3.1 is met. This means that the opEratsra
distinct R,

CONCLUSION

The Present manuscript has explored new developmenis.jirtheorem by extending the
classical deterministic result. Building on the involution property and generalized contractive
inequalities with multiple control constant parameters, we have proved existence and unique-
ness theorems fak -, using Ro on Banach spaces associated with complete probability spaces.
By introducing nonlinear distance terms, fractional expressions, and minimum-type conditions
into the contractive framework, we have broadened the scopp tieory to include classes of
random operators that cannot be treated by standard contraction principles.

Furthermore, the results can be extended to commuting families of operators, demonstrating
the existence of unigue common random fixed points for pairs and triples of operators under the
proposed conditions. These findings enhance the theoretical foundation of stochastic functional
analysis stochastic differential equations, and optimization problems under uncertainty.

The work presented here unifies and generalizes existing results in both deterministic and
random fixed point theory. Its significance lies not only in enriching the mathematical theory
but also in its potential applications to problems in engineering, economics, biological systems,
and physical sciences where randomness plays a central role. Future research can build upon
these results by considering Hilbert spaces, uniformly convex Banach spaces, or neutrosophic
fuzzy metric spaces, thus incorporating additional layers of uncertainty and indeterminacy.
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In conclusion, this thesis has contributed to advancing random fixed point theory through
generalized contractive conditions and extensions to commuting two or more then two opera-
tors, offering a versatile and robust framework for addressing nonlinear problems in functional
analysis.
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