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ABSTRACT. Consider the equation

u′(t)−∆u = |u|ρ, u(x, 0) = u0(x), (1),

whereu′ := du
dt , ρ = const > 0, x ∈ R3, t > 0.

Assume thatu0 is a smooth and rapidly decaying function belonging to a Banach spaceX.
It is proved that problem (1) has a global solution and this solutionu ∈ X.
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1. I NTRODUCTION

Let

(1.1) u′ −∆u = |u|ρ, u(x, 0) = u0; u′ :=
du

dt
,

whereρ > 0, t ∈ R+ = [0,∞), x ∈ R3, X is a Banach space of real-valued functions with the
norm chosen so thatQ is compact inX.

We prove the existence of a solutionu ∈ X to (1.1):

(1.2) ‖u‖ ≤ c.

We say thatu is a global solution to (1.1) ifu exists∀t ≥ 0.
Our result is formulated in Theorem 1. Our method is simple and differs from the published

results, see [2], [3] and references there.
The novel points in this work are:
a) There is no restriction on the upper bound ofρ.
In [2], (Section 1.1) a nonlinear hyperbolic equation with the same non-linearity is studied in

a bounded domain, uniqueness of the solution is proved only forρ ≤ 2/(n− 2), and existence
is proved by a different method. The contraction mapping theorem is not used.

In [3] the quasi-linear problems for parabolic equations are studied in Chapter 5 in a bounded
domain and under the assumptions different from ours. There are many papers and books on
non-linear problems for parabolic equations (see the bibliography in [2], [3].

b) Existence of the global solution is proved.
c) Method of the proof differs from the methods in the cited literature.
Our result is formulated in Theorem 1:
Theorem 1. Problem(1.1) has a global and uniformly bounded solution inX for smooth

and rapidly decaying positiveu0 ∈ X, provided thatρ > 1.

2. PROOFS

Let g(x, t) = e−|x|
2/4t

(4πt)3/2 . If u solves (1.1) then

u(t) =

∫ t

0

dτ

∫
g(x− y, t− τ)|u|ρdy+∫

g(x− y, t)u0(y)dy := A(u) + F := Q(u),

(2.1)

where
∫

:=
∫

R3 . LetX be the Banach space of continuous inR3×R+ functions,R+ := [0,∞),
‖u‖ is chosen so thatQ is compact inX, for example,‖u‖ = maxx∈R3,t∈[0,T ] |u(x, t)|.

If ‖u‖ ≤ R then‖A(u)‖ ≤ TRρ+1, where the identity
∫

g(x − y, t − τ)dy = 1 was used.
From (2.1) one gets

(2.2) ‖u‖ ≤ T‖u‖ρ + ‖F‖.
Thus,Q maps the ballB(R) = {u : ‖u‖ ≤ R} into itself if T is such that

(2.3) TRρ + ‖F‖ ≤ R.

TheQ is a contraction onB(R) if

‖Q(u)−Q(v)‖ ≤ TρRρ−1‖u− v‖ ≤ q‖u− v‖, 0 < q < 1.

Thus, if

(2.4) TρRρ−1 ≤ q < 1,
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thenQ is a contraction inB(R) in the Banach spaceXT with the norm‖ · ‖, t ∈ [0, T ]. We use
the same notations for the norms inXT and inX∞.

We have proved that
For T satisfying(2.3)- (2.4) there exists and is unique the solution to(1.1), and this solution

can be obtained from(2.1)by iterations.
The problem now is:
Does this solution exist and is unique onR+?
From our proof it follows that if the solution exists and is unique inXT , then the solution

exists and is unique inXT1 for someT1 > T because the estimates (2.3) and (2.4) remain valid
for T1 > T if T1 − T is sufficiently small.

To prove that the solutionu(x, t) to (1.1) exists onR+, assume the contrary: this solution
does not exist on any interval[0, T1), T1 > T , whereT is the maximal interval of the existence
of the continuous solution.

Then limt→T−0 u(x, t) = ∞, because otherwise there is a sequencetn → T − 0 such that
u(x, tn) → u(x, T ) and one may construct the solution defined on[T, T1], T1 > T , by using
the local existence and uniqueness of the solution to (1.1) with the initial valueu(x, T ) for
t ∈ [T, T1]. This contradicts the assumption thatT is the maximal interval of the existence of
the continuous solutionu. Of course, ifT is such that the contraction mapping theorem is not
valid, the solution to (1.1) may not exist or may be non-unique.

If T < ∞ then one haslimt→T−0 u(x, t) = ∞. Let us prove that this also leads to a contra-
diction. Then we have to conclude thatT = ∞ and Theorem 1 is proved.

We need the following result (see [1], p. 61):
Lemma 1. (Leray-Schauder). LetA be a compact nonlinear operator in a Banach spaceX.

If all solutions to the equation

(2.5) u = ηA(u)

for all η ∈ [0, 1] are uniformly bounded:‖u‖ ≤ R, then equation (2.5) has a solution in the ball
of radiusR.

If u0 ≥ 0 then formula (2.1) implies

(2.6) |u(x, t)| ≥
∫ t

0

∫
D

g(x− y, t− s)|u(y, s)|ρdyds

since the second term on the right side of formula (2.2) is nonnegative. Letξ andτ be points
such that

(2.7) |u(ξ, τ)| > max |u(x, t)| − ε := M − ε,

whereε > 0 is a small number. LetDε ⊂ D be a subdomain of D where inequality (2.7) holds.
Then (2.6) implies:

(2.8) M > (M − ε)ρτ .

If M →∞ andρ > 1 then (2.8) leads to a contradiction. This is so also ifT →∞. Therefore,
maxx∈R3,T∈R+

|u(x, t)| ≤ C whereC > 0 is a constant.
Theorem 1 is proved. �
The ideas related to the ones used in this paper were developed and used in [4], [5], [7].
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