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ABSTRACT. Consider the equation
W (t) = Au=[ul’,  u(z,0)=uo(z), (1),

wherevy’ := %, p=const >0,z € R3¢t >0.
Assume that, is a smooth and rapidly decaying function belonging to a Banach space
It is proved that problem (1) has a global solution and this solutienX .
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1. INTRODUCTION

Let

(1.1) U — Au= ’u|p7 u(xa()) =y, u = Ccli_qu’

wherep > 0,t € R, = [0,00), z € R3, X is a Banach space of real-valued functions with the
norm chosen so thd&p is compact inX.
We prove the existence of a solutiore X to (1.1):

(1.2) lu|| <e.

We say that: is a global solution td (I]1) if. existsvt > 0.

Our result is formulated in Theorem 1. Our method is simple and differs from the published
results, see [2]/ 3] and references there.

The novel points in this work are:

a) There is no restriction on the upper boung of

In [2], (Section 1.1) a nonlinear hyperbolic equation with the same non-linearity is studied in
a bounded domain, uniqueness of the solution is proved only fo2/(n — 2), and existence
is proved by a different method. The contraction mapping theorem is not used.

In [3] the quasi-linear problems for parabolic equations are studied in Chapter 5 in a bounded
domain and under the assumptions different from ours. There are many papers and books on
non-linear problems for parabolic equations (see the bibliography iri [2], [3].

b) Existence of the global solution is proved.

c) Method of the proof differs from the methods in the cited literature.

Our result is formulated in Theorem 1.:

Theorem 1 Problem(ZI.1) has a global and uniformly bounded solution_in for smooth
and rapidly decaying positive, € X, provided thatp > 1.

2. PROOFs

2
o—lel?/at

Letg(z,t) = T If u solves|[(1.1) then

u(t) = /Ot dT/g(x —y,t —7)|ul’dy+
/ 9z — y, uo(y)dy = A(u) + F = Q(u),

where[ := [.,. Let X be the Banach space of continuou®ihx R, functions,R . := [0, o0),
||| is chosen so tha® is compact inX, for example||u|| = max,ers se07) |u(z, ).

If lu|| < R then||A(u)|| < TR, where the identity[ g(x — y,t — 7)dy = 1 was used.
From (2.1) one gets

(2.1)

(2.2) [ull < Tllull” + | F]]
Thus,@ maps the balB(R) = {u : ||u|]| < R} into itself if T"is such that
(2.3) TR+ ||F| < R.

The( is a contraction orB(R) if

1Q(w) = Q)| < TpR ™ Hu—vl| < gllu—vfl, 0<g<T1.
Thus, if
(2.4) TpR™' < q<1,
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then( is a contraction ilB(R) in the Banach spac&; with the norm]| -
the same notations for the normsii and inX .

We have proved that

For T" satisfying(2.3) (2.4) there exists and is unique the solution(io])), and this solution
can be obtained fror2.1) by iterations.

The problem now is:

Does this solution exist and is unique én?

From our proof it follows that if the solution exists and is uniqueXin, then the solution
exists and is unique iXr, for someT; > T because the estimatés (2.3) gnd](2.4) remain valid
for 77 > T if Ty — T is sufficiently small.

To prove that the solution(z,t) to (1.1) exists orR,, assume the contrary: this solution
does not exist on any intervdl, 7 ), 77 > T, whereT is the maximal interval of the existence
of the continuous solution.

Thenlim, .r_ou(z,t) = oo, because otherwise there is a sequence> 7" — 0 such that
u(z,t,) — wu(z,T) and one may construct the solution defined/6nl], 71 > T, by using
the local existence and unigueness of the solution td (1.1) with the initial vlue™) for
t € [T,T]. This contradicts the assumption tlais the maximal interval of the existence of
the continuous solution. Of course, IifT" is such that the contraction mapping theorem is not
valid, the solution to[(1]1) may not exist or may be non-unique.

If T < oo then one haiim, .o u(x,t) = co. Let us prove that this also leads to a contra-
diction. Then we have to conclude tHat= oo and Theorem 1 is proved.

We need the following result (see [1], p. 61):

Lemma 1. (Leray-Schauder). Ldtbe a compact nonlinear operator in a Banach spéace
If all solutions to the equation

(2.5) u=nA(u)

for all € [0, 1] are uniformly boundedjju|| < R, then equatior (2]5) has a solution in the ball
of radiusR.
If uy > 0 then formula|(Z.]1) implies

t
(2.6) )= [ [ glo =yt = s)uly.s)Pdyds
0 D
since the second term on the right side of formfla](2.2) is nonnegative; ard be points
such that
(2.7) |u(&, 7)| > max |u(z,t)| —e:= M —¢,

wheree > 0 is a small number. Leb. C D be a subdomain of D where inequalify (2.7) holds.
Then [2.6) implies:

(2.8) M > (M —¢€)’r.

If M — oo andp > 1then [2.8) leads to a contradiction. This is so alsp if> co. Therefore,
max,eps rer, |U(2,t)] < C whereC > 0 is a constant.

Theorem 1 is proved. O
The ideas related to the ones used in this paper were developed and used in [4], [5], [7].

,t €10, T]. We use
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