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ABSTRACT. Let ψ(x) be the digamma function, that is, the logarithmic derivative [ln Γ(x)]′ =
Γ′(z)
Γ(x) of the classical Euler’s gamma function Γ(x). In this paper, the authors alternatively prove
the positivity of the function

ψ(x) + xψ′(x)− ψ(x)ψ

(
1

x

)
, x ∈ (0,∞).
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1. INTRODUCTION

It is common knowledge [1, Chapter 6] that the functions

Γ(z) =

∫ ∞

0

tz−1 e−t d t

and

ψ(z) = [ln Γ(z)]′ =
Γ′(z)

Γ(z)

for ℜ(z) > 0 are respectively called the classical Euler gamma function and the digamma func-
tion. Furthermore, the derivatives ψ′(z), ψ′′(z), ψ(3)(z), and ψ(4)(z) are called the trigamma,
tetragamma, pentagamma, and hexagamma functions, respectively. All the derivatives ψ(n)(z)
for n ≥ 0 are known as the polygamma functions.

Let

(1.1) f(x) = ψ(x) + xψ′(x)− P0(x), x ∈ (0,∞),

where

(1.2) P0(x) = ψ(x)ψ

(
1

x

)
, x ∈ (0,∞).

In the paper [7], among other things, by establishing the monotonicity of the function P0(x),
Qi and his coauthors confirmed the positivity of the function f(x) on (0,∞).

Theorem 1 ([7, Theorem 2]). The product P0(x) defined by (1.2) is increasing on (0, 1) and
decreasing on (1,∞), with the limits

lim
x→0+

P0(x) = lim
x→∞

P0(x) = −∞.

Theorem 2 ([7, Theorem 3]). The function f(x) defined in (1.1) is positive on (0,∞).

In this paper, we provide two alternative proofs of Theorem 2.

2. TWO ALTERNATIVE PROOFS OF THEOREM 2

In this section, we aim to provide two alternative proofs of Theorem 2.

2.1. First alternative proof of Theorem 2. From the monotonicity of the function P0(x),
restated in Theorem 1, we deduce the inequality

(2.1) P0(x) = ψ(x)ψ

(
1

x

)
≤ γ2 = P0(1),

where γ = 0.57721566 . . . stands for Euler–Mascheroni’s constant. This inequality can also be
found in [3, Proposition 4], in which the inequality (2.1) was proved using the power series for
ψ(1 + x).

Since ψ(x) is concave, with ψ(1) = −γ and ψ(2) = 1− γ, we acquire ψ(y) ≥ y− 1− γ for
1 < y < 2. Hence, for 0 < x < 1,

ψ(x) +
1

x
= ψ(x+ 1) ≥ x− γ.

For x > 0, we have

ψ′(x) =
1

x2
+

∞∑
n=1

1

(x+ n)2
>

1

x2
+

∫ ∞

1

1

(x+ t)2
d t =

1

x2
+

1

1 + x
.
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Accordingly,

(2.2) xψ′(x) ≥ 1

x
+

x

x+ 1
.

Hence, for 0 < x < 1,

(2.3) ψ(x) + xψ′(x) ≥ x+
x

x+ 1
− γ.

When 0 < x ≤ 1
2
, by virtue of (2.3), we obtain

ψ(x) + xψ′(x) > −γ,

while
|P0(x)| ≥ |P0(2)| = 0.8302 . . . .

So, we find P0(x) ≤ −0.8302 . . . . Hence, we deduce f(x) ≥ 0.832 . . .− γ > 0.
Let x0 = 1.4616321 . . . be the unique positive zero of the digamma function ψ(x) on (0,∞).

When 1
2
≤ x ≤ 1

x0
, it is easy to see that

ψ(x) + xψ′(x) ≥ g

(
1

2

)
=

5

6
− γ > 0

and P0(x) ≤ 0.
When 1

x0
< x ≤ 1, since 1

x0
> 2

3
, it follows that g(x) > g

(
2
3

)
> 1 − γ. Making use of the

inequality (2.1), we arrive at f(x) > 1− γ − γ2 = 0.089 . . . .
When 1 ≤ x ≤ x0, employing ψ(x) ≥ −γ and xψ′(x) > 1, which can be deduced from (2.2),

we conclude f(x) > 1− γ − γ2 again. The first proof of Theorem 2 is thus complete.

2.2. Second alternative proof of Theorem 2. The positivity of the function f(x) for x > 0
can be rewritten as [xψ(x)]′ > P0(x) for x > 0.

In [2, Lemma 1], Alzer proved that the first derivative [xψ(x)]′ is increasing on (0,∞), with
the limits

lim
x→0+

[xψ(x)]′ = −γ and lim
x→∞

[xψ(x)]′ = ∞,

and that the only positive zero of [xψ(x)]′ is x1 = 0.21609 . . . .
Since

[xψ(x)]′|x=1 = [ψ(x) + xψ′(x)]|x=1 = ψ(1) + ψ′(1)

= −γ +
π2

6
= 1.067718 . . . > P0(1) = [ψ(1)]2 = γ2 = 0.333 . . .

and, by Theorem 1, the function P0(x) is decreasing on (1,∞), we are readily sure that the
function f(x) is positive on [1,∞).

For x ∈ (0, 1], the positivity of f(x) can be rearranged as

(2.4) xψ′(x) + ψ(x)

[
1− ψ

(
1

x

)]
> 0, x ∈ (0, 1].

Let x2 = 0.312 . . . be the zero of the equation ψ
(
1
x

)
= 1. When x ∈ (0, x2] ⊂ (0, 1), the

positivity of f(x) is clearly true.
In [5, Lemma 2.4], there exists the double inequality

(2.5) ln

(
x+

1

2

)
− 1

x
< ψ(x) < ln(x+ 1)− 1

2x
, x ∈ (0,∞).
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See also [4, Section 1.5]. In [4, p. 111, Theorem 1], the double inequality

(2.6)
(k − 1)!(

x+
[

(k−1)!

|ψ(k)(1)|

]1/k)k +
k!

xk+1
<

∣∣ψ(k)(x)
∣∣ < (k − 1)!(

x+ 1
2

)k +
k!

xk+1

was proved for x > 0 and k ∈ N and the constants
[

(k−1)!

|ψ(k)(1)|

]1/k
and 1

2
in (2.6) were proved to be

the best possible. On the open interval (x2, 1), making use of the left-hand inequalities in (2.5)
and (2.6) for k = 1, we can decrease the left-hand side in the inequality (2.4) as

xψ′(x) + ψ(x)

[
1− ψ

(
1

x

)]
> x

[
1

x+ 1
|ψ′(1)|

+
1

x2

]
+

[
ln

(
x+

1

2

)
− 1

x

][
1 + x− ln

(
1

x
+

1

2

)]
=

[
1

x
− ln

(
x+

1

2

)]
ln

(
1

x
+

1

2

)
+ (x+ 1) ln

(
x+

1

2

)
− 6

π2x+ 6
.

Therefore, it is sufficient to prove[
1

x
− ln

(
x+

1

2

)]
ln

(
1

x
+

1

2

)
>

6

π2x+ 6
− (x+ 1) ln

(
x+

1

2

)
for x ∈ (x2, 1). Because

ln(1 + t) ≥ 2t

2 + t
, t ∈ (0,∞),

see [6, p. 245, Remark 1, (3)], it suffices to show[
1

x
− ln

(
x+

1

2

)]
2(2− x)

3x+ 2
>

6

π2x+ 6
− (x+ 1) ln

(
x+

1

2

)
,

that is,

(2.7) H(x) ≜
(
3x2 + 7x− 2

)
ln

(
x+

1

2

)
>

2
[
π2x2 −

(
2π2 − 15

)
x− 6

]
π2x+ 6

≜ L(x),

for x ∈ (x2, 1).
Since the quadratic equation 3x2 + 7x− 2 = 0 has a unique positive root

√
73 − 7

6
= 0.257 . . . < x2 = 0.312 . . .

and the equation ln
(
x+ 1

2

)
= 0 has a unique root 1

2
, the functionH(x) is negative on

(√
73−7
6

, 1
2

)
and is positive on

(
1
2
, 1
)
. It is easy to see that the quadratic equation

π2x2 −
(
2π2 − 15

)
x− 6 = 0

has two roots
2π2 − 15−

√
225− 36π2 + 4π4

2π2
= −0.575 . . .

and
2π2 − 15 +

√
225− 36π2 + 4π4

2π2
= 1.055 . . . .

This means that the function L(x) < 0 on (0, 1). Accordingly, the inequality (2.7) is trivially
valid on

(
1
2
, 1
)
.
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It is standard that

H ′(x) =
2
(
3x2 + 7x− 2

)
2x+ 1

+ (6x+ 7) ln

(
x+

1

2

)

→


−4− 7 ln 2, x→ 0+;

9

4
, x→ 1

2
,

H ′′(x) =
4
(
9x2 + 13x+ 9

)
(2x+ 1)2

+ 6 ln

(
x+

1

2

)

→


6(6− ln 2), x→ 0+;

71

4
, x→ 1

2
,

H ′′′(x) =
16
(
3x2 + x− 5

)
(2x+ 1)3

< 0

on
(
0, 1

2

]
. By Taylor’s theorem, we obtain

(2.8)

H(x) = H

(
1

2

)
+H ′

(
1

2

)(
x− 1

2

)
+
H ′′(1

2

)
2!

(
x− 1

2

)2

+
H ′′′(ξ(x))

6

(
x− 1

2

)3

>
9

4

(
x− 1

2

)
+

71

8

(
x− 1

2

)2

≥ − 81

568
= −0.142 . . .

for x ∈
(
0, 1

2

]
and ξ(x) ∈

(
x, 1

2

)
.

It is straightforward that

L′(x) =
2
(
π4x2 + 12π2x+ 90− 6π2

)
(π2x+ 6)2

.

Since the quadratic equation

π4x2 + 12π2x+ 90− 6π2 = 0

has two roots

−
√
6(π2 − 9) + 6

π2
= −0.839 . . .

and √
6(π2 − 9) − 6

π2
= −0.376 . . . ,

the derivative L′(x) is positive on [0,∞), and the function L(x) is increasing on [0,∞). Hence,
we acquire

(2.9) L(x) ≤ L

(
1

2

)
= −3(π2 − 2)

12 + π2
= −1.079 . . . , x ∈

(
0,

1

2

]
.

Combining (2.8) with (2.9) concludes that the inequality (2.7) is valid for x ∈
(
x2,

1
2

]
. The

second proof of Theorem 2 is complete.
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