Aust. J. Math. Anal. Appl.
Vol. 23 (2024), No. 1, Art. 4, 11 pp.
AJMAA

R-ORDER ANALYSIS OF e-OPEN CONTINUOUS MAPPING IN CUBIC PICTURE
FUZZY TOPOLOGICAL SPACES

G. SARAVANAKUMAR AND K. SUGANTHI

Received 22 July, 2025; accepted 5 March, 2026, published 22 April, 2026.

DEPARTMENT OF MATHEMATICS, VEL TECH RANGARAJAN DR.SAGUNTHALA R&D INSTITUTE OF
SCIENCE AND TECHNOLOGY (DEEMED TO BE UNIVERSITY), AVADI, CHENNAI-600062, INDIA.
saravananguruz26l2@gmail.com

DEPARTMENT OF MATHEMATICS, VEL TECH RANGARAJAN DR.SAGUNTHALA R&D INSTITUTE OF
SCIENCE AND TECHNOLOGY (DEEMED TO BE UNIVERSITY), AVADI, CHENNAI-600062, INDIA.
suganthiselvam0980@gmail.com

ABSTRACT. This paper investigates the structure and properties of e-continuous mappings within
the framework of Cubic Picture Fuzzy Topological Spaces (C'PFT'Ss) under R-order. Build-
ing on the foundational role of e-open sets in generalized topological structures, we introduce
several classes of continuity-namely e-continuous, §P-continuous,dS-continuous a-continuous,
[B-continuous, and e*-continuous maps—and study their interrelationships through logical im-
plications and set-theoretic operations. We establish necessary and sufficient conditions for each
type of continuity, along with non-reversible inclusion results supported by counterexamples.
Furthermore, we present preservation results involving closure and interior operations under
e-continuous maps and identify conditions under which e-continuity implies classical R-order
continuity. The findings contribute to the refinement of topological structures in fuzzy environ-
ments and offer a foundational basis for functional modeling under uncertainty, with applications
in decision theory, Al systems, and fuzzy information modeling.
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1. INTRODUCTION

The increasing complexity and uncertainty of real-world systems have necessitated the devel-
opment of advanced mathematical frameworks capable of modeling vagueness, indeterminacy,
and imprecision. Among these, fuzzy set theory—pioneered by Zadeh [[12][—has been greatly
extended through the introduction of intuitionistic fuzzy sets [2], picture fuzzy sets [3], and
more recently, cubic picture fuzzy sets (CPF'Ss). C'PF'Ss enrich the modeling capacity by
combining interval-valued structure with the three-valued logic of picture fuzzy sets, enabling
simultaneous representation of positive, neutral, and negative evaluations. Ashraf et al. [[1]
introduced C'PF'S's to better capture such nuanced evaluations in fuzzy environments.

Subsequent developments by Jun et al. [9]] provided a solid algebraic and operational foun-
dation for C PF'S's, which has since led to numerous applications in decision-making, medi-
cal diagnostics, and more recently, intelligent supply chain systems and blockchain-integrated
metaverse platforms [10]. Within these domains, Cubic Picture Fuzzy Topological Spaces
(CPFTSs) equipped with P-order and R-order structures have become important tools for
modeling spatial uncertainty using dual-ordering mechanisms.

A parallel advancement in fuzzy topology has been the study of generalized open sets, such
as e-open, a-open, and (3-open sets, originally developed by Ekici [4, 15,16, 7, 8]. These general-
ized open sets refine classical notions of openness and continuity, enabling deeper topological
distinctions across fuzzy and intuitionistic fuzzy contexts. However, most of the prior litera-
ture has focused solely on the structure of these sets, with relatively limited work examining
mappings between fuzzy topological spaces that preserve or reflect such generalized openness
properties—particularly in the context of C PFT'S's.

Research Gap. While C PF'S's have been utilized to capture complex uncertainty in topo-
logical modeling, there exists a notable lack of research extending e-continuous mappings—a
natural generalization of continuity based on e-open sets into the cubic picture fuzzy setting.
Previous studies largely limited themselves to defining and analyzing the structure of open sets,
without exploring how functions behave with respect to these generalized topologies, especially
under the dual ordering present in C PF'T'S’s.

Motivation and Novelty. This paper seeks to fill that gap by introducing and analyzing the con-
cept of e-continuous mappings and their nearby variants such as dP-continuous, 0S-continuous
a-continuous, [3-continuous, and e*-continuous maps within the rich framework of CPFT'S's
under R-order. Unlike previous efforts that treated open sets in isolation, this work system-
atically studies the inverse image behavior of these sets under fuzzy mappings. We establish
logical implications, equivalence chains, and non-reversible inclusions among these mappings
and validate the results with illustrative counterexamples.

Objectives.

e To formally define R-order e-continuous mappings and their generalizations in C PF'T'S.

e To explore their structural and logical relationships through set-theoretic and order-
theoretic lenses.

e To develop new results regarding preservation of topological constructs under such map-
pings.

e To provide examples and counterexamples that demonstrate non-reversibility and sub-
tleties in these continuity concepts.

Significance. By shifting the focus from merely defining generalized open sets to studying
e-continuous mappings and their implications, this work provides a foundational theory for un-
derstanding functional behavior in C'PF'T'Ss under generalized topologies. The findings not
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only contribute to the theoretical refinement of fuzzy topological spaces but also open new
directions for modeling functional uncertainty in Al, control systems, metaverse design, and
decision support systems—particularly where neighborhood sensitivity and continuity preser-
vation are critical under complex multi-valued data structures.

2. PRELIMINARIES

Definition 1 ([12]). A fuzzy set X in a set X is defined to be a function A : X — 1 where
I=10,1].

Definition 2 ([13]). A closed sub interval a = [a~, at] where 0 < a= < at < 1of1 =10, 1]
is called Interval number. Where, [1] denote the set of all interval numbers.

Definition 3 ([13]]). Let X be a nonempty set. A function y : X — [I] is called an interval-
valued fuzzy set(briefly, IVFS) in X. Let [I] stand for the set of all IVFS’s in X. For every
e 11X and x € X, u(z) = [~ (), u*(x)] is called the degree of membership of an element
x to j, where i~ : X — Iand pt : X — I are fuzzy sets in X which are called lower fuzzy
set and an upper fuzzy set in X, respectively.

Definition 4 ([9]). Let X be a non-empty set. Then a structure A = {(z, u(z), A\(z)) | x € X}
is a cubic set in X in which p is an IV FS in X and ) is a fuzzy set in X.

Definition 5 ([3]]). Consider a non-empty set X. We define a picture fuzzy set(PF'S) as follows
J(z) = {{(s,a(x),B(x),y(x)) | = € X)}, where « : X — [0,1],5 : X — [0,1],7 :
X — [0, 1] represent the positive membership degree, neutral membership degree and negative
membership degree of the element x with respect to the set X, respectively. Additionally, o, 5
and ~y must satisfy the condition 0 < a(x) + B(z) + y(x) < 1 forall x € X.

Definition 6 ([3]]). Consider a non-empty set X. Let S(x) denote an interval valued picture
fuzzy set(IV PF'S) defined in X as follows S(z) = {(z,a(z), 5(z),y(x) | © € X}, where
a:X — [0,1,5: X — [0,1],7 : X — [0,1] represent the positive membership degree,
neutral membership degree and negative membership degree of the element x with respect to the
set X. Moreover a(x), B(x) and ~v(x) must satisfy the condition 0 < sup(a(x)) + sup(S(z)) +
sup(y(z)) < 1,forall x € X.

Definition 7 ([1]]). Consider a non-empty set X. The concept of a cubic picture fuzzy set(C PF'S)
can be represented as follows A = {([as, o), [8;, B,], i, 75]), (@, B, )}, where a = X —
0,1),8 : X — [0,1],7 : X — [0, 1] represent the positive membership degree, neutral mem-
bership degree and negative membership degree of every element with respect to the set X.

Definition 8 ([1]). Let us consider a universal set X. Then the CPF'S A = {([c, o], [B;, B;],
Vi V1) (e, B,7) } is classified as follows

(i) Positive-internal if o;(v) < a(z) < a;(z), Vo € X.

(ii) Neutral-internal if 3;(x) < B(x) < B;(v), Vo € X.
(iii) Negative-internal if v,(x) < v(z) < 7,(z), Vo € X,
Ifthe CPFS A = {([ay, oy, [B;, B3] [7i,7;])» (e, B,7) } in X is satisfied all the above proper-
ties then the C PF'S is said to be an internal CPF S in X.

Definition 9 ([11). Let us consider a universal set X. Then the CPFS A = {([c, o], [3;, B;],
Vi V1) (v, B,7) } is classified as follows

(i) Positive-external if a(x) ¢ [oy(x), aj(z)], Vo € X

(ii) Neutral-external if 3(x) & [B;(x), B;(x)], Vo € X
(iii) Negative-external if ¥(x) ¢ [v;(x),v;(v)],Vz € X
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Definition 10 ([1]). Let X be a set. Consider a CPFS A = {({[c;, oyl [8;, B, [vi:7;])s (v, B,7) }
in X. Then its complement is defined as A° = {([;,,], [B:; B, [, as]), (v, B, ) }

Definition 11. [10] Let us consider a universal set X. Then the cubic picture fuzzy set 0 =
{(]0,0],0,0],[1,1]),(1,0,0)} is called a null R-cubic picture fuzzy set.

Definition 12. [10] Let us consider a universal set X. Then the cubic picture fuzzy set 1 =
{([1, 1], [0, 0], [0,0]), (0,0, 1)} is called a absolute R-cubic picture fuzzy set.

Definition 13. [[1] Let A = {([ov;,, o}, ], [/Bi17/8j1]7 [%—1,%—1}), (aq, By,71) } and B = {([au,, aj, ],
[Biy> Bl [Vins Vo)) (@2, B2, 72) } be two cubic picture fuzzy sets. Then the operations on cubic
picture fuzzy sets are defined as follows for R-order

(1) A gR Biff Vo € X7 [ai1aaj1] S [aiza ajg]? [ﬂilaﬁjl} 2 [ﬂig?ﬁjz}? [Fyilaﬁ)/ﬁ] 2 [7i2’7jg]7 (631 2
a2, 81 > Bas 71 < 72
(i1) Union of two cubic picture fuzzy sets

{max{&ila 041'2}, mln{ﬁzl ) ﬁiz}a mzn{’Yﬂ 9 ’722}}
A Ur B = {ma“%{ajlv aj2}7 min{ﬁjl 5 ﬁjz}v min{'y]j ) 7]’2}}
{min{ala a2}7 min{ﬁla 62}7 max{ﬁ)/la 72}}

(i11) Intersection of two cubic picture fuzzy sets

{min{aip ai2}7 mzn{ﬁ“ ) 61‘2}7 ma:L‘{%-l ) 712}}
Ang B=1¢ {min{a;,,a;,}, min{ﬁjl,ﬁjQ}, max{vjl,vjé}}
{mCLI{Ogl, 042}, min{ﬁl? 52}7 min{’yla 72}}

Definition 14. [10] A R-cubic picture fuzzy topology is the family Fp of cubic picture fuzzy
sets in X which satisfies the following conditions:

i) 0,1 e Fr ‘

(i) If A; € Fg, then USN A; € Fi
(i) If A, B € Fr,then A gB € Fr

The pair (X, Fg) is called the R-cubic picture fuzzy topological space and any cubic picture
fuzzy set in Fg is known as R-cubic picture fuzzy open set in X. The complement A of a
R-cubic picture fuzzy open set A in R-cubic picture fuzzy topological space (X, Fg) is called
a R-cubic picture fuzzy closed set in X.

Definition 15. [10] Those cubic sets which are both R-cubic picture fuzzy open and R-cubic
picture fuzzy close are called R-cubic picture fuzzy clopen sets in (X, Fg).

Definition 16. [10] Let (X, Fr) be a R-cubic picture fuzzy topological space andA be a cubic
picture fuzzy set in (X, Fr). Then the R -cubic picture fuzzy interior and R - cubic picture
fuzzy closure are defined by
CPFintg(A) = Ug{A; | 4;is a R- cubic picture fuzzy open setin X and A; Cy A}
CPFclgr(A) = Nr{A; | A;is a R- cubic picture fuzzy closed set in X andA Cg A;}.

Definition 17. [11] A cubic picture fuzzy set L in a R - cubic picture fuzzy topological space
(X, FR) is said to be
(i) R-cubic picture fuzzy regular open set(briefly,C' P Frros) if L = C'PFgint(C PFgcl(L))
(ii) R-cubic picture fuzzy regular closed set (briefly,C' P Frres) if L = C'PFgrcl(CPFrint(L))
Definition 18. [11] A cubic picture fuzzy set L is said to be a R-Cubic picture fuzzy

(i) 0 interior of L (briefly, C'PFgdint) is defined by C PFgdint = | J{G : G C Land G is a
CPFgérosin X}.
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(i) 0 closure of L (briefly, C PFgdcl) is defined by CPFrocl = (\{G : G O Land G is a
CPFgéresin X}

Definition 19. [11] A set L is said to be a R-Cubic picture fuzzy

(i) &-pre open set(briefly, C PFrdPos) if L Cg CPFrint(CPFrdclL).

(i) 6-pre closed set(briefly, C P FrdRcs) if L Dp CPFrcl(CPFrbintL).
(iii) &-semi open set(briefly, C PFrdSos) if L Cg CPFRCZ(C’PFRéth).

(iv) é-semi closed set(briefly, C PFrdScs) if L Dp CPFyint(CPFgéclL).

(v) e-open set (briefly, CPFreos) if L Cg CPFrcl(CPFgéintL) UC P Fyint (CPFgdclL).
(vi) e-closed set (briefly, C PFgecs)L Dg CPFRCZ(CPFR(SintL) N CPFgrint (CPFgclL).
(vii) e*-open set(briefly, C' P Fre*os) if L Cg CPFrcl(CPFrint(CPFgréclL)).

(viii) e*-closed set(briefly, C' PFre*cs) if L Dy CPFRint(CPFRCZ(C’PFR(SintL)).

(ix) a-open set (briefly, C P Fraos) if L Cg CPFgint(CPFgrcl(CPFgdintL)).

(x) a-closed set (briefly, C PFracs) if L Dg CPFRCZ(C’PFRmt(CPFRéclL)).

(xi) [ open set (briefly, C PFgfos) if L Cg C'PFrcl(CPFrint(CPFgcl(L)))

(xii) S closed set (briefly, C PFgfcs) if L Ogr C'PFgrint(CPFgrcl(CPFgint(L)))

The family of all C PFréPos (resp. CPFroPcs, CPFrdSos, CPFréScs, CPFgeos,
CPFrecs,C PFraos,CPFracs, CPFrfBos,CPFgrfBcs, C PFre*os, & CPFre*cs) of X is de-
noted by C PFROPOS(X) (resp. CPFréPCS(X), CPFréSOS(X), CPFrdSCS(X), CPFg
eOS(X),CPF.CS(X),CPFraOS(X), CPF,CS(X),CPFrFOS(X), CPFRFCS(X),CP
Fre*OS(X) & CPFre*CS(X)).

Definition 20. [11] A set L is said to be a R-cubic
(i) e-interior(resp. e*-interior) of L is defined by C'P Freint L(resp. C PFge*intL) = Jp{G :
G C L & G is a CPFgeos(resp. C PFre*os)inX }.

(ii) e-closure (resp. e*-closure) of L is defined by C'PFreclL(resp. CPFge*clL ) = (p{G :
L C G & GisaCPFgecs(resp. CPFge*cs)inX }.

(iii) o pre interior(resp. ¢ semi interior) of L (briefly, C PFrdPint) (resp. C'PFrdSint ) is
defined by C PFroPint(resp. CPFRrISint) =|Jz{G : G C L & G is a CPFrdéPos
(resp.C PFrdSos) in X }.

(iv) ¢ pre closure (resp. 0 semi closure) of L (briefly, C'PFrdPcl (resp.C' PFrdScl)) is defined
by CPFroPcl(resp. CPFroScl)=(g{G : L C G & G is a CPFrecs (resp.CPFréPcs
& CPFROSes) in X }.

(v) a-interior(resp. [-interior) of L is defined by C'P FraintL(resp. C PFgfintL) = |Jp{G :
G C L & G is a CPFgaos(resp. CPFg[0s)inX }.

(vi) a-closure (resp. [-closure) of L is defined by C'PFraclL(resp. CPFrfSclL ) = p{G :

L C G & GisaCPFgacs(resp. CPFgfcs)inX }.

3. R-ORDER ¢-OPEN CONTINUOUS MAPPING IN CUBIC PICTURE Fuzzy
TOPOLOGICAL SPACES

In this section we introduce R cubic e-continuous maps and study some of its properties.

Definition 21. Let (X, ) and (Y, Gg) be any two R cubic topological spaces (briefly C' P Fits’s).
Amap f: (X, Fr) — (Y, Gg) is said to be R-Cubic
(i) e-continuous (briefly, C'PFreC's) if the inverse image of every CPFgos in (Y,Gg) is a
CPFreos in (X, Fr).

Definition 22. Let (X, Fg) and (Y, Gr) be any two C'PFgts’'s. A map
f (X, Fr) — (Y, Gg) is said to be R-Cubic
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(i) 0S-continuous (briefly, C PFrdSCts) if the inverse image of every C'PFgos in (Y, Gg) is

a CPFRréSos in (X, Fgr).

(ii) 0P-continuous (briefly, C PEFrdPCts) if the inverse image of every C'PFros in (Y, Gg)
isa CPFrdPos in (X, Fgr).

(iii) e*-continuous (briefly, C' P Fre*C'ts) if the inverse image of every C'PFgos in (Y, Gg) is a
CPFge*osin (X, Fr).

(iv) a-continuous (briefly, C'PFraC's) if the inverse image of every C'PFgos in (Y, Gg) is a
CPFraos in (X, Fg).

Proposition 1. The statements are hold but the converse does not true. Every

(1) CPFRCtS isa CPFR(SPCtS
(ii) CPFrCtsisa CPFroSCts.
(iii) CPFroPCtsis a CPFreCts.
(iv) CPFr6SCtsis a CPFreCts.
(v) CPFreCtsisa CPFgre*Cts.
(vi) CPFreCtsisa CPFrBCts.
(vii) CPFraCtsis a C PFreC'ts.
(viii) CPFraCtsisa CPFRr[Cts.
(ix) CPFRrpBCtsis a CPFre*Cts.

Proof. (i) Let 9 be a CPFros in Y. Since f is CPFrCts, f~1(9M) is CPFgos in
X. Since all CPFgos are CPFgdPos, f~H(IM) is CPFrdPos in X. Hence f is a
CPEROPCts.

(i) Let M be a CPFrosin Y. Since f is CPFrCts, f~1(9M) is CPFgos in X. Since all
CPFgos are C PFRéSos, f~1(IM) is C PFrdéSos in X. Hence f is a C PFROSCts.

(iii) Let M be a CPFgros in Y. Since f is CPFrOPCts, f~1(IN) is a C PFrdPos in X.
Since every C'PFgdos is a CPFreos, f~1(9M) is a CPFgeos in X. Hence f is a
CPFreClts.

(iv) Let M be a CPFgros in Y. Since f is CPFrdSCts, f~1(IM) is a C PFRdSos in X.
Since every C PFrdPos is a CPFgeos, f~1(9M) is a CPFreos in X. Hence f is a
CPFreCts.

(v) Let 9 be a CPFgos in Y. Since f is CPFreCts, f~1(9M) is a CPFgeos in X.
Since every C'PFgreos is a CPFge*os , f~1(9M) is a CPFgre*os in X. Hence f is a
CPFre*Cts.

(vi) Let M be a CPFgros in Y. Since f is CPFreCts, f~1(IM) is a CPFreos in X.
Since every C'PFgeos is a CPFgfBos , f~1(IM) is a CPFgBos in X. Hence f is a
CPFErpBCts.

(vii) Let M be a CPFros in Y. Since f is CPFreCts, f~1(9M) is a C PFreos in X. Since
every C'PFraosisa CPFgeos, f~1(9M) isa CPFgreosin X. Hence f isa C PFreClts.

(viii) Let 9 be a CPFros in Y. Since f is CPFgraCts, f~1(9M) is a CPFrBos in X.
Since every C'PFgaos is a CPFrfBos , f~1(9M) is a CPFrBos in X. Hence f is a
CPFRBCtS

(ix) Let 9 be a CPFros in Y. Since f is CPFRBCts, f~1(M) is a CPFge*os in X.
Since every CPFrfos is a CPFge*os, f~1(9M) is a CPFre*os in X. Hence f is a
CPFre*Cts.

|

Remark 1. We obtain the following diagram from the results we discussed above and justified
from the following examples.
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CPFR(SPCté CPFRG*CtS

CPFpCts CPFgeCts CPFpAClts
| / Y\\

CPFréSCts CPFraCts

Example 1. Let X be a non-empty set. Define an identity mapping
f . (X, ]:]R) — (}/, QR) Let .FR = {O, 1,P1,P2,P3,P4}, QR = {0, ]_,P5} be two CPFRtS’S.
where

([0, 0], [0.05,0.10], [0.85, 0.90]), (0.90, 0.10, 0)},
([0.85,0.90], [0.05, 0.10], [0, 0]), (0, 0.10, 0.90)},
([0.25,0.35],[0.05, 0.10], [0.45, 0.47]), (0.45,0.10, 0.30) },
P4 = {{[0.35,0.42],[0.05,0.10], [0.43, 0.46]), (0.43, 0.10, 0.32) }
= {{[0.29,0.35], [0.05,0.10], [0.45, 0.46]), (0.50, 0.10, 0.20) }

Here f is CPFrOPCts but not a CPFrC'ts, since Ps is C'PFrdoPos but not C PFgos in
(X, FRr).

{
{
={

Example 2. Let X be a non-empty set. Define an identity mapping
f : (X, fR) — (K QR) Let .FR = {0, 1,P1,P2,P3,P4}, QR = {O, 1,P6} be two CPFRtS’S.
where

([0, 0],[0.05, 0.10], [0.85, 0.90]), (0.90, 0.10, 0) },
([0.85,0.90], [0.05, 0.10], [0, 0]), (0, 0.10,0.90) },
([0.25,0.35], [0.05, 0.10], [0.45, 0.47]), (0.45, 0.10, 0.30) },
P4 = {{[0.35,0.42],[0.05,0.10], [0.43, 0.46]), (0.43, 0.10, 0.32) }
Ps = {([0.37,0.40], [0.05,0.10], [0.41, 0.42]), (0.41, 0.10, 0.36) }

Here f is C PFrOSCts but not a CPFrCts, since Py is CPFrdSos but not C'PFgros in
(X, FRr).

{
{
{

Example 3. Let X be a non-empty set. Define an identity mapping
f : (X,.F]R) — (Y7 gR) Let .FR = {0,P1,P2,P3,P4}, QR = {O, 17P6} be two CPFRtS,S.
where
([0,0],[0.05,0.10], [0.85,0.90]), (0.90,0.10, 0) },
([0.85,0.90], [0.05,0.10], [0, 0]), (0, 0.10,0.90) },
([0.25,0.35], [0.05,0.10], [0.45, 0.47]), (0.45,0.10, 0.30) },

P4 = {(]0.35,0.42],[0.05,0.10], [0.43, 0.46]), (0.43,0.10,0.32) }

= {([0.37,0.40], [0.05, 0.10], [0.41, 0.42]), (0.41,0.10,0.36) }

=1
{
=1

Here f is C PFreCts but not a C PFroPC'ts, since Py is C'PFreos but not C' PFrdPos in
(X, Fr).
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Example 4. Let X be a non-empty set. Define an identity mapping
[ (X, Fr) = (Y,Ggr). Let Fr = {0, P, P, P5, P}, Gg = {0, 1, P5} be two CPFgts’s.
where

0], [0.05,0.10], [0.85,0.90]), (0.90, 0.10,0) },
0.85,0.90], [0.05, 0.10], [0, 0]), (0, 0.10,0.90) },
0.25,0.35],[0.05,0.10], [0.45, 0.47]), (0.45,0.10, 0.30) },
0.35,0.42], [0.05,0.10], [0.43, 0.46]), (0.43,0.10,0.32) }
= {(]0.29, 0.35],[0.05,0.10], [0.45, 0.46]), (0.50, 0.10, 0.20) }
Here f is C’PFReCts but not a CPFrOSCts, since Py is C'PFreos but not C PFrdSos in
(X, FRr).

Example 5. Let X be a non-empty set. Define an identity mapping
(X, Fr) = (Y,Ggr). Let Fg = {0,1, P, P,, Ps, P,}, Gr = {0,1, P/} be two CPFts’s.
where

A .

0,
[
[
[

{
{
{
P4_<
{

([0, 0],[0.05,0.10], [0.85,0.90]), (0.90, 0.10, 0) },
([0.85,0.90], [0.05, 0.10], [0, 0]), (0, 0.10,0.90) },
([0.25,0.35],[0.05,0.10], [0.45, 0.47]), (0.45,0.10,0.30) },
P4 = {(]0.35,0.42],[0.05,0.10], [0.43, 0.46]), (0.43,0.10, 0.32) }
= {(]0.15,0.20], [0.05,0.10}, [0.42, 0.45]), (0.42,0.10, 0.30) }
Here f is C’PFRe*C’ts but not a C PFreC'ts, since pi,5 is C PFre*os but not C'PFreos in
(X, FRr).

Example 6. Let X be a non-empty set. Define an identity mapping
f (X, Fr) = (Y,Ggr). Let Fg = {0,1, P, P,, Ps, P,}, Gr = {0,1, P/} be two CPFjts’s.
where

{
{
= {

([0,0],[0.05,0.10], [0.85,0.90]), (0.90, 0.10, 0) },
([0.85,0.90], [0.05, 0.10], [0, 0]), (0, 0.10, 0.90) },
([0.25,0.35], [0.05,0.10], [0.45, 0.47]), (0.45,0.10, 0.30) },
P4 = {(]0.35,0.42],[0.05,0.10], [0.43, 0.46]), (0.43,0.10,0.32) }
P; = {{[0.15,0.20], [0.05,0.10], [0.42, 0.45]), (0.42,0.10, 0.30) }
Here f is C' PFre*C'ts but not a C' PFrpBC's, since piy4 is C PFre*Cts but not C PFrBCts in
(X, Fr)-

Example 7. Let X be a non-empty set. Define an identity mapping
f (X, Fr) = (Y,Ggr). Let Fr = {0, 1, P, P, P5, P4}, Gr = {0, 1, P;} be two C' PFyts’s.
where

{
={
=1

[0,0],[0.05,0.10], [0.85,0.90]), (0.90, 0.10, 0},
[0.85,0.90], [0.05,0.10], [0, 0]), (0, 0.10, 0.90) },
[0.25,0.35], [0.05,0.10], [0.45, 0.47]), (0.45,0.10, 0.30) },
P4 = {{[0.35,0.42],[0.05,0.10], [0.43, 0.46]), (0.43,0.10, 0.32) }
P; = {{[0.15,0.20], [0.05, 0.10], [0.42, 0.45]), (0.42, 0.10, 0.30) }

Here f is CPFr[Cts but not a C PFreC'ts, since (15 is C PFrBCts but not C PFreC'ts in
(X, FRr).

{«
= {
= {
{
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Example 8. Let X be a non-empty set. Define an identity mapping
f (X, Fr) = (Y,GRr). Let Fr = {0,1, P\, P, P5, P4}, Gr = {0, 1, P;} be two C' PFgts’s.
where
= {([0, 0], [0.05,0.10], [0.85,0.90]), (0.90, 0.10, 0) },
= {(]0.85,0.90], [0.05,0.10}, [0, 0]), (0,0.10,0.90) },
= {(]0.25, 0.35],[0.05,0.10], [0.45, 0.47]), (0.45,0.10, 0.30) },
P4 = {(]0.35,0.42],[0.05,0.10], [0.43, 0.46]), (0.43,0.10,0.32) }
P, = {([0.15,0.20], [0.05,0.10], [0.42, 0.45]), (0.42,0.10, 0.30) }
Here f is C PFRrpBCts but not a C'PFraCts, since p,5 is C PFr[SCts but not C PFraC'ts in
(X, FRr).

Example 9. Let X be a non-empty set. Define an identity mapping
f : (X, .F]R) — (Yv, QR) Let ./T"]R = {O, 1,P1,P2,P3,P4}, QR = {O, 1,P6} be two CPFRtS’S.
where

([0,0],[0.05, 0.10], [0.85, 0.90]), (0.90, 0.10, 0) },
([0.85,0.90], [0.05, 0.10}, [0, 0]), (0,0.10,0.90) },
([0.25,0.35], [0.05, 0.10], [0.45, 0.47]), (0.45, 0.10, 0.30) },

P4 = {([0.35, 0.42], [0.05, 0.10], [0.43, 0.46]), (0.43,0.10, 0.32) }

= {([0.37,0.40], [0.05,0.10], [0.41, 0.42]), (0.41,0.10, 0.36) }
Here f is CPFReCts but not a CPFraC'ts, since Py is CPFreCts but not C PFraC'ts in
(X, FRr).
Theorem 1. Amap f : (X, Fr) — (Y, Gr) is C P FreCts iff the inverse image of each C' P Fcs
inY is CPFgecsin X.

Proof. Let M be a C PFges in Y. This implies 1€ is C' PFros in Y. Since f is C PFreCts,
S7H(9Me) is CPFgreos in X. Since f~1(OM¢) = ((f~'9M))e, f~1(OM) is a C PFgecs in X.

Conversely, let M be a C P Fres in Y. Then M is a C P Fros in Y. By hypothesis f~(901¢)
is CPFgeos in X. Since f~1(OM°) = ((f~'9M)), (f~19M))¢ is a CPFgeos in X. Therefore
f7H(OM) is a C PFgecs in X. Hence f is CPFgeCts. &

Definition 23. A C'PFgts (X, Fg) is said to be R-cubic eU 1 (briefly, CPFgreU 1)space, if every
CPFgreosin X isa C'PFrosin X.

Theorem 2. Let f : (X, Fg) — (Y,Gg) be a CPFgeCts, then f is a CPFrCts if X is a
CPFReU%-space.

{
={
=1

Proof. Let M be a CPFrosinY. Then f~1(9M) is a C PFgeos in X, by hypothesis. Since X
is a CPFreU -space, f71(9M) isa CPFgosin X. Hence f is a C PFgeCts. i

Theorem 3. Let f : (X, Fg) — (Y, Gg) be a CPFgreC'ts map and
g:(Y,Gr) = (Z,&,) be a CPFRCts,thengo [ : (X, Fr) — (Z,&,) is a C PFgreClts.

Proof. Let M be a C PFros in Z. Then g~ (9M) is a C PFros in Y, by hypothesis. Since f is a
CPFreCts map, [~ (g~ 1(9M))) is a CPFreos in X. Hence g o f is a C PFreCts map. i

Theorem 4. Let f : (X, Fr) — (Y, Gr) be a C'PFgreCts map. Then the following conditions
are hold.

(i) f(CPFgrecl(9M)) < CPERel(f(OM)), for all C PFres M in X.
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(ii) CPFgecl(f~19M) < f~1(CPFacl), for all CPFacs Min Y.

Proof. (i) Since C'PFgecl(f(9M)) is a CPFgrecsinY and f is C PFgeCts, then
[HCPFgecl(f(IM))) is CPFgecin Y. Now, since M < f~H(CPFrcl(f(9M))),
CPFaecl(9M) < [~ (C'PFpecl(f(9M))). Therefore, f(CPFeecl(9N)) < CPFacl(f(ON)).

(ii) By replacing 90t with f~1(90) in (i), we obtain
F(CPFgecl(f~'9M)) < CPFrcl(f(f~'9M)) < CPFrclIN.
Hence, CPFgecl(f~'OM) < f~YCPFrclIM). 1

Remark 2. If f is C PFreC'ts, then

(i) f(CPFgrecl(9M)) is not necessarily equal to C'PFrcl(f(90)) where (9) € X.
(i) CPFgrecl(f~'9M) is not necessarily equal to f~!(C' P Fgcl9) where M € Y.

Theorem 5. f is C'PFyeCts iff f~(CPFpint(MM)) < CPFreint(f~L(IM)), for all CP Fres
MinY.

Proof. If fis CPFreCtsand 9 € Y. C PFrint(9M) is C PFros in Y and hence, f~1(C P Fgint(9N))
is C PFgreos in X. Therefore C' P Freint(f~1(CPFgreint(M))) = f~H(CPFgint(M)). Also,
CPFgint(OM) < M, implies that f~1(CPFrint(IM)) < f~1(M).
Therefore C' P Freint(f~(CPFgint(IMN))) < CPFreint(f~1(9M)).
Thatis f~1(CPFrint(IM)) < CPFgeint (f~1(9M)).

Conversely, let f~!(C'PFgint(9M)) < CPFreint(f~'(9M)) for all subset M of Y.
If M is C PFgos in Y, then C' P Fgrint(M) = . By assumption,
[ HCPFrint(M)) < CPFgreint(f~1(IMN)). Thus f~1(IM) < CPFreint(f~1(IM)).
But CPFgeint(f~1(OM)) < f~1(OM). Therefore C'PFyeint(f~1(M)) = f~1(IM). That is,
f7HM) is CPFgeos in X, for all C PFros M in Y. Therefore f is CPFreCtson X. 1

Remark 3. If f is C P Frects, then C P Fgeint(f~'(A)) is not necessarily equal to f~1(C' P Frint(A))
where A € Y.
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