
Aust. J. Math. Anal. Appl.
Vol. 23 (2026), No. 1, Art. 3, 13 pp.
AJMAA

DYNAMICAL PROPERTIES FOR MULTIPLICATION OPERATORS
ON THE BLOCH SPACE

HAYRI TOPAL

Received 22 September, 2025; accepted 17 February, 2026; published 3 March, 2026.

VAN YÜZÜNCÜ Y IL UNIVERSITY, FACULTY OF SCIENCE, DEPARTMENT OFMATHEMATICS, TURKEY.
hayritopal@yyu.edu.tr

URL: https://avesis.yyu.edu.tr/hayritopal

ABSTRACT. We study some dynamical properties such as uniformly mean ergodicity, mean
ergodicity and power boundedness of multiplication operators on the Bloch spaces defined on
the unit ball of a Banach or a Hilbert space. Necessary and sufficient conditions are given for
dynamical properties of multiplication operators defined on the Bloch spaces endowed with two
different topologies: the one of uniform convergence on compact sets and the one defined by the
usual norm.

Key words and phrases:Multiplication operator; Bloch spaces; Analytic functions on Hilbert space.

2010Mathematics Subject Classification.Primary 47B38, 46E15. Secondary 47A35.

ISSN (electronic): 1449-5910

c© 2026 Austral Internet Publishing. All rights reserved.

https://ajmaa.org/
mailto: Author <hayritopal@yyu.edu.tr>
https://avesis.yyu.edu.tr/hayritopal
https://www.ams.org/msc/


2 HAYRI TOPAL

1. I NTRODUCTION , NOTATION AND PRELIMINARIES

1.1. Introduction. The classical Bloch spaceB(D) of analytic functions on the open unit disk
D of C plays an important role in geometric function theory and it has been studied by many
authors. In the last decades, many authors have considered higher dimensions, providing ap-
propriate definitions of Bloch spaces on the unit ball of finite and infinite dimensional Hilbert
or Banach spaces. O. Blasco, P. Galindo and A. Miralles extended the notion to the infinite
dimensional setting by considering Bloch functions on the unit ball of an infinite dimensional
Hilbert space (see [9], [10]). A. Miralles also dealt with a finite or infinite dimensional complex
Banach space and considered two possible extensions of the classical Bloch space (see [1]). To
have a more complete insight on the theory of the Bloch space in the finite dimensional space,
see the book by Zhu [7].

Let X be a Banach space with open unit ballBX . We defineH(BX) as the space of all
holomorphic functionsf : BX → C, endowed with the topologyτ c of uniform convergence on
compact sets. This space is a locally convex Hausdorff space. The spaceH∞(BX) is defined
as the set of functionsf ∈ H(BX) satisfying‖f‖∞ := sup{|f(x)| : x ∈ BX} < ∞. It is well
known that(H∞(BX), ‖ · ‖∞) is a Banach space.

For eachf ∈ H(BX), we define the natural Bloch semi-norm off by

‖f‖nat = sup{(1− ‖x‖2)‖f ′(x)‖ : x ∈ BX},

wheref
′
(x) ∈ X∗ denotes the Fréchet derivative off at the pointx. The Bloch type space

B(BX) is given by
B(BX) = {f ∈ H(BX) : ‖f‖nat <∞}.

It is clear that‖ · ‖nat is a seminorm onB(BX) and that with the norm

(1.1) ‖f‖B = |f(0)|+ ‖f‖nat,
the space(B(BX), ‖ · ‖B) is a Banach space. One of the interesting topics concerning Bloch
functions is that of multiplication operators. Supposeψ is a fixed analytic function onD. The
multiplication operator on the Bloch space is defined as

Mψ(f) = ψf.

Multiplication operators on the Bloch space of the open unit diskD have been studied in [4, 8,
13, 3]. In this sense, criteria for the boundedness of multiplications operators were obtained by
Arazy in [4], and independently by Brown and Shields. In [8], the authors proved thatMψ is a
bounded operator on the classical Bloch spaceB(D) if and only ifψ ∈ H∞(D) and

|ψ′
(z)| = O

(
1

(1− |z|) log(1/(1− |z|))

)
.

In [13], Allen and Colonna defined

σ∞ψ := sup
z∈D

1

2
(1− |z|2)|ψ′

(z)| log
1 + |z|
1− |z|

to determine an upper bound on‖Mψ‖ and gave estimates on the norm of the multiplication
operator in [13, Corollary 2.4], they deduced that ifψ ∈ H(D) induces a bounded multiplication
operatorMψ on the Bloch space, then

max{‖ψ‖B, ‖ψ‖∞} ≤ ‖Mψ‖ ≤ max{‖ψ‖B, ‖ψ‖∞ + σ∞ψ }.
Also mean ergodicity, power boundedness and related properties of multiplication operators
acting on spaces of holomorphic functions on the unit discD have been investigated and char-
acterized in [3].
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DYNAMICAL PROPERTIES FOR MULTIPLICATION OPERATORS ON THEBLOCH SPACE 3

In this paper we firstly present some basic definitions for maps defined on locally convex
space and fix the notation used throughout the paper and later study some dynamical properties,
such as uniformly mean ergodicity, mean ergodicity and power boundedness, of multiplication
operators on the Bloch spaces when these spaces are endowed with two different topologies
on the unit ball of a Banach or a Hilbert space. For standard theory and notation of functional
analysis we refer to [5].

1.2. Notation and Preliminaries. LetE be a locally convex Hausdorff space. We denote the
set of all continuous seminorms onE by cs(E), and byE

′
the dual space ofE that is, the

collection of all functionsu : E → C that are linear and continuous and byσ(E,E
′
) the

topology of weak convergence onE, where eachu ∈ E
′

defines a seminormp{u} : E → R
given byp{u}(x) = |u(x)| for everyx ∈ E. (E, cs(E)) is a Banach space whenevercs(E) is a
singleton.

Let T ∈ L(E), where as usual we denote byL(E) the space of continuous linear operators
onE. We consider the topology of uniform convergence on bounded sets is given by the family
of seminorms defined forT ∈ L(E) as

pB,q(T ) = sup
x∈B

q(Tx),

whereB ⊆ E is bounded, andq is a continuous seminorm onE. T is calledpower bounded
if the set of iterates ofT , i.e. {T n : n ∈ N}, is an equicontinuous subset ofL(E). ThusT is
power bounded when for everyq ∈ cs(E) there isp ∈ cs(E) such thatq(T nx) ≤ p(x) for all
x ∈ E and alln ∈ N. We denote by

T[n] :=
1

n

n∑
k=1

T k, n ∈ N,

the Cesàro means ofT . Thus,T is Cesàro boundedif the family {T[n] : n ∈ N} is an
equicontinuous subset ofL(E), T is calledmean ergodicif (T[n])n∈N converges in the strong
operator topology, i.e. if for eachx ∈ E the sequence(T[n](x))n∈N converges inE. In case
(T[n])n∈N converges uniformly on bounded subsets ofE we callT uniformly mean ergodic. For
T ∈ L(E) andn ∈ N we have the following identities

(1.2)
1

n
T n = T[n] −

n− 1

n
T[n−1]

so thatlimn→∞ n−1T nx for everyx ∈ E wheneverT is mean ergodic. IfE is normed space,
then for any operatorT ∈ L(E) we denote by‖T‖ = sup{‖Tx‖E : ‖x‖E ≤ 1} the operator
norm. Recall that byσ(T ) (spectrum ofT ) we mean the set of allλ ∈ C such thatT − λI is
not invertible.

Proposition 1.1. Let {Tn} be a sequence inL(E) whereE is locally convex Hausdorff space
andT(n) = 1

n

∑n
k=1 Tk be Cesàro means ofTn for n ∈ N. If Tn → T in the topology of uniform

convergence on bounded sets, then we have thatT(n) → T in the same topology.

Proof. We observe that being{Tn} convergent implies that it is bounded, so for allq ∈ cs(E)
and bounded setB ⊆ E, we can find a constantM > 0 such that

pB,q(Tn − T ) = sup
x∈B

q(Tnx− Tx) ≤M

for all n ∈ N. Also since sequence{Tn} in L(E) converges toT , then for allq ∈ cs(E) and
bounded setB ⊆ E andε > 0, there isn0 ∈ N such that

pB,q(Tn − T ) = sup
x∈B

q(Tnx− Tx) < ε
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4 HAYRI TOPAL

for everyn > n0. Joining these two facts together, we finally have

pB,q(T(n) − T ) = sup
x∈B

q(T(n)x− Tx)

= sup
x∈B

q

[
(T1x− Tx) + · · ·+ (Tn0x− Tx) + · · ·+ (Tnx− Tx)

n

]
≤ 1

n
sup
x∈B

q(T1x− Tx) + · · ·+ 1

n
sup
x∈B

q(Tn0x− Tx)

+
1

n
sup
x∈B

q(Tn0+1x− Tx) + · · ·+ 1

n
sup
x∈B

q(Tnx− Tx)

<
n0M

n
+

(n− n0)ε

n

<
n0M

n
+ ε

for everyn > n0. This implies thatpB,q(T(n) − T ) < ε asn → ∞. Sinceε is arbitrary, as a
result we obtain thatT(n) → T in the topology of uniform convergence on bounded sets.

Before stating our results obtained, we present following two preparatory lemmas used quite
a few in the article and proved by Miralles in [1, Proposition 3.3] and by X. Liu and Y. Liu in
[16, Lemma 1.3], respectively.

Lemma 1.2. Letf ∈ H∞(BX) such that‖f‖∞ ≤ 1. Then, we have that

(1− ‖x‖)‖f ′(x)‖ ≤ 1− |f(x)|2, (x ∈ BX).

Lemma 1.3. If f ∈ B(BX), then

|f(x)| ≤ C log
2

1− ‖x‖2
‖f‖B, (x ∈ BX).

2. DYNAMICS WITH THE COMPACT -OPEN TOPOLOGY

In addition to the Banach space topology onB(BX), we also consider the compact-open
topology, denoted byτ c, which is the topology of uniform convergence on compact subsets of
BX . Throughout this section, we equip the Bloch space with the compact-open topologyτ c and
study the multiplication operator

Mψ : (B(BX), τ c) → (B(BX), τ c), Mψ(f) = ψf,

whenever this operator iswell-defined. In this topology, every well-defined multiplication op-
eratorMψ is automaticallyτ c-continuous also note thatMψ(1) = ψ ∈ B(BX) for f ≡ 1.

Lemma 2.1. Let ψ ∈ H(BX) andMψ : B(BX) → B(BX) be multiplication operator. Then
Mψ is power bounded if and only if{ψn}n∈N is bounded onB(BX).

Proof. Assume thatMψ is power bounded, then the set{Mn
ψ(f) : n ∈ N} is bounded onB(BX)

for everyf ∈ B(BX). In particular, forf ≡ 1 we have that{ψn : n ∈ N} is bounded onB(BX).
Conversely, letK be a compact subset ofBX and consider

C := sup
n∈N

sup
x∈K

|ψn(x)| <∞.

Then
sup
x∈K

|Mn
ψf(x)| ≤ C sup

x∈K
|f(x)|, n ∈ N.

Hence,{Mn
ψ(f)}n∈N is bounded onB(BX) for everyf ∈ B(BX), and soMψ is power bounded.
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By combining Lemma 2.1 and [6, Proposition 9.15] we obtain at once the following result.

Corollary 2.2. Letψ ∈ H(BX) andMψ : B(BX) → B(BX) be multiplication operator. Then
Mψ is power bounded if and only if{ψn}n∈N is equicontinuous and pointwise bounded.

In view of Lemma 2.1 we have the following lemma.

Lemma 2.3. Let ψ ∈ H(BX) andMψ : B(BX) → B(BX) be multiplication operator. Then
Mψ : B(BX) → B(BX) is power bounded if and only if‖ψ‖∞ ≤ 1.

Proof. Firstly assume that‖ψ‖∞ ≤ 1. For f ∈ B(BX) and every compact setK ⊆ BX , we
have

sup
x∈K

|Mn
ψf(x)| ≤ sup

x∈BX

|ψn(x)| sup
x∈K

|f(x)| ≤ sup
x∈K

|f(x)|.

ThusMψ is power bounded. On the other hand assume thatMψ is power bounded. Since
{Mn

ψ : n ∈ N} is equicontinuous, for every compact setK ⊆ BX , there existC > 0 and a
compact setL ⊆ BX such that

sup
x∈K

|ψn(x)f(x)| ≤ C sup
x∈L

|f(x)|, ∀f ∈ B(BX),∀n ∈ N.

Now, consider the constant functionf ≡ 1, which belongs toB(BX) and the setK = {x},
which is compact. Substituting this choice off andK, we obtain

sup
x∈BX

|ψ(x)| ≤ C
1
n

for all n ∈ N. Lettingn→∞ yields‖ψ‖∞ ≤ 1.

LetF denote an arbitrary subset ofB(BX) and letK be a compact subset ofBX . By Lemma
1.3, it follows that for eachf ∈ F , we have

|f(x)| ≤ C log
2

1− ‖x‖2
‖f‖B

for all x ∈ K. So there exists a constantM > 0 such that

sup{‖f‖K : f ∈ F} < M

for every compact setK ⊆ BX , where‖f‖K = sup{|f(x)| : x ∈ K}. Moreover(B(BX), τ c)
is τ c-relatively compact by Montel’s theorem, [14, Theorem 17.21]. Hence(B(BX), τ c) is
semi-Montel. As a consequence of [2, Proposition 3.1], we obtain the following result.

Corollary 2.4. Let ψ ∈ H(BX). If the multiplication operatorMψ : B(BX) → B(BX) is
power bounded, then it is uniformly mean ergodic (and hence mean ergodic).

Lemma 2.5. Let ψ ∈ H(BX) andMψ : B(BX) → B(BX) be multiplication operator. If
|ψ(x0)| > 1 for somex0 ∈ BX , thenMψ is not mean ergodic (thus, it is not power bounded).

Proof. Suppose, to the contrary, thatMψ is mean ergodic onB(BX). Then, we have1
n
Mn

ψ → 0
pointwise onBX . Take1 ∈ B(BX) and fixx0 ∈ BX . Hence, it follows that

1

n
|ψ(x0)|n → 0, (n→∞).

However, if|ψ(x0)| > 1, then

1

n
|ψ(x0)|n →∞, (n→∞),

which is a contradiction. Therefore,Mψ cannot be mean ergodic. Finally, by Corollary 2.4, it
follows thatMψ is not power bounded.
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In view of these results, the main conclusion of this section is the following characterisation.

Theorem 2.6. Letψ ∈ H(BX) andMψ : B(BX) → B(BX) be multiplication operator. Then
the following are equivalent:

(i) ‖ψ‖∞ ≤ 1.
(ii) Mψ is uniformly mean ergodic.

(iii) Mψ is mean ergodic.
(iv) Mψ is power bounded.

The following corollary is a result of Eberlein’s mean ergodic theorem for linear and con-
tinuous operators on locally convex spaces (see [5, Corollary 5.6] and [15, Corollary 2.2]). By
adapting this result expressed below, in case that the operatorMψ is Cesàro bounded, we state
the mean ergodicity ofMψ.

Corollary 2.7. Let ψ ∈ H(BX). Assume thatMψ : B(BX) → B(BX) is Cesàro bounded.
ThenMψ is mean ergodic if and only ifψ

n

n
→ 0 asn → ∞ in B(BX) and ((Mψ)[n]f)n∈N is

σ(B(BX),B(BX)
′
)-relatively compact for eachf ∈ B(BX).

Proof. To prove thatMψ is mean ergodic, it suffices to show that1
n
Mn

ψf → 0 asn → ∞ for
everyf ∈ B(BX). Forf ∈ B(BX) and a compact subsetK ⊆ BX , we obtain

lim
n→∞

sup
x∈K

|Mn
ψf(x)|
n

= lim
n→∞

sup
x∈K

|ψn(x)f(x)|
n

≤ sup
x∈K

|f(x)| lim
n→∞

sup
x∈K

|ψn(x)|
n

and so
1

n
‖Mn

ψf‖K ≤ ‖ψ
n

n
‖K‖f‖K .

This implies that1
n
Mn

ψf → 0 asn→∞ for everyf ∈ B(BX) and compact subsetK of BX .
Conversely, ifMψ is mean ergodic, then from (1.2), we obtain that1

n
Mn

ψf → 0 asn → ∞
for everyf ∈ B(BX). For the first case, takingf ≡ 1 yields the desired result. Also the
sequence((Mψ)[n]f)n∈N is convergent inB(BX) for everyf ∈ B(BX). In particular, it is a
σ(B(BX),B(BX)

′
)-relatively compact for eachf ∈ B(BX).

3. DYNAMICS WITH THE NORM TOPOLOGY

Throughout this section, we consider the Bloch spaceB(BX) endowed with the norm topol-
ogy τ ‖·‖ given in (1.1) and study the multiplication operator

Mψ : (B(BX), τ ‖·‖) → (B(BX), τ ‖·‖), Mψ(f) = ψf.

In this context, we investigate the interplay between power boundedness and (uniform) mean
ergodicity, relying on the following lemma, which is stated in [12, Lemma 11].

Definition 3.1. A Banach spaceX of complex-valued functions on a setΩ is said to be a
functional Banach space if for eachw ∈ Ω, the point evaluation functionalew(f) = f(w), f ∈
X , is bounded; that is, there exists a constantC > 0 such that|f(w)| ≤ C‖f‖ for eachf ∈ X .

Lemma 3.1. LetX be a functional Banach space on the setΩ and letψ be a complex-valued
function onΩ such thatψX ⊂ X . Then the operatorMψ of multiplication byψ is a bounded
operator onX , and|ψ(w)| ≤ ‖Mψ‖ for all w ∈ Ω. In particular,ψ is a bounded function.

By Lemma 1.3,B(BX) is a functional Banach space, and‖ψ‖∞ ≤ ‖Mψ‖.
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3.1. Bloch functions on the unit ball of a Banach space.In this subsection, Bloch functions
on the unit ballBX of an infinite dimensional complex Banach spaceX are discussed.

Proposition 3.2. Letψ ∈ H(BX) andMψ is a bounded operator onB(BX). If ‖ψ‖∞ > 1, then
Mψ : B(BX) → B(BX) is neither mean ergodic (uniformly mean ergodic) nor power bounded.

Proof. Observe that, sinceMψ is bounded and satisfiesMψ(1) = ψ when applied to the constant
functionf ≡ 1, it follows thatψ ∈ B(BX). Now assume that the operatorMψ is mean ergodic.
Then ‖ 1

n
ψnf‖B → 0 asn → ∞ for all f ∈ B(BX). In particular, forf ≡ 1, we have

‖ 1
n
ψn‖B → 0 asn→∞. Moreover by Lemma 1.3, we obtain1

n
|ψn(x)| → 0 asn→∞ for all

x ∈ BX . Thus‖ψ‖∞ ≤ 1.
Suppose‖ψ‖∞ > 1. Then we can chooseλ ∈ R such that‖ψ‖∞ > λ > 1. So there exists

x0 ∈ BX such that|ψ(x0)| > λ. From this it follows that

‖Mn
ψ‖ = ‖Mψn‖ ≥ ‖ψn‖∞ ≥ |ψn(x0)| = |ψ(x0)|n > λn > 1.

Sincelimn→∞ λn = +∞, thereforeMψ is not power bounded.

Proposition 3.3. Suppose thatMψ is a bounded operator onB(BX). If ψ(x) = ξ for all
x ∈ BX , whereξ ∈ ∂D, thenMψ is uniformly mean ergodic (hence mean ergodic) and power
bounded onB(BX).

Proof. Firstly supposeψ(x) = ξ for x ∈ BX , whereξ ∈ ∂D. If ξ = 1 thenMψ [n]f = f for
everyn ∈ N andf ∈ B(BX). So clearlyMψ is uniformly mean ergodic. Now ifξ 6= 1 then

Mψ [n]f =
ξ

n

1− ξn

1− ξ
f.

In this case forf ∈ B(BX) with ‖f‖B ≤ 1 we have

‖Mψ [n]‖ = sup
‖f‖B≤1

‖Mψ [n]f‖B

= sup
‖f‖B≤1

{
1

n

|1− ξn|
|1− ξ|

|f(0)|+ 1

n

|1− ξn|
|1− ξ|

sup
x∈BX

(1− ‖x‖2)‖f ′(x)‖
}

≤ 2

n|1− ξ|
‖f‖B +

2

n|1− ξ|
‖f‖B

≤ 4

n|1− ξ|
.

So‖Mψ [n]‖ → 0 whenn→∞ andMψ is uniformly mean ergodic.
If ψ ≡ ξ for someξ ∈ ∂D, we have that, for anyf ∈ B(BX), Mψnf = ξnf and so

‖Mn
ψf‖B = ‖f‖B. HenceMψ is power bounded.

3.2. Bloch functions on the unit ball of a Hilbert space. In this subsection, Bloch functions
on the unit ballBH of an infinite dimensional complex Hilbert spaceH are discussed.

A function ψ ∈ H(BH) is said to bemultiplier of B(BH) if Mψf ∈ B(BH) for all f ∈
B(BH). An application of the closed graph theorem shows thatMψ is a bounded linear operator
onB(BH) if and only ifψ is multiplier ofB(BH).

As mentioned above, Arazy [4] and Brown and Shields [8] characterized the bounded mul-
tiplication operatorsMψ on the classical Bloch spaceB(D). Now a natural generalization for
infinite dimensional Hilbert spaceH of [8, Theorem 1] proved by Brown and Shields in [8]
arises as follows such that we here give a slightly different proof.

Lemma 3.4. The following are equivalent:
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(i) ψ is a multiplier onB(BH)
(ii) ψ ∈ H∞(BH) and

‖ψ′
(x)‖ = O

(
1

(1− ‖x‖2) log(2/(1− ‖x‖2))

)
.

Proof. (i) ⇒ (ii): Suppose thatψ is multiplier of B(BH). First by Lemma 3.1, we haveψ ∈
H∞(BH) and‖ψ‖∞ ≤ ‖Mψ‖. Now leta ∈ H with ‖a‖ < 1, define the mapping

La : BH → C, La(x) :=
1 + 〈x, a〉2

2
.

For everyx ∈ BH , we have|La(x)| < 1 and thereforeLa(BH) ⊂ D. In consequence1 −
La(x) 6= 0 for all x ∈ BH . Moreover‖L‖ < 1 andLa is holomorphic onBH ; that isLa ∈
H(BH) (see also [6, Lemma 8.13]). FinallyL

′
a(x)(h) = 〈x, a〉〈h, a〉 for h ∈ H. Now, using

the functionLa, define

fa : BH → C, fa(x) = log
2

1− La(x)
.

Sincefa is composition of the holomorphic mapsx → 〈x, a〉, z → z2 andz → log 4
1−z , it

follows thatfa ∈ H(BH). By the chain rule, for eachh ∈ H, we have

f
′

a(x)(h) =
L
′
a(x)(h)

1− La(x)
=

2〈x, a〉〈h, a〉
1− 〈x, a〉2

.

Furthermore, by using‖L′
a(x)‖ = 〈x, a〉‖a‖, we obtain that

(1− ‖x‖2)‖f ′a(x)‖ = (1− ‖x‖2)
2|〈x, a〉|‖a‖
|1− 〈x, a〉2|

≤ 2‖a‖2

so
‖fa‖B = |fa(0)|+ (1− ‖x‖2)‖f ′a(x)‖ ≤ 2 log 2 + 2‖a‖2 < 3.

In consequencefa ∈ B(BH). Sincefa is inB(BH) andψ is multiplier ofB(BH), we have

‖ψfa‖B = ‖Mψfa‖B ≤ ‖Mψ‖‖fa‖B ≤ 3‖Mψ‖.
From this fact, we obtain

(1− ‖x‖2)‖ψ′
(x)‖|fa(x)| ≤ 3‖Mψ‖+ (1− ‖x‖2)‖f ′a(x)‖|ψ(x)|

≤ 3‖Mψ‖+ ‖fa‖B‖ψ‖∞
≤ 6‖Mψ‖.

Hence

(1− ‖x‖2)‖ψ′
(x)‖

∣∣∣∣ log
4

1− 〈x, a〉2

∣∣∣∣ ≤ 6‖Mψ‖.

Now, for eachx ∈ BH \ {0}, considera = rx/‖x‖ with 0 < r < 1. Substituting into the above
inequality and taking the limit asr → 1−, it follows that

(1− ‖x‖2)‖ψ′(x)‖ log
2

1− ‖x‖2
≤ 6‖Mψ‖.

This gives us the desired inequality.
(ii) ⇒ (i): Observe that(ψf)

′
(x) = ψ

′
(x)f(x)+ψ(x)f

′
(x) for all x ∈ BH . Then by Lemma

1.3, we have

(1− ‖x‖2)‖(ψf)
′
(x)‖ ≤ (1− ‖x‖2)‖ψ′

(x)‖|f(x)|+ |ψ(x)|(1− ‖x‖2)‖f ′(x)‖

≤
(

(1− ‖x‖2)‖ψ′
(x)‖C log

2

1− ‖x‖2
+ ‖ψ‖∞

)
‖f‖B.
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Thusψf ∈ B(BH).

Note that the method of the proof of [13, Theorem 2.2] may be adapted to infinite dimensional
Hilbert space, so we get the following corollary.

Corollary 3.5. ψ is an analytic function onBH inducing a bounded multiplication operator
Mψ onB(BH). Then

‖Mψ‖ ≤ max{‖ψ‖B, ‖ψ‖∞ + σψ}

where

σψ := sup
x∈BH

1

2
(1− ‖x‖2)‖ψ′

(x)‖ log
1 + ‖x‖
1− ‖x‖

.

Lemma 3.6. Supposeψ is a holomorphic function onBH inducing a bounded multiplication
operatorMψ on B(BH). If ‖ψ‖∞ < 1 or ψ(x) = ξ for x ∈ BH , whereξ ∈ ∂D, then
Mψ : B(BH) → B(BH) is power bounded.

Proof. First suppose that‖ψ‖∞ < 1 and letf ∈ B(BH). Then

‖Mn
ψf‖B = |ψn(0)||f(0)|+ (1− ‖x‖2)‖f ′(x)‖|ψn(x)|

+ (1− ‖x‖2)|f(x)|‖ψ′
(x)‖n|ψn−1(x)|

≤ ‖f‖B + (1− ‖x‖2)C log
2

1− ‖x‖2
‖ψ′

(x)‖n|ψn−1(x)|‖f‖B

for all x ∈ BH . By Lemma 3.4, since

M := sup{(1− ‖x‖2)‖ψ′
(x)‖ log

2

1− ‖x‖2
: x ∈ BH} <∞,

we have

‖Mn
ψf‖B ≤ ‖f‖B

(
1 + CMn|ψn−1(x)|

)
for all x ∈ BH . But since‖ψ‖∞ < 1, we havelimn n‖ψ‖n−1

∞ = 0 and therefore{n‖ψ‖n−1
∞ }n∈N

is a bounded sequence. LetK = supn∈N n‖ψ‖n−1
∞ , then we conclude

‖Mn
ψf‖B ≤ ‖f‖B(1 + CMK).

So, in this first caseMψ is power bounded.
Moreover, ifψ ≡ γ whereγ ∈ ∂D, Mψ is an isometry onB(BH), and for alln ≥ 1,

‖M n
ψ ‖ = 1, thereforeMψ is power bounded.

We show that a multiplication operatorMψ on the Bloch spaceB(BH) of an infinite-dimensional
Hilbert spaceH is not necessarily power bounded, even if the mappingψ satisfies‖ψ‖∞ = 1
and is non-constant.

Example 3.1. Let u ∈ H be a unit vector and define the mappingψ(x) = 〈x, u〉 for x ∈ BH .
It is evident that‖ψ‖∞ = 1. Consider the test functionf(x) = (−1/2) log(1 − 〈x, u〉), which
belongs toB(BH) with

sup
x∈BH

(1− ‖x‖2)‖f ′(x)‖ ≤ sup
x∈BH

1− ‖x‖2

2|1− 〈x, u〉|
≤ 1.
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and takexn = (1− 1
n
)u ∈ BH for eachn ∈ N. Then

‖Mn
ψf‖B ≥ sup

x∈BH

(1− ‖x‖2)‖(ψnf)
′
(x)‖

≥ 1

2
(1− ‖xn‖2)

∣∣∣∣n〈xn, u〉n−1 log
1

1− 〈xn, u〉
+

〈xn, u〉n

1− 〈xn, u〉

∣∣∣∣
≥ 1

2
(1− 1

n
)n−1 log n.

Thus‖Mn
ψf‖B ≥ C log n → ∞ asn → ∞, whereC > 0 is a constant. This proves that

Mψ : B(BH) → B(BH) is not power bounded.

We show that the result obtained in [3] for the classical Bloch space remains valid even ifH
is an infinite dimensional Hilbert space. Moreover by generalizing Proposition 3.3, we establish
the following result for Hilbert spaces, which allows for a larger admissible class of multipliers
ψ compared to the Banach spaces.

Proposition 3.7. Suppose thatMψ is a bounded operator onB(BH). If ‖ψ‖∞ < 1 or ψ(x) = ξ
for x ∈ BH , whereξ ∈ ∂D, thenMψ is uniformly mean ergodic (and hence mean ergodic) on
B(BH).

Proof. The caseψ(x) = ξ for x ∈ BH , whereξ ∈ ∂D, has already been established in Propo-
sition 3.3. We now turn to the remaining case. Let’s use Corollary 3.5 to show thatMψ is
uniformly mean ergodic if‖ψ‖∞ < 1. There are two cases to consider:

If ‖Mψn‖ ≤ ‖ψn‖B for everyn ∈ N, since‖ψ‖B ≤ ‖ψ‖∞, we have

(3.1) ‖Mn
ψ‖ ≤ ‖ψn‖B ≤ |ψn(0)|+ ‖ψn‖∞ ≤ |ψn(0)|+ ‖ψ‖n∞.

If ‖Mψn‖ ≤ ‖ψn‖∞ + σψn, by Lemma 3.4, we obtain

‖Mn
ψ‖ ≤ ‖ψn‖∞ + sup

x∈BH

n

2
(1− ‖x‖2)‖ψ′

(x)‖|ψ(x)|n−1 log
1 + ‖x‖
1− ‖x‖

≤ ‖ψ‖n∞ + n‖ψ‖n−1
∞ sup

x∈BH

1

2
(1− ‖x‖2)‖ψ′

(x)‖ log
1 + ‖x‖
1− ‖x‖

≤ ‖ψ‖n∞ + n‖ψ‖n−1
∞

[
sup
x∈BH

(1− ‖x‖2)‖ψ′
(x)‖ log

2

1− ‖x‖2

]
≤ ‖ψ‖n∞ + n‖ψ‖n−1

∞ O(1).(3.2)

So by (3.1) and (3.2) for alln ∈ N, we obtain

‖Mn
ψ‖ ≤ max

{
|ψn(0)|+ ‖ψ‖n∞, ‖ψ‖n∞ + n‖ψ‖n−1

∞ O(1)

}
.

In this here we have
lim
n→∞

(|ψn(0)|+ ‖ψ‖n∞) = 0

and similarly
lim
n→∞

(‖ψ‖n∞ + n‖ψ‖n−1
∞ ) = 0.

This implies thatMn
ψ is convergent to zero in operator norm onB(BH). Using Proposition 1.1,

we obtain thatMψ is uniformly mean ergodic.

We give an example showing that, on the Bloch spaceB(BH) of an infinite-dimensional
Hilbert spaceH, the multiplication operatorMψ need not be mean ergodic, even when the
mappingψ is non-constant and satisfies‖ψ‖∞ = 1.
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Example 3.2. Let u ∈ H be a unit vector and define the mappingψ(x) = 〈x, u〉2 for x ∈ BH .
Clearly that‖ψ‖∞ = 1. Considerf(x) = (−1/2) log(1 − 〈x, u〉), x ∈ BH , which belongs to
B(BH) and satisfies‖f‖B ≤ 1. Takexn =

(
1− 1

n

)
u ∈ BH for eachn ∈ N. Moreover, define

the Cesàro means

(Mψ)[n]f =
1

n

n∑
k=1

Mk
ψf =

1

n

n∑
k=1

〈x, u〉2kf(x), (n ∈ N).

It follows that

‖(Mψ)[n]f‖B ≥ (1− ‖xn‖2)
1

n

∣∣∣∣ n∑
k=1

(
2k(1− 1

n
)2k−1f(xn) + (1− 1

n
)2kf ′(xn)

)∣∣∣∣
≥ 2n− 1

n2

log n

n

n∑
k=1

k
(
1− 1

n

)2k−1

.

Since(1− 1
n
)2k−1 ≥ (1− 1

n
)2n for 1 ≤ k ≤ n, we obtain that

‖(Mψ)[n]f‖B ≥ (1− 1

n
)2n log n.

Consequently,Mψ : B(BH) → B(BH) is neither mean ergodic nor uniformly mean ergodic.

Considered together with previous results, the following theorem is the main conclusion of
this section.

Theorem 3.8. Suppose thatMψ is a bounded operator onB(BH). If ‖ψ‖∞ < 1 or ψ(x) = ξ
for x ∈ BH , whereξ ∈ ∂D, then the following holds.

(i) Mψ is uniformly mean ergodic.
(ii) Mψ is mean ergodic.

(iii) Mψ is power bounded.

Recall that it was proved in [11] that the multiplication operatorMψ on B(BH) given by
Mψ(f) = ψf is invertible if and only if 1

ψ
∈ H∞(BH).

Theorem 3.9.LetMψ be a bounded linear operator onB(BH). Thenσ(Mψ) = ψ(BH).

Proof. Let λ /∈ σ(Mψ). This implies thatMψ−λ is invertible soM−1
ψ−λ = M(ψ−λ)−1. This means

that the function(ψ−λ)−1 will not possess a pole at any point ofBH . Therefore,ψ(x)−λ 6= 0
for everyx ∈ BH , that is,λ /∈ ψ(BH). This line of reasoning establishes that the image set
ψ(BH) is a subset ofMψ’s spectrum which is a closed set:ψ(BH) ⊆ σ(Mψ).

Conversely, letλ /∈ ψ(BH). Then there existsc > 0 such that|ψ(x)−λ| ≥ c for all x ∈ BH .
Defineg(x) = (ψ(x)− λ)−1. Theng ∈ H∞(BH) and‖g‖∞ ≤ 1/c. Moreover,

g′(x) = − ψ′(x)

(ψ(x)− λ)2
,

and hence

σg ≤
1

c2
sup
x∈BH

1

2
(1− ‖x‖2)‖ψ′(x)‖ log

1 + ‖x‖
1− ‖x‖

=
1

c2
σψ <∞.

Thusg ∈ B(BH) andMψ−λ is invertible, which yieldsλ /∈ σ(Mψ). Soσ(Mψ) ⊆ ψ(BH).

Definition 3.2. For a holomorphic functionf : BH → C, consider

‖f‖R := sup
x∈BH

(1− ‖x‖2) |Rf(x)|, Rf(x) := f ′(x)(x),
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whereRf(x) denotes the radial derivative off atx. Moreover, consider

‖f‖weak := sup
‖y‖=1

‖fy‖B, fy(z) := f(zy), |z| < 1,

for eachy ∈ H with ‖y‖ = 1, and

‖f‖inv := sup
x∈BH

‖∇̃f(x)‖.

Here the invariant gradient̃∇f is defined by∇̃f(x) = ∇(f ◦ϕx)(0) for x ∈ BH andϕx denotes
the automorphism ofBH associated withx (for these topics, see [9]).

We denoteBR(BH), Bweak(BH) andBinv(BH) the space of holomorphic functions onBH

for which ‖f‖R < ∞, ‖f‖weak < ∞ and ‖f‖inv < ∞, respectively. As usual,|f(0)| +
‖f‖R, |f(0)|+ ‖f‖weak and|f(0)|+ ‖f‖inv are complete norms in these spaces. In the proofs
of Theorem 2.6 and Theorem 3.8 in [9] , it is shown that the four spacesB(BH), BR(BH),
Bweak(BH) andBinv(BH) coincide and that their norms are actually equivalent.

LetH stand for the spacesB(BH), BR(BH), Bweak(BH) orBinv(BH) for the following corol-
laries and theorem.

Corollary 3.10. Suppose thatMψ is a bounded operator onH. If ‖ψ‖∞ < 1 or ψ(x) = ξ for
x ∈ BH , whereξ ∈ ∂D, then the following holds.

(i) Mψ is uniformly mean ergodic.
(ii) Mψ is mean ergodic.

(iii) Mψ is power bounded.
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