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2 HAYRI TOPAL

1. INTRODUCTION, NOTATION AND PRELIMINARIES

1.1. Introduction. The classical Bloch spad&D) of analytic functions on the open unit disk

D of C plays an important role in geometric function theory and it has been studied by many
authors. In the last decades, many authors have considered higher dimensions, providing ap-
propriate definitions of Bloch spaces on the unit ball of finite and infinite dimensional Hilbert

or Banach spaces. O. Blasco, P. Galindo and A. Miralles extended the notion to the infinite
dimensional setting by considering Bloch functions on the unit ball of an infinite dimensional
Hilbert space (se¢[9],[10]). A. Miralles also dealt with a finite or infinite dimensional complex
Banach space and considered two possible extensions of the classical Bloch space (see [1]). To
have a more complete insight on the theory of the Bloch space in the finite dimensional space,
see the book by Zhl [7].

Let X be a Banach space with open unit bBl.. We defineH (Bx) as the space of all
holomorphic functiong : Bx — C, endowed with the topology, of uniform convergence on
compact sets. This space is a locally convex Hausdorff space. The Bpadey) is defined
as the set of functiong € H(Bx) satisfying|| f||oo := sup{|f(z)| : € Bx} < co. Itis well
known that( H>°(Bx), || - ||« ) is @ Banach space.

For eachf € H(By), we define the natural Bloch semi-norm oby

1Fllnat = sup{ (1 = |lz[)|f (2)] : = € Bx},
where f'(z) € X* denotes the Fréchet derivative pfat the pointz. The Bloch type space
B(Bx) is given by
B(Bx) = {f € H(Bx) : || fllnat < o0}.
It is clear that]| - ||...; is @ seminorm o8 (Bx) and that with the norm

(1.1) 1flls = 1O+ [1f I nar,

the spacdB(Bx). | - ||z) is a Banach space. One of the interesting topics concerning Bloch
functions is that of multiplication operators. Suppases a fixed analytic function ofd. The
multiplication operator on the Bloch space is defined as

My(f) =vf.
Multiplication operators on the Bloch space of the open unit fliskave been studied inl[4) 8,
13,.3]. In this sense, criteria for the boundedness of multiplications operators were obtained by
Arazy in [4], and independently by Brown and Shields.[In [8], the authors provedthas a
bounded operator on the classical Bloch spag®e) if and only if» € H>°(D) and

/ 1
1Y (2)] = O<(1 — |2]) log(1/(1 — |Z|))).

In [13], Allen and Colonna defined

1 ,
o = sup 5 (1= [2[)[¢ (2)|log
zeD

1+ 2]
1—|z|
to determine an upper bound ¢/, || and gave estimates on the norm of the multiplication

operator in[[13, Corollary 2.4], they deduced that i€ H (D) induces a bounded multiplication
operator)M,, on the Bloch space, then

max{|[¢[ls; [¢llec} < [[Myll < max{[[¢]s, [[¢]lec + 07}

Also mean ergodicity, power boundedness and related properties of multiplication operators
acting on spaces of holomorphic functions on the unit @idtave been investigated and char-
acterized in([3].
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In this paper we firstly present some basic definitions for maps defined on locally convex
space and fix the notation used throughout the paper and later study some dynamical properties,
such as uniformly mean ergodicity, mean ergodicity and power boundedness, of multiplication
operators on the Bloch spaces when these spaces are endowed with two different topologies
on the unit ball of a Banach or a Hilbert space. For standard theory and notation of functional
analysis we refer to [5].

1.2. Notation and Preliminaries. Let F be a locally convex Hausdorff space. We denote the
set of all continuous seminorms dn by cs(E), and byE’ the dual space of that is, the
collection of all functionsu : E — C that are linear and continuous and byZ, E') the
topology of weak convergence di, where each, € E’ defines a seminormyg,; : E — R
given bypgy (z) = |u(x)| for everyz € E. (E, cs(E)) is a Banach space wheneve(L) is a
singleton.

LetT € L(E), where as usual we denote hyF) the space of continuous linear operators
on E. We consider the topology of uniform convergence on bounded sets is given by the family
of seminorms defined fof € L(FE) as

pB,q(T) - Sup Q(T.ZU),
x€eB

whereB C FE' is bounded, ang is a continuous seminorm afi. 7" is calledpower bounded
if the set of iterates of’, i.e. {T" : n € N}, is an equicontinuous subset bfE). ThusT is
power bounded when for evetyc cs(E) there isp € cs(FE) such thay(7"x) < p(x) for all
x € E and alln € N. We denote by

1
Th) ::EZT,nEN,
k=1

the Cesaro means @f. Thus,7 is Cesaro boundedf the family {7j,,) : n € N} is an
equicontinuous subset @f( E), 1" is calledmean ergodiaf (77,).cny cOnverges in the strong
operator topology, i.e. if for each € E the sequenc€l},(z)),en CONverges ink. In case
(Thn) )nen converges uniformly on bounded subsetdiofre callT” uniformly mean ergodicFor
T € L(F) andn € N we have the following identities

1 ~1
(1.2) S =T, -
n

Ty
Ty

so thatlim,,_,., n~*T"x for everyz € E wheneverl is mean ergodic. I is normed space,
then for any operatof’ € L(E) we denote by|T|| = sup{||Tz||z : ||z||z < 1} the operator
norm. Recall that by (7") (spectrum ofl’) we mean the set of al € C such thatl’ — A\l is
not invertible.

Proposition 1.1. Let {T},} be a sequence iA(F) whereFE is locally convex Hausdorff space
andT(,) = %22:1 T, be Cesaro means @f, for n € N. If T,, — T in the topology of uniform
convergence on bounded sets, then we havelthat— T in the same topology.

Proof. We observe that beinffl},} convergent implies that it is bounded, so for@a cs(E)
and bounded set C F, we can find a constait/ > 0 such that

pe (T, —T) =supq(Tx —Tx) < M

z€B

for all n € N. Also since sequencgl,, } in L(E) converges td’, then for allg € ¢s(F) and
bounded seB C F ande > 0, there isny € N such that

peqg(L, —T) =supq(T,x —Tx) <€
x€B
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for everyn > nq. Joining these two facts together, we finally have
PBg(Twy —T) = supq(Tiyr —Tx)

r€B
— supg (The —Tz)+ -+ (Tyoo —Tzx)+ -+ (Thx — Tx)

xEB n

1 1
—supq(Tie —Tz)+ -+ —sup q(Tp,x — Tx)

N xeB N zeB

IN

1 1
+ —supq(Thy1x —Tx)+ -+ —supq(T,x — Tx)
N zeB N zeB

noM N (n —ng)e
n n
TLQM
n

for everyn > ng. This implies thapp ,(T(,) — 1) < € asn — oo. Sincee is arbitrary, as a
result we obtain thdt(,,) — 7' in the topology of uniform convergence on bounded sgts.

+e€

Before stating our results obtained, we present following two preparatory lemmas used quite
a few in the article and proved by Miralles in [1, Proposition 3.3] and by X. Liu and Y. Liu in
[16, Lemma 1.3], respectively.

Lemma 1.2. Let f € H*°(Bx) such thaf]| f||« < 1. Then, we have that

(L= lz)IIf (@) < 1=|f(2)f, (z € Bx).
Lemma 1.3.If f € B(Bx), then

|[f(2)] = Clog -—— 51 flls, (2 € Bx).

H I?

2. DYNAMICS WITH THE COMPACT -OPEN TOPOLOGY

In addition to the Banach space topology BBy ), we also consider the compact-open
topology, denoted by., which is the topology of uniform convergence on compact subsets of
Byx. Throughout this section, we equip the Bloch space with the compact-open topolagg
study the multiplication operator

My (B(Bx),7c) = (B(Bx),7e), My(f) =/,

whenever this operator isell-defined In this topology, every well-defined multiplication op-
erator)\,, is automaticallyr.-continuous also note that,, (1) = ¢ € B(Bx) for f = 1.

Lemma 2.1. Lety € H(Bx) and M, : B(Bx) — B(Bx) be multiplication operator. Then
M, is power bounded if and only {f)" },,cn is bounded oB(Bx ).

Proof. Assume thafl/,, is power bounded, then the get/;;(f) : n € N} is bounded oif( Bx)
foreveryf € B(Bx). In particular, forf = 1 we have thafy" : n € N} is bounded o8(By).
Conversely, lefk be a compact subset &fy and consider

C' :=supsup [¢"(x)| < oc.
neN ze K

Then
sup | M] f(z)| < Csup | f(z)], neN.
zeK rzeK

Hence{ M (f) }nen is bounded oS ( B ) for every f € B(Bx), and sall,, is power boundeds
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By combining Lemma 2]1 and][6, Proposition 9.15] we obtain at once the following result.

Corollary 2.2. Lety € H(Bx) andM,, : B(Bx) — B(Bx) be multiplication operator. Then
M, is power bounded if and only {f)" }.cx is equicontinuous and pointwise bounded.

In view of Lemmg 2.]L we have the following lemma.

Lemma 2.3. Lety € H(Bx) and M, : B(Bx) — B(Bx) be multiplication operator. Then
My : B(Bx) — B(Bx) is power bounded if and only fifi) || < 1.

Proof. Firstly assume thdfy||., < 1. For f € B(Bx) and every compact séf C By, we
have

sup |[My f(x)] < sup |[¢"(x)[sup |f(z)] < sup[f(z)].
zeK TeK TeK

rEBx
Thus M, is power bounded. On the other hand assume Alhatis power bounded. Since
{M} - n € N} is equicontinuous, for every compact $€tC By, there existC' > 0 and a
compact sel. C By such that

sup ") f ()] < C'sup [f(x)], Vf € B(Bx),Vn € N.

Now, consider the constant functigh= 1, which belongs td3(Bx) and the set{ = {z},
which is compact. Substituting this choice pand K, we obtain

sup [¢p(x)| < C'
r€EBx
for alln € N. Lettingn — oo yields |||l < 1. 1
Let F denote an arbitrary subsetBfBx ) and letK” be a compact subset &fy. By Lemma
[1.3, it follows that for eactf € F, we have
2
— ol flls
1 — [|]|?

for all z € K. So there exists a constaint > 0 such that

sup{[|fllx : f € F} <M

for every compact sek’ C By, where|| f||x = sup{|f(z)| : = € K}. Moreover(B(Bx), 7.)
is T.-relatively compact by Montel's theorem, |14, Theorem 17.21]. Hei®Bx), 7.) is
semi-Montel. As a consequence of [2, Proposition 3.1], we obtain the following result.

Corollary 2.4. Lety € H(Bx). If the multiplication operatorM,, : B(Bx) — B(Bx) is
power bounded, then it is uniformly mean ergodic (and hence mean ergodic).

Lemma 2.5. Lety € H(Byx) and M, : B(Bx) — B(Bx) be multiplication operator. If
|Y(z0)| > 1 for somex, € By, thenM,, is not mean ergodic (thus, it is not power bounded).

|f(z)] < Clog

Proof. Suppose, to the contrary, thaf, is mean ergodic o8(By). Then, we havénLMg — 0
pointwise onBx. Takel € B(Bx) and fixzy € Bx. Hence, it follows that

1

[ua)l" =0, (n = o0)
However, if|¢)(zo)| > 1, then

1

()" = o0, (n— ),

which is a contradiction. Thereford/, cannot be mean ergodic. Finally, by Corollary|2.4, it
follows that/,, is not power boundeds
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In view of these results, the main conclusion of this section is the following characterisation.

Theorem 2.6.Lety € H(Bx) and M, : B(Bx) — B(Bx) be multiplication operator. Then
the following are equivalent:
() ¢l < 1.
(i) My is uniformly mean ergodic.
(iii)y M, is mean ergodic.
(iv) M, is power bounded.

The following corollary is a result of Eberlein’s mean ergodic theorem for linear and con-
tinuous operators on locally convex spaces (see [5, Corollary 5.6] and [15, Corollary 2.2]). By
adapting this result expressed below, in case that the opéevhtias Cesaro bounded, we state
the mean ergodicity a/,.

Corollary 2.7. Lety € H(Bx). Assume that/, : B(Bx) — B(Bx) is Cesaro bounded.
Then}, is mean ergodic if and only if;Tn — 0asn — oo in B(Bx) and ((My)p)f)nen iS
o(B(Bx), B(Bx)')-relatively compact for eacli € B(Bx).

Proof. To prove that),, is mean ergodic, it suffices to show tkﬂlaMgf — 0 asn — oo for
everyf € B(Bx). For f € B(Bx) and a compact subsét C By, we obtain

M™f(x n n
n—00 pe K n n—00 pc K n €K n—0o0 pc ¢ n
and so
1 P"
—|IM}; < || — .
Il < 1 el

This implies that%M{;f — 0 asn — oo for every f € B(Bx) and compact subséf of By.
Conversely, ifM,, is mean ergodic, then fror (1.2), we obtain that}; f — 0 asn — oo
for every f € B(Bx). For the first case, taking = 1 yields the desired result. Also the
sequence (M) f)nen is convergent in3(By) for every f € B(Bx). In particular, it is a

o(B(Bx), B(Bx)')-relatively compact for eacli € B(Bx). &

3. DYNAMICS WITH THE NORM TOPOLOGY

Throughout this section, we consider the Bloch spacBy ) endowed with the norm topol-
ogy 7. givenin [1.1) and study the multiplication operator

My : (B(Bx), 7)) — (B(Bx),7|), My(f)=1vf.

In this context, we investigate the interplay between power boundedness and (uniform) mean
ergodicity, relying on the following lemma, which is statedlin/[12, Lemma 11].

Definition 3.1. A Banach spacet’ of complex-valued functions on a detis said to be a
functional Banach space if for eaeh € (2, the point evaluation functional,(f) = f(w), f €
X, is bounded,; that is, there exists a constént- 0 such that f(w)| < C|| f|| for eachf € X.

Lemma 3.1. Let X be a functional Banach space on the Qeand lety) be a complex-valued
function on(2 such thaty X C X. Then the operatofi/,, of multiplication by is a bounded
operator onX', and |y (w)| < || My]| for all w € Q. In particular, ) is a bounded function.

By Lemmd 1.BB(Bx) is a functional Banach space, ahd||, < [|My].
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3.1. Bloch functions on the unit ball of a Banach spaceln this subsection, Bloch functions
on the unit ballBx of an infinite dimensional complex Banach spacare discussed.

Proposition 3.2. Lety € H(Bx) and, is a bounded operator oi(Bx). If |||~ > 1, then
M, : B(Bx) — B(Byx) is neither mean ergodic (uniformly mean ergodic) nor power bounded.

Proof. Observe that, sinc&/,, is bounded and satisfidg, (1) = ¢ when applied to the constant
function f = 1, it follows thaty € B(Bx). Now assume that the operattfy, is mean ergodic.
Then H%Wf”s — 0asn — oo for all f € B(Bx). In particular, forf = 1, we have
|£¢"||g — 0 asn — oco. Moreover by Lemm3, we obtajrjy" (z)| — 0 asn — oo for all
x € Bx. Thus||¢|| < 1.

Suppos€|y||« > 1. Then we can choose € R such thaf|y||. > A > 1. So there exists
xy € By such thaty(zg)| > A. From this it follows that

Mg = [[Myn|| = [[¥" oo = [ (z0)| = [¥(z0)[" > A" > 1.
Sincelim,,_,., A" = +o00, therefore)M,, is not power boundeds

Proposition 3.3. Suppose thafl/,, is a bounded operator of8(Bx). If ¢(z) = £ for all
x € By, where¢ € D, thenM, is uniformly mean ergodic (hence mean ergodic) and power
bounded or3(Byx).

Proof. Firstly suppose)(z) = £ for z € Bx, where € dD. If £ = 1 thenMy,,, f = f for
everyn € Nandf € B(Bx). So clearlyM,, is uniformly mean ergodic. Now § # 1 then

£1-¢"
My, f = n1_¢ f.
In this case forf € B(Bx) with || f||z < 1 we have
1Myl = sup My, flis
lflls<1
= sup | — 0)] +— sup (1 — ||z .
“Mq{n g O g 2w (= D) @)
2 2
< L ——
< apogMls+ g/l
4
< .
n|l—¢]

So|| My, |l — 0 whenn — oo and My, is uniformly mean ergodic.
If v = ¢ for some¢ € JD, we have that, for any € B(Bx), My»f = £"f and so
M flls = || f|ls- HenceM, is power boundeds

3.2. Bloch functions on the unit ball of a Hilbert space. In this subsection, Bloch functions
on the unit ballBy of an infinite dimensional complex Hilbert spafleare discussed.

A function ¢ € H(By) is said to bemultiplier of B(By) if M,f € B(Bg) for all f €
B(Bg). An application of the closed graph theorem shows ligiis a bounded linear operator
on B(Byg) if and only if ¢ is multiplier of B(Bg).

As mentioned above, Arazyl[4] and Brown and Shields [8] characterized the bounded mul-
tiplication operators\/,, on the classical Bloch spad#&D). Now a natural generalization for
infinite dimensional Hilbert spacé of [8, Theorem 1] proved by Brown and Shields n [8]
arises as follows such that we here give a slightly different proof.

Lemma 3.4. The following are equivalent:
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() v is a multiplier onB(Bp)
(i) v € H*(Bg) and

/ 1
[ ()]l = 0((1 — [[2) log(2/(1 — ||x||2>>>'

Proof. (i) = (ii): Suppose that) is multiplier of B(By). First by Lemma 3]1, we have €
H>(Bpy) and||¢)|| s < || My]|. Now leta € H with ||| < 1, define the mapping
1+ (z,a)?

5 :
For everyx € By, we have|L,(z)| < 1 and thereforel,(By) C D. In consequencé —
L.(z) # 0 forall z € By. Moreover|L|| < 1 andL, is holomorphic onBy; that isL, €
H(By) (see also([6, Lemma 8.13]). Finally,(z)(h) = (z,a)(h,a) for h € H. Now, using
the functionL,,, define

Lo: By — C, Ly(z) =

fa . BH d C, fa(l’) = lOg m

Since f, is composition of the holomorphic maps— (z,a), z — 2% andz — log é it
follows thatf, € H(By). By the chain rule, for each € H, we have
/ Ly(x)(h) _ 2(x,a)(h,a)
h)=—¢ = .
fa(x)( ) 1 — La(flf) 1 — <$,CZ>2
Furthermore, by usingL, (z)|| = (z,a)||al|, we obtain that

(1= Il £y = (1 - Hw”“% .

1 falls = 1£a(0)[ + (1 = ||z )| fo(@)]| < 210g 2+ 2]a]|* < 3.
In consequencé, € B(By). Sincef, is in B(By) andy is multiplier of B(By ), we have

[ falls = [[My falls < (| Myl falls < 3[|My]|.
From this fact, we obtain

(L= [l 1" (@)l fal)]

2/ja]®

SO

< BIMyll 4+ (1 = llz )1 fa (@) 14 ()]

< 3| Myll + [ fallslleloo
< 6l[ Myl

Hence

log < 6 My

(1~ 2Pl ()] H%

Now, for eachr € By \ {0}, consider: = rz/||x| with 0 < r < 1. Substituting into the above
inequality and taking the limit as— 17, it follows that

(L= [zl (@)l log T——5

This gives us the desired inequality.
(i) = (i): Observe thaty f)' (z) = ¥ (z) f(z) + () f (z) for all z € By. Then by Lemma
[1.3, we have

A= =DIH @1 < -l @)+ @t ) o)
< (<1—Hxn2>uw’<x>uclog +HwHoo)Hst

” s < [ My

A

= [l=[l?
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Thuse'f € B(By). 1

Note that the method of the proof 6f [13, Theorem 2.2] may be adapted to infinite dimensional
Hilbert space, so we get the following corollary.

Corollary 3.5. v is an analytic function om3 inducing a bounded multiplication operator
My onB(By). Then

[[My]| < max{||¢]|s, [l + 0w}

where
L+ lo]
— |||
Lemma 3.6. Suppose) is a holomorphic function o®y inducing a bounded multiplication

operator M,, on B(By). If ||[¢] < 1o0r ¢(z) = & for z € By, where{ € 0D, then
My : B(By) — B(By) is power bounded.

oy = sup ~(1— z])[¢ () log

J?EBH 2

Proof. First suppose thaly ||, < 1 and letf € B(By). Then

1M flls = [ OO+ 1= lzl®)ILf @)l[" ()]
+ (1= ||fv||2)|f(ﬂf)|||¢'(w)||n|¢"‘1( )|
< Sl + (1= fl]*)Clog 1 H H2W( 2)|Infe" " (@)1 £l

for all z € By. By Lemmd 3.4, since

M = sup{(1 — [l]*)[|¢ ()] log L2 € B} < o0,

2
1—lz|]?
we have

1M flls < 1fls(1+ CMnly" " (z)])

for all z € By. But since||t||., < 1, we havdim,, n|[¢||% ! = 0 and therefordn||y || }en
is a bounded sequence. L§t= sup, .y n||?||%*, then we conclude

1My flls < I Flls(1 + CMK).

So, in this first casé/, is power bounded.
Moreover, ify = v wherey € JdD, M, is an isometry on3(By), and for alln > 1,
|M,]| = 1, therefore)M,, is power boundeds

We show that a multiplication operatdf,, on the Bloch spacB( By ) of an infinite-dimensional
Hilbert spaceH is not necessarily power bounded, even if the mappiraatisfies|||,, = 1
and is non-constant.

Example 3.1. Letu € H be a unit vector and define the mappingr) = (x, u) for x € By.
It is evident that|||.. = 1. Consider the test functiofi(z) = (—1/2)log(1 — (z,u)), which
belongs ta3(By) with

sup (1~ lzl*)1f ()] < Sup % B
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and taker, = (1 — 1)u € By for eachn € N. Then
1M flls = Sup (1= =" f) ()]

1 _ 1 (zn,u)"
> 51~ llealP) e, ) log gy + T
1 1
> 5(1—5)"_1logn.

Thus||M} fl|s > Clogn — oo asn — oo, whereC' > 0 is a constant. This proves that
My : B(By) — B(Bp) is not power bounded.

We show that the result obtained in [3] for the classical Bloch space remains valid éven if
is an infinite dimensional Hilbert space. Moreover by generalizing Propofitibn 3.3, we establish
the following result for Hilbert spaces, which allows for a larger admissible class of multipliers
1 compared to the Banach spaces.

Proposition 3.7. Suppose that/,, is a bounded operator of(By). If ||¢]|c < 1Ory(z) =¢
for x € By, where¢ € 0D, thenM,, is uniformly mean ergodic (and hence mean ergodic) on
B(By).

Proof. The case)(z) = £ for x € By, where{ € 0D, has already been established in Propo-
sition[3.3. We now turn to the remaining case. Let's use Coroflary 3.5 to show\thas
uniformly mean ergodic || < 1. There are two cases to consider:

If ||Myn| < ||¥"| 5 for everyn € N, since||¢||s < ||¢]|o0, We have

(3.1) IMgN < 19" s < 1" (O) + 1" [lee < [9"™(0)] + I9]]%-
If | Myn|| < |9l + oyn, by Lemmd 3.4, we obtain

n / L el
MY < "o 4+ sup =(1 — ||z]|? x )" o
IV < 6 sup 500 el @) (o) g
n n— 1 ’ 1+ X
< I+l sup 21— [l (@) log -2
b T Jal
_ / 2
< ol + il [ sup (1 — [l2])[1 ()] og _—]
= [l
(3.2) < I + il o).

So by [3.1) and (3]2) for alt € N, we obtain

M7 < max {W(O)y el e + nr|w||:glo<1>}.
In this here we have
Tim (|4 (0)] + [[¥]1%) = 0
and similarly
Tim (][, + nllw]") = 0.

This implies that\/; is convergent to zero in operator norm B3y ). Using Propositiol,
we obtain that/,, is uniformly mean ergodic

We give an example showing that, on the Bloch spB¢8y) of an infinite-dimensional
Hilbert spaceH, the multiplication operaton/,, need not be mean ergodic, even when the
mappingy is non-constant and satisfigg||., = 1.
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Example 3.2. Letu € H be a unit vector and define the mappingr) = (x,u)? for x € By.
Clearly that||y||.c = 1. Considerf(z) = (—1/2)log(1 — (z,u)), = € By, which belongs to
B(By) and satisfied f||s < 1. Takez, = (1 — =) u € By for eachn € N. Moreover, define
the Cesaro means

n

(M) f = - S MEF == S w ™ f(a), (€ N).

k=1
It follows that

(M) flls = (1= llzall®) =

22 (20— s+ - )|
2 PSS k{1 a)QH-

Since(1 — 1)2*=1 > (1 — 1)?for 1 < k < n, we obtain that

1
”(M%Z))[n]fHB > (1 - 5)271 logn.
ConsequentlyM,, : B(By) — B(By) is neither mean ergodic nor uniformly mean ergodic.

Considered together with previous results, the following theorem is the main conclusion of
this section.

Theorem 3.8. Suppose thad/,, is a bounded operator o8(By). If ||¢)|« < 1 Or¢(z) = &
for x € By, where¢ € 0D, then the following holds.
(i) My is uniformly mean ergodic.
(i) M, is mean ergodic.
(i) M, is power bounded.

Recall that it was proved in [11] that the multiplication operatdy, on 5(By) given by
My(f) = ¢ fisinvertible if and only if ; € H>(By).

Theorem 3.9. Let M, be a bounded linear operator ds( By ). Theno (M) = ¢(Bpy).

Proof. Let A ¢ o(My). Th|5|mpI|es that\f,_, is invertible soM !, = M,_,)-1. This means

that the functior(v» — A\)~! will not possess a pole at any pomthq Thereforeg(x) — A #0
for everyx € By, thatis,\ ¢ (By). This line of reasoning establishes that the image set

(Bp) is a subset of\/,,'s spectrum which is a closed sei(By) C o(M,).
Conversely, let ¢ (By). Then there exists > 0 such thaty(xz) — A| > cforall x € By.
Defineg(z) = (¢(z) — A\)~*. Theng € H*(By) and||g||» < 1/c. Moreover,
: V()
T) =",

N T
and hence e
1 1 1+ |z 1
< _ = _ 2 / I | | .
% S g S 5 (L= llzl)ll4'(2)][ log -— o] = @0 <

Thusg € B(By) andM,_, is invertible, which yields\ ¢ o(M,,). Soa(M,) € ¢(By). 1

Definition 3.2. For a holomorphic functiorf : By — C, consider

1/l = Sup L=l [Rf (@), Rf(x) = f'(z)(z),
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whereR f(z) denotes the radial derivative ¢fatz. Moreover, consider
[ llwear := sup [[fylls, — fy(2) = flzy), [2] <1,

llyll=1

for eachy € H with ||y|| = 1, and
1 lline := sup [V f(2)]-

xE€Bp
Here the invariant gradieNt f is defined byV f () = V(fo¢,)(0) for z € By andy, denotes
the automorphism oBy associated with: (for these topics, se&l[9]).

We denoteBx (By), Bwead Br) and Bin(By) the space of holomorphic functions d?y
for which || fllx < 00, || fllwear < 00 @nd|| fllin, < oo, respectively. As usualf(0)| +
I fll=s 1£ (O] + |1 llwear @Nd|f(0)| + || f]line are complete norms in these spaces. In the proofs
of Theorem 2.6 and Theorem 3.8 in [9] , it is shown that the four sp&¢és;), Br(Bu),
Buwead Br) andBin,(By) coincide and that their norms are actually equivalent.

Let H stand for the space$( By ), Br(By), Bwea Br) 0 Biny( By ) for the following corol-
laries and theorem.

Corollary 3.10. Suppose that/, is a bounded operator oK. If ||¢||« < 1 or¢(z) =¢ for
x € By, where¢ € 0D, then the following holds.

(i) My is uniformly mean ergodic.
(i) M, is mean ergodic.
(i) M, is power bounded.

REFERENCES

[1] A. MIRALLES, Bloch functions on the unit ball of a Banach spaPepc. Amer. Math. Soc149
(2021), pp. 1459-1470.

[2] D. JORNET, D. SANTACREU and P. SEVILLA-PERIS, Mean ergodic compaosition operators in
spaces of homogeneous polynomidldylath. Anal. Appl.483(2020), Article 123582.

[3] F. FALAHAT and Z. KAMALI, Mean ergodicity of multiplication operators on the Bloch and
Besov space®)per. Matrices 16 (2022), no. 3, pp. 673—684.

[4] J. ARAZY, Multipliers of Bloch functionsUniversity of Haifa, Mathematics Publication Series,
No. 54, (1982).

[5] J. BONET, D. JORNET and P. SEVILLA-PERI&unction Spaces and Operators between Them
Springer, Cham, (2023).

[6] J. MUJICA, Complex Analysis in Banach Spacétath. Studies, Vol. 120, North-Holland, Ams-
terdam, (1986).

[7] K. ZHU, Spaces of Holomorphic Functions in the Unit B&pringer, New York, (2004).

[8] L.BROWN and A. L. SHIELDS, Multipliers and cyclic vectors in the Bloch spadehigan Math.
J., 38(1991), pp. 141-146.

[9] O. BLASCO, P. GALINDO and A. MIRALLES, Bloch functions on the unit ball of an infinite
dimensional Hilbert spacd, Funct. Anal.267(2014), pp. 1188-1204.

[10] O. BLASCO, P. GALINDO, M. LINDSTROM and A. MIRALLES, Composition operators on the
Bloch space of the unit ball of a Hilbert spa@gnach J. Math. Anall1(2017), pp. 311-334.

[11] P. GALINDO and M. LINDSTROM, The Bloch space on the unit ball of a Hilbert space: maxi-
mality and multipliersActa Math. Sci.41(2021), pp. 899—-906.

AJMAA Vol. 23(2026), No. 1, Art. 3, 13 pp. AIMAA


https://ajmaa.org

DYNAMICAL PROPERTIES FOR MULTIPLICATION OPERATORS ON THIBBLOCH SPACE 13

[12] P. L. DUREN, B. W. ROMBERG and A. L. SHIELDS, Linear functionals &ff spaces with
0 < p < 1,J. Reine Angew. Math238(1969), pp. 32—60.

[13] R. F. ALLEN and F. COLONNA, Isometries and spectra of multiplication operators on the Bloch
spaceBull. Aust. Math. So¢79 (2009), pp. 147-160.

[14] S. B. CHAE,Holomorphy and Calculus in Normed Spacktarcel Dekker, New York, (1985).

[15] T. KALMES and D. SANTACREU, Mean ergodic composition operators on spaces of smooth
functions and distribution®roc. Amer. Math. Soc150(2022), no. 6, pp. 2603-2616.

[16] X.LIU and Y. LIU, Weighted composition operators between the Bloch type space and the Hardy
space on the unit ball of complex Banach spabkesner. Funct. Anal. Optim43(2022), pp. 1578-
1590.

AJMAA Vol. 23(2026), No. 1, Art. 3, 13 pp. AIMAA


https://ajmaa.org

	1. Introduction, notation and preliminaries
	1.1. Introduction
	1.2. Notation and Preliminaries

	2. Dynamics with the compact-open topology
	3. Dynamics with the norm topology
	3.1. Bloch functions on the unit ball of a Banach space
	3.2. Bloch functions on the unit ball of a Hilbert space

	References

