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ABSTRACT. This paper develops a novel framework for uniform asymptotic stability (UAS)
analysis of Caputo fractional dynamic equations on time scales using vector Lyapunov functions
and the newly introduced Caputo fractional delta Dini derivative. Our approach establishes rig-
orous UAS criteria that guarantee consistent boundedness and uniform convergence of system
trajectories, extending classical stability theory to hybrid systems with memory effects. The the-
oretical advancements unify continuous and discrete analysis through time-scale calculus while
incorporating fractional-order dynamics. We demonstrate the practical efficacy of the framework
through two applications: stabilization of a fractional-order robotic arm with PD control and load
balancing in distributed computing systems. The results provide both theoretical insights into
fractional hybrid systems and practical tools for engineering applications where memory effects
and mixed continuous-discrete dynamics coexist.
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1. INTRODUCTION

In recent decades, fractional calculus has rapidly evolved from a purely theoretical branch
of mathematical analysis into a powerful tool for modelling real-world phenomena. Its abil-
ity to generalize classical integer-order differentiation and integration to non-integer orders al-
lows it to capture memory effects, hereditary properties, and anomalous dynamics pervasive
in disciplines such as control theory, viscoelasticity, biology, signal processing, and electrical
engineering. Traditional integer-order models often fall short in accurately representing these
complex behaviours, particularly when system responses depend not only on current states but
also on historical data. Fractional differential equations (FDES) thus provide a more nuanced
and realistic framework for describing such systems.

However, analysing the stability of fractional dynamic models remains a central challenge.
The Lyapunov direct method is a key analytical tool for this purpose, as it avoids the need for
explicit solutions by instead relying on the construction of Lyapunov functions to infer long-
term behaviour [1]. While effective for many systems, the classical scalar Lyapunov function
approach has limitations, especially in high-dimensional or strongly coupled systems, where it
may fail to fully capture intricate inter-variable interactions, leading to conservative or incom-
plete stability conditions.

To address this, recent advancements have turned to vector Lyapunov functions (VLFs) (see
[13]), which decompose complex dynamics into component-wise analyses. This framework
offers greater flexibility and precision, particularly for multidimensional fractional systems with
critical inter-variable dependencies. In this study, we leverage VLFs to analyze the stability of
Caputo fractional dynamic equations on time scales (CFDyR class of hybrid systems
exhibiting both continuous and discrete evolution.

A pivotal challenge in this domain is integrating fractional calculus with time scale theory,

a unifying framework introduced by [5] that generalizes differential [3] and difference [12]
equations into a single coherent theory. Time scale calculus enables the study of systems whose
temporal behaviour is neither purely continuous nor discrete but instead defined on a non-empty
closed subset of the real lin&, Such hybrid dynamics arise frequently in engineering and
natural sciences, where events occur at both fixed instants and over continuous intervals. Com-
bining time scales with the non-local properties of fractional operators introduces significant
mathematical complexity, necessitating specialized analytical tools.

To tackle these challenges, we employ the Caputo fractional delta Dini derivativaA QiBy
[10], a generalized derivative designed for fractional systems on time scales. Unlike conven-
tional fractional derivatives, the CARIDID captures both non-local memory effects and discrete-
continuous temporal shifts, enabling stability criteria robust across arbitrary time scales. This
expands the applicability of fractional calculus to a broader class of real-world systems.

A key focus of this study is UAS, a strong form of stability ensuring that all system tra-
jectories not only remain bounded but also converge uniformly over time, regardless of initial
conditions. UAS is critical in control and systems engineering, where reliability, predictability,
and convergence speed are paramount. Building on foundational works [1, 6], our core contri-
bution is a novel UAS framework for CFrDylEusing VLFs and the CE&DID. This approach
ensures uniform convergence across all starting times,a practical necessity for real-world im-
plementations requiring consistent long-term performance.

Our proposed UAS framework for CFrD{iEachieves its practical validation through two
implemented case studies that embody the core challenges of hybrid fractional-order systems.
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The first application to robotic arm control systems reveals how the approach stabilizes PD-
controlled mechanisms with viscoelastic joints, where the fractional-order dynamics capture es-
sential memory effects and the time-scale formulation naturally accommodates mixed continuous-
discrete operation. The second implementation in distributed computing systems demonstrates
the method’s effectiveness for load balancing across server networks, proving particularly adept
at handling the inherent memory effects in task queue dynamics while operating across the
continuous-discrete spectrum of computing events. These working implementations serve to
concretely establish three key practical advantages; the capacity to provide rigorous stability
guarantees for systems exhibiting both memory-dependent behaviour and hybrid time domains,
the ability to bridge traditional gaps between continuous control theory and discrete-event sys-
tem analysis, and the formulation of directly applicable stability criteria for engineering design.
The robotic application specifically validates the framework’s utility for physical systems with
compliance-induced memory effects, while the computing case confirms its operational value
for discrete resource allocation problems with temporal coupling, together spanning the spec-
trum of real-world applications that require simultaneous handling of fractional dynamics and
time-scale hybridity.

The structure of the paper is as follows: in Section 2, we introduce the basic definitions, nota-
tions, and preliminary lemmas that form the foundation of our analysis. In Section 3, we derive
new UAS criteria for CFrDyH. In Section 4, we give detailed mathematical illustrations of our
results. To demonstrate the efficacy and real-world relevance of our theoretical contributions,
Section 5 provides two practical examples in computing systems; the fractional robotic arm
control system with PD feedback and the fractional load balancing in distributed computing
systems that illustrate the practical application of the derived results.

2. PRELIMINARY NOTES

Definition 2.1. [4] Let t € T, then for the course of this worlg(¢) will denote the usual
forward jump operatory(t) will denote the backward jump operator an@) := p(t) — ¢ will
denote the graininess function (see Definition 1.1, table 1.1 and Definition 158 in [4] for more
details).

Also, C',.4 will represent right dense continuity, seelin [4].

Definition 2.2 ([4]). A function ! € C([0,]j], [0,00)) is referred to as a clags function if it
satisfies the following: it is strictly increasing over the interjgaj] and satisfie(0) = 0.

STATEMENT OF THE PROBLEM
In this work, we focus on the CFrDylEof orderr with 0 < 7 < 1
CTDTRA = R(t,N), t € T,

2.1
( ) N(to) = No, to > 0.

Here,R € C,4[T x RN RY], R(¢,0) = 0, and“T D™R? represents the Caputo fractional delta
derivative of® € RY of orderr with respect ta € T. LetX(t) = N(¢, o, No) € C7[T, RY]
(indicating that the fractional derivative ®¥(¢) of orderr exists and is rd-continuous) be a
solution of [2.1), assuming the solution is both unique and exists, se€ [2, 11]. This work focuses
on analysing the UAS of the system described in|(2.1).

To achieve this, we will utilize the comparison system of lower dimension of the form

(2.2) “ID7e™ = S(t, ), p(to) = ¢y > 0.
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Here,p € R}, §: T x R} — R%, andS3(¢,0) = 0. The system[(2]2) witlp(t,) = ¢, has a
unique solutionp(t) = ¢(t; to, ) € C7,[T, R} ]. For more details, seg![2, 6].

Remark 2.1. For the purpose of this work, it is important to note that all inequalities between
vectors are to be interpreted component-wise.

Definition 2.3. [7] The CFADID of the LF Y (¢,R) € C,4[T x R, RY] along the solution
trajectories of the syster (2.1) is expressed as:

“IDTTA(E,N)

(2]

= limsup i[ D (D CCH(p(t) = jr, R(p(t)) — KTR(E R(1))

KT
k—0t =0

~T( ]|

wheret € T, R, 8y € RY, k = p(t) — t andR(p(t)) — k" R(t,N) € RY,
which can further be expanded to obtain

TDITN) = tmsup - { Y00, 1(0(0)

koot KT

(2]

+ Z (=17 (TC[T(p(t) — jr, R(p(t)) — KR, N(t)))]}

B T(to, N0)<t — t())iT
INQEE Y ’
wherel is the gamma function such that

F(as):/ t" et dt.
0

Definition 2.4. The zero solution df 2|1 is said to be uniformly asymptotically stable if it satis-
fies the following conditions:

(2.3)

(S1) Uniform Stability: For everye > 0, there existg(e) > 0 (independent of,) such that:
IN(to)|| <6 = [IN(t)]| <€ ¥Vt >t.

(S2) Uniform Attractivity: There exists, > 0 (independent of,) and a functiorf’(¢) > 0
(also independent af) such that:

IR(to)|| < do = [IN(t)]| <€ ¥Vt >to+T(e).

Lemma 2.1.[7] Let 6, ¢ € C.q([to, T|r,R™), and assumé t, € (to, T|r: 0(t1) = ¢(t1) and
0(t) < ¢(t) fort € [ty,t1)r. If the CFrADID of  and¢ are defined at = ¢;, then the inequality

C'ﬂ‘DleA(tﬁ >C’JI‘ Di(bA(tl),
holds.

Lemma 2.2. [9] Assume the following conditions hold:
(i) S € Cng[T x RY, R ] and (¢, ¢)x is non-decreasing with respect ¢o
(ii) T € Cq[T x RN RY] is locally Lipschitz with respect to its second argument, and
satisfies

(2.4) CTDTYA (L R) < S(LT(LN), (LX) €T x RY.
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(131) w(t) = w(t; to, py) represents the maximal solution @.7), which exists off.
Then, the inequality

(2.5) T(t,R(t) <w(t), t=to,
is satisfied, provided that
(2.6) T (0, No) < ¢y,

whereX(t) = R(¢; to, Ng) denotes any solution d.1)for ¢t € T andt > .
Proof. Seel[9] for proof.x

Lemma 2.3(Uniform Stability). [9] Consider the following assumptions:

(1) S € Cpy[T x R, R%], whereS(t, ¢) is non-decreasing i and satisfies3(t, ¢) = 0.
(2) The functioriY' (¢, X(¢)) € C,4[T x RY,RY] satisfies the following properties:
(i) T is locally Lipschitz with respect t8, and Y (¢,0) = 0.
(i) The bound$(||R]|) < To(¢,R) < a(||X||) hold, where
To(t,R) = SN Ty(t,N(t)), anda, b € K.
(iii) Foranyt,t, > 0andR, R, € R, the inequality

CTDLYA (L R(1)) < S(t, T(LN(L))),

holds.
(3) The zero solution of the systdthd)is uniformly stable.

Under these assumptions, the zero solution of the sy@dlyis also uniformly stable.

3. MAIN RESULTS

Theorem 3.1(Uniform asymptotic Stability) Suppose the following conditions are satisfied:

1. T(¢,RN) € C,y[T x RY,RY], andY is Lipschitz continuous with respectito

2. S € Cy[TxRY, RY], whereS(¢, ¢) is non-decreasing with respectgoandS(t, ¢) =
0.

3. For (¢,R) € R, x R", the inequality

EDILR(E,R) < —c(IR]),

holds, wherery(t,R) = SN T1,(t,R(t)), andc € K.
4. The bounds(||R]]) < To(t,R) < ¢ (||R]|) are satisfied, where, w € K.
5. The zero solutiot = 0 of systen{2.1))is uniformly stable.

Under these assumptions, the zero soluttoa 0 of systenf2.1)is uniformly asymptotically
stable.

Proof. The zero solutio®* = 0 of (2.1) is considered uniformly asymptotically stable if it
meets the criterion for uniform stability (as established in Lemfmla 2.3) and, for any:givei
there exists a timé& = T'(n) > 0 such that for alk, € T and®, € RY satisfying||Ro|| < 4,
the condition||X*(¢; 9, No)|| < 1 holds whenevet > t, + T.

Let A € (0, d) be a constant such that

(3.1) P(A) <w(d), with |IRo] < A.
Assumption (4) and (3]1) &t,, ), gives
(3.2) wW([[No|l) < To(to, Ro) < P([Nof]) < () < w(9).
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Clearly from [3.2),|X¢]| < é.

Letn =n(e),n € (0,¢).
We claim that

(3.3) INo]| <6 = [N*()|| <n, fort>ty+T.
Assume|[(3.B) is not true, then there exist at leasttone, + 7', such that

(3.4) ol <6 = [N (D) = 7.

Sincec € K, condition (2) of the theorem can be written as

(3.5) CIDTYR () < —c(n),

which is equivalent to the Volterra integral equation

(3.6) To(t,N*(t)) < Yo(to, Ro) — % /tt(t —5)"'As for t>ty+ T,

Then, from??, we can deduce the following:
If T =R, then [3.6) becomes

(3.7) To(t, N*(t)) < To(to, Ro) — %(T—)to)

and for sufficiently large, (3.7) contradicts the condition (4) of the Theorem and in-fact defin-
ition of T'(¢,X(¢)) and so[(3.B8) holds whefi = R.
If T consists of only I-s and r-s points, thén (3.6) becomes

(3.8) To(t, X () < Tolto, Ro) — L Z w(t)r(t,),

forallt;,t; € Tandr(t) = (t —s)™ .
asi — oo, the right hand side of (3.8) tendstex which is also a contradiction.
If T consists of; such thatp(t) > ¢, then [3.6) becomes

(3.9) Yolt, N*(£)) < Tolto, No) — If((z)ﬁ(ti)r(ti)

wherer(t) = (t — s)*~!. Asi — oo, the right hand side of (3.9) approachesc. Which is
another contradiction, implying that (3.3) holds across different time scales.
Therefore the zero solution of (2.1) is uniformly asymptotically staiple.

4. |LLUSTRATIONS

lllustration 1
Given the following system

CTDTOR(t) = —2601 — 02 exp(fy) — 02 exp(6s)
CTDTO2(t) = —6% exp(fy) — 2605 — 02 exp(6,)

with initial conditions

(4.2)

91(150) = 910 and 92(150) = 920,
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Choose a vector LA = (T, T5)%, such thafl'y(¢,01,6,) = |01 and Yy (t, 0, 05) = |05,
fort € T and(6,,6,) € R
From (2.3), we compute the CA&DID for Vi (¢,6:,65) = |6:] as follows

TDITALY) = hni%gpﬁi{n(p(t>m<p<t>>
¥ Z 4 (6(0) = i R((0) - R XO)] |
Tl (to, N0)<t — to)
B r(l—r7)
= to] |
= limsup — { > (DB () — K7 eo]}
|(910| t — to
(1 —r7)
(= to]
< lmliljp = { (_1)j(70j)[|91(p(t))| + KTgRl(tagl)]}
‘910| t — to
F(l —7)
1 )
< hnisoup_{wl * 32 ) Cle)
=

+ 3 IO em} - Ll =t 7

Lt—to Lt—to
K

1
< [f1(p(®)tim sup = D (=170 + Rt 61 1)/ lim sup Z 1)77C;
K— =0 K—
ol —to) "
ra—-r)

Using (2.12) and (2.14) in [8], we obtain

010/ (t — o) ™7
I'1—r7)

CTDTYA (L, 6) = 'W(rt()i'(_t T_fow [ Ra(t:60,)]

CEDITR(t, 0:) < ’91@?8@7—;0)% — R (25 01)].
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whent — oo, thenw — 0, so that

EDIYR(,61) < —[Rult;00)]

— [| = 261 — 67 exp(61) — 63 exp(6)]]
< [l —=204]
< —[210:]]
(4.2) YIDIYL(,0,) < —270; + 0Ty
Also, we compute the CEDID for Ty (¢, 64, 62) = |05 as follows:

TDITR( ) = s L Ta((0), 02(0(0)

=)
+ Z (=1)7("Cy) [Ta(p(t) — jr, O2(p(t)) — K7 Ra(t, 92(15)))]}

B To(to, Oa0)(t —to) "

I'1—r7)
' Lt_mto |
= hﬂiiupﬁ— 102(p(1))| + Z (=17 ("C)[02(p(t)) — K™Ra(t, 02)]]
020 (t —t0) "
I'l—r7)
) Lt;t() |
< liﬂiiljpg 102(p(1))| + Z (=17 ("Cy)[102(p(8)] + [T Ra(E, 62)]]
020[(t —t0) "
IO
] [ =)
< hHi%“P_{’eZ Z C)|02(p(t))]
& N
+ Z Cj) | R ( 2)|}_ﬁ
1 [ =] |
< Ba(o(®)lmsup — >~ (-1(°C)
o fanl(t — t0)
+|Ra(t, 62)|11£%1+1p Z 1rcy) BRI

From (2.12) and (2.14) in [8] we obtaln

|020|(t —t0) "
['1—r7)

CEDITE(L,60,) = valo ;2;'?;%)_7 — |Ra(t;02)] —
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CT pyr e |02(p(2))[(t —to) " ,
DiT5(t,02) < (1 —7) — [Ra(t;02)].

whent — oo, 22—, 0, so that,

CIDTYR(t,02) < —|Raolt; 0s)]
— [| = 67 exp(62) — 265 — 05 exp(61)]]

< =[] —262]]
< —2[6s].
Therefore,
(4.3) “TDIYS(t,05) < 0Ty — 275,
From [4.2) and[(4]3), we have that
(4.4) CTpTTA < (‘02 _02) G;) — (1, T).

So that the comparison system for {4.4) becomes
(4.5) DL =3(t,p) =Y,

-2 0
0 —=2)
The vector inequality{ (4]4), along with all the requirements outlined in Theprgm 2.3, is fulfilled
if the eigenvalues of possess negative real parts. Given that the eigenvaluésud both—2,
it follows that {4.1) is uniformly asymptotically stable.

whereY =

Illustration 2
Given the CFrDyHE
2 2
. +2
TR = 8- 2R
G
2 2
6) IO = o g - 5
o G
2
. +
ToGH- R,
3

with initial conditions

Gy (to) = Cio,  Calto) = oo, and (5(to) = 30,
WhereC = (ClaCQaC?))'
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Choose a vector L = (T, T2, ¥3)7, whereY, = (3, T, = (5 and Y3 = (3.

From (??), we compute the CEDID for T, = ¢? as follows:
CTDT TlA
1 2 2
= timswp {60 - (€]
Lt HtOJ .
+ Z (=1 ("CH) (G (p(t) — kR (L, Q)] — [((610)2}}

= limsup %{ [(Cl(p(t)))ﬂ — [(C10)2]

Lt_nto
= —limsup i Z (—1)j ("C5) [(glo)ﬂ }

Kk—0Tt KT =0

( Lt_mto
+ lim sup i (—1)j ("Cj) [(Q(@(t))ﬂ }

koot KT =0

Lt toJ |
i 3gp{ > 1 (6 B OIRR( 1 o g3>]}.

From (2.12) and (2.14) in [8], we get

= (13(_1 t_O)T)T (¢ (0(0))°] = 1261 (0()R1(E, C1i G, C3)-

Whent — oo, {27 [(¢, ((1))?] — 0, S0 that

S _Q[Cl(p(t))%l (t7 Cla C27 Cd)]
but((p(t)) < kK°TD7¢A(t) + ((t), so that

= -2 lﬁ(t>%%(tv Cl? CQ? CS) + Cl(t>§R1<t7 <17 C27 <3>:|
2
_ —2{n<t> (3<1—<3+2<§) e (scl—w)}

C1 Cl
2 2\ 2 2 2
(47) — _2f<‘-/<t) [(3<1 o CQ —212C3> o 2<1 |:3C1 . CZ 2—12C3‘| )

AJMAA Vol. 23(2026), No. 1, Art. 12, 19 pp.
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If T = R we have thak = 0, so that[(4.]7) becomes:

2 4 92
CIDITT(C1, ¢ C) = =2, [3<1 - —21 Cg}

= —6¢7 + 205+ 4¢3
(4.8) = (=6 2 4)-(T; Ty Ty

If T = Ny, we have that = 1, so that[(4.]7) becomes:

2
I [(3C1__<§+-2<§) ]__241{3C1__<§+—2<§}

3 (s
@+2@}
¢

Resulting in the same outcome &s [4.8). Evidently, this approach is equally applicable to any
other discrete-time scenario.
Next, we compute the CEDID for T, (¢) = (3 as follows:

< =2G l3C1 -

“IDIYR(C)

_ nmsupi{ (o) — [(C20)?]

(=]
+ Z (=17 ("C) (G (1) — £ Ra(t,€))*] = [((Czom}

:1mﬂmi{ugmm»ﬂ—ugf}

(=]
+ Z (=17 ("C3) [(Ca(p(0)))* = 2Co(p(t)) K™ Ra(t, €1 o, )

+12T(Ra(t, €1, Car €3))%] = [(C20)?] }

ko0t KT

(152
= —lims.mpi Z (—1)j ("Cy) [(Cm)ﬂ}

koot KT

([5]
—|—hmsupi Z (—1)j (TCj) [(Q(@(t))ﬂ}

—timsup {37 (1) () DG (o0 Ralt, 100G

k—0T =1

From (2.12) and (2.14) in [8], we get

_—t)

STi-n [(C2(p(1)))?] = [2€a (1)) R, C1, Ca. C5)].

AJMAA Vol. 23(2026), No. 1, Art. 12, 19 pp. AIMAA


https://ajmaa.org

12 M. P. INEH AND K. F. ATTAI AND C. Y. ISHOLA AND A. MAHARAJ AND B. USIBE EFFIONG

ASt — o0

D [(¢y((t))?]) — 0, to obtain
< —2[G(p()Ralt, €1, Cay G,

introducing (p(t)) < kCTD7CA(t) + C(1).

= -2 [H(t)%g(tv Clv CQ? C3) + €2<t)%2(t7 Cl? <27 C3>:|

2\ 2 2
- o (-G r1e-) ra(-Ere-)]

a 3<§>2 [ 5 34%}

4.9 = -2 46, — 23] | =2 4C, — 231 .
(4.9) K(t) [( T + 4G, ‘s Cs % +4¢y %,
If T = R we have thak = 0, so that[(4.P) becomes:

2 2

CTDszA(Ch C2) = —2(, —% +4¢, — 3<_C3
2 2
= 20 — 83+ 6(3

(4.10) = (2 -8 6)-(T1 Ty T3

If T = Ny, we have that = 1, so that[(4.p) becomes:

2
= —2[( Cl—|—4§2_3_gg)]_2€“2{ C1+4<2_3_<§

G G G G
2
)

This leads to the same conclusion s (#.10), and it is evident that this approach is equally
applicable to any other discrete time instance.
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Finally, we compute the CBDID for Y5((;, (s, (3) = (3 as follows:

CTDTTA
_ hrrizljp%{ (o)) = [(60?]
t to]
n Z Co(t) — K Ra(t, C))?) — [<<<30>21}

_ hmsupi{ (o)) = [(Ca0)?]

5]
+ D (17 (G [(Glp1)* = 260 Ra (1, €2 Cs)

+r7T(R3(t, ¢4, Ca, C3)) 7] — [(Ca0)?] }

([52]
= —limsupiT Z (—1)j ("Cy) [@30)2]}

>[%}
+h;?i?)l+lp/€i Z (=17 ("Cy) [(Cg(@(t)))z}}

(=]

—limsup{ Z (=17 ("Cy) [2C3(p(t))m7§}33(t,(1,§2,§3)]}.

Kk—0F =1
From (2.12) and (2.14) in [8], we get

< % [(C5(0(0))?] = [2¢3(0(8)Rs(t, 1, Cor C)].

Ast — oo, {2 [(¢4(p(1))%] — 0, then

< _2[C3<p<t))%3(t> Cla C2> C3)]
Using¢(p(t)) < kCTD7¢R(t) + ¢ (1),

S [Ww@, C1s s ) + G0t 1y o <3>}

2
= —2[ﬁ(t)< C1+<2+3<3) +g3< C1+C2+3<3>}

Cs Cs
2
(4.11) — k() [( Cl:f? + 3<3> — 2, [ gl;f? + 3g3} .
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WhenT = R, x = 0, then [4.1]l) becomes:

2
TNy CanCy) = —2s {—gl . 2y 343]
3
= 2(] +2¢, — 63

ForT = Ny, x = 1, then [4.1]1) becomes:

2 2
_ _QK <1§+<2+3<3) ] o, {_clgczmcg}

3 3

< 26 [ C12‘3C2 +3<3} :

We obtain the same conclusion ps (4.12).
From (4.8),[(4.10) and (4.12), we obtain

-6 2 4 T,
(4.13) “Iptyr<| 2 -8 6 Ty | =S(t, ).
2 2 -6/ \7T3

Now, consider the comparison system

(4.14) DT =S(tp) =Y,
-6 2 4
whereY = 2 -8 6
2 2 —06
The vector inequality (4.13), along with all the conditions of Theofem 2.3, are fulfilled if the
matrixY has eigenvalues with negative real parts. Since the eigenvaltearef3, = —10.57,

B, = —8.44, and3; = —0.99, it follows that [4.6) is uniformly stable. Consequently, we
deduce that the trivial solutior, = 0 of the system[(4]6) is uniformly asymptotically stable.

5. APPLICATION TO COMPUTING SYSTEMS

Application I: Fractional Robotic Arm Control System with PD Feedback. Consider a
fractional-order model for a robotic arm with angular positign), angular velocityw(¢), and
control input voltagé/(¢). The dynamics under PD control are:

TDTO(t) = w, O(to) = b,
B K K
CTDT(t) = ——w — —fh+ ™
w(t) Y + 7
t
FDV(E) = ~Kyf — Koo~ K, [ 0r)dr, V(1) = Vo
t

(5.1) V, w(ty) = wo,

whereB (damping),/ (inertia), K (stiffness), andy,,, (motor constant) are positive constants.
The PD controller gain¥’,, K4, K; > 0 regulate position, velocity, and integral error.
Define the vector Lyapunov function to B&t, 0, w, V) = (T, T2, T3)T, where:

Tl = 62, TQ = w2, Tg V2
Applying Definition[2.3 and performing the operations ajs|in 4 we obtain that:
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ForY, =6
O2(t —to)~"
CT Nt CcT T 0 0
D™Y,<20-"" D0 =200 — —————
o= “ I —r)
ASt — oo:
“IDIYT, < 20w.
ForY, = w?:
B K, 6 K wi(t —to)"
CT Nt m 0 0
DYy <2w|——w——0+—"V | - —————
ti2= “’( YT ) T(1-7)
Ast — oo
. 2B 2K 2K,
CTDJrTQ S —7N2 — 78&) + TWV
ForY; = V2
VE(t —to)™"
CT nyt 0
DTYs <2V(-K,0 — Kjw) — ———
+ 413 = V( p dw) 1—\(1_7_)
Ast — oo

“IDIYs < —2K,V0 — 2K,Vw.

Takingfw < ©49% WV < <1V andvg < Y2 we obtain:

0 1 0 T
CcT T m m
pirs( -5 -2i &) (T

~K, “K; 0] \Ts

0 1 0
_ K B Kn Kn
=\ -7 —7t3 3%

So that the eigenvalues satisfy:

B K, K KpK K, Ky
>\3+<———)>\2+<—— d))\‘l‘ Pm ),

J 2] J 2J 2J
Using the Routh-Hurwitz criterion, uniform asymptotic stability requires:

B - K,, K - K, K, K,K,,

J o 2J T 2J 2J

Without loss of generality, we conclude that the robotic arm equilibriéiea 0, w = 0,V =
0) is asymptotically stable if damping dominates motor effeéts %), stiffness outweighs

derivative gain coupling X > %), and proportional gain ensures positional correction
(K, > 0). This clearly aligns with PD control design principles, where gdiisK,; must
balance system inertia, damping, and motor dynamics to achieve stabilization. The fractional
framework extends classical control theory to systems with memory-dependent dynamics, such

as viscoelastic robotic joints.

> 0.
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Robotic Arm Stability Criteria
Blue Surfaces Show Stability Boundaries

I K = (K _K,)/2 Boundary
B = K_/2 Boundary

2.5
£ Stable P t
£ 3 Stable When: data]_e arameters
P (S K /2 data?
[7)] /‘ : m _
o 2. K> (K _K,)/2 2
2 24 : m d o
z 0
= ]
3 C 1.5 2
£ =
> &N
3 -
E 1
=
) 0.5
0

Derivative Gain Kd 2 0

Damping Coefficient B

Figure 1: Stability region (green) for robotic arm control showing required damgiigand stiffnes$ K) relative
to motor constan{K,,,) and derivative gain K, ). Blue surfaces mark critical boundaries from Routh-Hurwitz
criteria.

Figure 1 above shows a three-dimensional visualization of the stability criteria for the fractional-
order robotic arm systerq (5.1). The blue surface represents the critical boﬁdarx}%m,
while the vertical blue plane indicatds = % The green points show parameter combina-
tions satisfying both stability conditiond3 > % and K > %), guaranteeing uniform
asymptotic stability. Black reference lines mark the minimum thresholds for stability. The plot
confirms that increasing dampirnig) and stiffnesg /&’) beyond these boundaries stabilizes the
system, even with high derivative gaif&’,).

Application II: Fractional Load Balancing in Distributed Computing Systems. Consider a
distributed computing system with three nodes managing task quedesy(t), ¢s(t). Then,
we formulate the Caputo fractional-order dynamic system control for load balancing as:

IDq(t) = M — g + (02 — 1) — Y(q1 — g3),
(5.2) CTDTQ2(t) = Ao — [lpQ2 + ’Y(Q3 - Q2) - ’V(Q2 - Q1)7
TDTg3(t) = A3 — p3qs + v(q — @3) — ¥(q3 — @2),

where \; are task arrival rategy, are processing rates, and> 0 is the load-balancing
coupling coefficient.
Define the Veector Lyapunov functidfi(¢, q) = (T, Yo, T3)?, where:

YT, =q¢ for i=1,23.

Applying Definition[2.3 to eacll’; as computed in the illustrations above, we obtain :
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ForY, = ¢
CT Nt _ CcT T o
DIy =2q " D7q1 =2q1 (M — (g +27)q1 +vq2 + 7a3) -
For Yy = ¢
DYy =22 (A2 — (pg + 27)q2 + 743 + V1) -
For Y3 = ¢
“TDIYs = 2q3 (A3 — (13 + 27)g3 + 701 +742) -
2 2
Assuming)\; = 0, then forg,q; < © ;qf we obtain:
—2(py + ) ot ot T,
“IDIT < o —2(py +7) v T,
v gl —2(p3 +7)) \Ts

For symmetric parametergs (= p), the eigenvalues are:
)\1 = —2[1, )\273 = —2,u — 3’7

All eigenvalues are negative far> 0, ensuring uniform asymptotic stability.

Then we conclude that the equilibrium= ¢, = ¢3 = 0 (balanced queues) of systgm (5.2) is
uniform asymptotically stable if processing rages- 0 and load-balancing effort > 0. This
ensures tasks are uniformly distributed, preventing overload in distributed computing systems.
The fractional framework captures memory-dependent load adjustments, critical for real-time
scheduling in cloud environments.

Uniform Asymptotic Stability Analysis for Distributed Computing System

Eigenvalue Dependence on p and « Stability Region (Ai <0)

! Stability Conditid
lL.u>0
2.y>0
« 0.8
o { Stable
o
272 G
3 % 0.6
o o}
2 -4 O
g Zou
w o
-6 g
1 Unstahle
Vo2
0.5
1
1.5 ot ‘ . ‘ ]
Processing Rate u 2 0 0.5 1 1.5 2

, . Processing Rate p
Coupling Coefficient ~

Figure 2: Eigenvalue analysis demonstrating uniform asymptotic stability in distributed computing systems: (Left)
Eigenvalue surfaces showing faster convergence with higher processingratesd(load-balancing); (Right)
Stability region confirming global stability when> 0. The system achieves queue balancing= ¢; = g3 = 0)

with stronger stability fory > 0.
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In figure 2 above, the 3D eigenvalue surfaces and stability region plot collectively demon-
strate the uniform asymptotic stability criteria for the distributed computing sys$tein (5.2) with
fractional-order queue dynamics. The blue eigenvalue surface=( —2.) reveals that the
dominant mode’s convergence rate depends linearly on the processingndtere increasing
w exponentially reduces queue backlogs. The red surface€ —24 — 3) shows how load-
balancing efforty further accelerates stabilization by making all eigenvalues more negative,
with the —3~ term highlighting how active task redistribution prevents node overloads. The
black contours ak = 0 confirm the system remains stable foralt- 0 andy > 0, as eigenval-
ues never cross into positive territory. The stability region plot reinforces this by showing the
entirei, > 0 half-plane as stable (green), while the theoretically unstable red regigrdj has
no physical meaning for real systems. These results prove that the queue-balancing equilibrium
(g1 = ¢2 = g3 = 0) is globally stable whem > 0, with stronger stability (faster convergence)
achieved throughy > 0. The fractional-order framework implicitly shapes these dynamics
by introducing memory-dependent transient behaviors during load adjustments. For cloud and
edge computing systems, this translates to clear design rules: processing gapastexceed
input task rates, while load-balancing intensijtgan be tuned to optimize convergence speed
and fault tolerance against workload spikes. The visualization thus bridges theoretical stability
analysis with practical system design, demonstrating how distributed computing architectures
can maintain robust performance even with memory-dependent scheduling delays characteristic
of fractional-order dynamics.

6. CONCLUSION

This work has established a novel framework for UAS analysis of CFIDWf£ introducing

the CFADID as a specialized tool for vector Lyapunov function analysis, enabling rigorous
stability proofs for systems with memory effects and hybrid continua§siiscrete dynam-

ics. Unlike conventional integer-order methods, which are restricted to either continuous or
discrete systems, and traditional time-scale approaches, which cannot capture the long-range
dependence induced by fractional operators, our framework unifies fractional calculus with
time-scale theory, generalizes comparison principles through vector Lyapunov functions, and
derives practical UAS criteria that ensure uniform convergence regardless of initial conditions.
Its superiority over existing techniques is further evidenced by applications: in robotic control, it
guarantees stability for PD-controlled systems with viscoelastic memory where classical meth-
ods fail, and in distributed computing, it ensures stable load balancing with historical workload
dependencies where standard models prove inadequate. These results highlight both the theoret-
ical and practical advantages of the proposed framework over existing approaches, establishing
it as a robust and general tool for stability analysis of complex hybrid systems.
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