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ABSTRACT. LetS be a(p + m)!-torsion-free semiprime ring, and 1Btk : S — S be additive
mappings satisfying, for al} € S, the identity

2B(y"™) = By")v(y™) + 0P k(y™) + Bly™)v(y") + 0(y™) k(yP),
where~ andé are automorphisms &f. ThenB is a generalized~, §)-derivation onS, with
k serving as its associatéd, §)-derivation. Moreover, analogously, we establish an additional
result demonstrating that, if two additive mappings satisfy a prescribed identity, then each such

mapping constitutes a generalized léft 6)-derivative having left(, 8)-derivative. Further-
more, the appropriateness of this hypothesis is substantiated by explicit illustrative examples.
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1. INTRODUCTION

Throughout, the ring will be regarded as an associative ring with identity, af&) will
denote its center. A ring is calledm-torsion-free if, for a fixed integem > 1, the relation
my = 0 impliesy = 0 for all y € S. The commutator of elemenisz € S is defined by
ly, z] = yz—zy. TheringS is said to be prime ifySz = {0} implies that eithefy = 0 or z = 0.
It is called semiprime if;Sy = {0} impliesy = 0.

A mappingk : S — S is called a derivation ik is additive and satisfies

k(yz) =k(y)z +yk(z), forally,zeS.
It is called a Jordan derivation if, for adl € S, it satisfies
k(2?) = k(2)z + 2k(z).

Every derivation is, in particular, a Jordan derivation; however, the converse does not hold in
general.

A classical theorem of Herstein [10] states that, in a prime ring of characteristic not equal to
two, every Jordan derivation is in fact a derivation. Cusack [9] extended this final assertion of
Herstein to the setting @&-torsion free semiprime rings. Following Zalar [12], an additive map
7T :S — Sis called a left centralizer if (yz) = 7 (y)z holds for ally, z € S, and it is called
a right centralizer if7 (yz) = y7 (z) for everyy,z € S. In particular,7 is termed a Jordan
left (respectively, Jordan right) centralizer 8fwhen these identities are required only in the
special cas@ = z. An additive mappingd3 : S — S satisfying

B(yz) = B(y)z + yk(z) forally,z € S
is called a generalized derivation associated with a derivatimmS. In particular,5 is referred

to as a ‘generalized Jordan derivation’ if there is a ‘Jordan derivaktion'S such that the above
relation is imposed only foy = =.

The text introduces several types of derivations on the&ingor two given automorphisms
¢ and~, an additive majk : S — S is called an(, 6)-derivation if

k(yz) = k(y)y(2) + 0(y)k(z)
forally, z € S. Itis called a Jordafyy, 6)-derivation if

k(y?) = k(y)v(y) + 0(y)k(y)

holds for everyy € S. Any (v, 6)-derivation is automatically a Jordas, #)-derivation, though
the converse need not hold.
A generalized(~, §)-derivation is an additive map : S — S associated with afry, 6)-
derivationk such that
B(yz) = B(y)v(2) + 0(y)k(2).
Likewise, a generalized Jordém, #)-derivation is defined relative to a Jordan ¢)-derivation
k via the identity
B(y*) = B(y)y(y) + 0(y)k(y)-
Every generalizedy, 6)-derivation is, in particular, a generalized Jordand)-derivation, but,
in general, the reverse implication does not hold. Remarkably, a key theorem of BreAaar and
Vukman [8] shows that on a prime ring that is 2-torsion-free, each Jarddah-derivation is
actually an(, )-derivation. This was later extended [n_[11], where it was proved that on a
2-torsion-free semiprime ring, every Jordand)-derivation is likewise ariy, 6)-derivation.
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According to [1], every generalized Jordén 6)-derivation on a 2-torsion-free semiprime
ring is in fact a generalize@y, #)-derivation. If3 is a generalized derivation having a derivation
k on S, then for eachy € S the algebraic relation

2B(y"™) = B(y")v(y™) + y'k(y™) + By™)v (') + y"k(y”)
holds. However, the converse implication does not generally hold. In this paper, we investigate

the conditions under which the converse is valid. More precisely, we show Batif S — S
are two additive mappings satisfying

2B(y"™™) = By )y (y™) + yk(y™) + Bly™) (") + y™"k(y")
forall y € S, thenB is a generalized derivation with as its associated derivation ¢ pro-
vided thatS is a(p + m)!-torsion-free semiprime ring.

2. GENERALIZED (v, 6)-DERIVATION
Let us start with the preceding theorem:

Theorem 2.1. Suppose that, m > 1 are any two fixed integers arlis a (p + m)!-torsion-
free semiprime ring. I3 andk are two additive mappings froifi to itself which satisfy the
algebraic equatior2B(y"*™) = B(y”)v(y™) + 6(y")k(y™) + B(y™)y(y") + 6(y™)k(y?), then
B will be a generalized~, §)-derivation linked with &, ¢)-derivationk on S, wherey andd
are automorphism o8.

Proof. We have given that

(2.1) 2B(y""™) = By )v(y™) + 0(y")k(y™) + B(y™)v(y") + 0(y™ k(y").

Notice thatk(e) = 0 and if we puttingy + ¢z for y in (2.1), we find

2B(ym+p + (m;rp)ym+p—1qb+ (m;p)ym+p—2q222 I qm-l-pzm-‘rp) — F(yp 4 (Il?)yp—lqb+
(B)yP2q*22+- - -+qup)'y(ym+ (Myy™tab+(5)y™ 2> 2>+ - -+qmzm) +0(y7’+ Py tqb+
Byyr=2¢%2% + -+ + qu”>d<ym + (My™tgb + (3)y™ 2?22 + -+ + qmzm> - F(ym +
(D™ ab+ (3)ym 2?2 4o qmem )y (57 + () lab+ Gy a2+ e g2 ) +
0<ym + (T)ym—lqb + (T;)ym—2q2z2 NI qmzm>d(yp + (If)yp—lqb + (g)yp—2q2z2 4+t

qup), forally, z € S andg € Z+.

Rewrite the above expression by using|2.1) as

Qfl(y7 Z) + q2f2(y7 Z) +oee qm+p71fm+p_1(y7 Z) = 07
wheref;(y, z) stand for the coefficients ofi’’s for eachi = 1,2,--- , (m+p—1). If we replace

kbyl,2,--- m+p—1,then we find a system of + p — 1 homogeneous equations. It gives
us a Vandermonde matrix

1 1 e 1
2 22 . 2m+p71

m+p—1 (m+p—1)2% -+ (m+p—1)mtrt
This implies thatf;(y,z) = O forall y,z € S and foreveryi = 1,2,...,(m+p—1). In
particular, for ally, z € S, we obtain for; = 1 that
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2" Byt tz) = (T)B(yP)( + ( )B(yP 'z )
+(T) o) () yp 1 y™)
+ ’i’l;l?(ym)v(yp‘%) (M) By™ )v(yp)
+()0y™k(yP'2) + (T)Q(ym’lz)k(yp), forally,z € S.

By substitutingy = e and using the relatiok(e) = 0, we obtain
2(m+p)B(z) = (m+p)Ble)y(z) + (m+p)B(z) + (m+pk(z).
Subsequently, applying the torsion restrictionSoyields that

(2.2) B(z) = B(e)vy(z) + k(z) forall zin S.
Next, from f»(y, z) = 0, we have
2("IN)B(ymtr22?) = (D) By vy +(8g) (yP ' 2)y(y™'z)

+ (MY ByP 22y (y™) + () 0(yP )k(y™22?)
+(7 (7)9(yp‘12)k(ym 12)_|_ ( )H(yp 22)k(y™)
+(5 B(ym)v( P22 ; L2)y (P z)
+ ’SgB(y )v(y +( yp 22%)
+(7 (?)9(?/” L2)k(yP 2 (2)9(1/” . z)k(y”),

forall y, z in S. Rewrite the above expression by SubStItquergr y to obtain
2("7)B(2%) = (3)Ble)v(2*) + () (7)B(2)(2) + (5) B(=*)
+ g‘;k(za) + () (MO(2)k(z) + (5)B(e)v(z?)
+ E’f;B(z)'y(z) Y (M)BE) + (O)k(=2)
+ P)0(2)k(z), forall z € S.

m
1

)

1
This implies that

(m+p—1)(m+p)B(z?) = [M2=l 4 2ED)B(e)y(22) + k()]
+pmB(2)y(2) + PZUB(22) + pmb(2)k(2)
FpmB(2)y(2) + P2 B(2) + mph(2)k(2).

(2)
(2)
Replacingz by 2% in (2.2), we arrive aB3(z%) = B(e)y(z?) + k(z?) for all z in S. Using this

relation in the above relation, we obtain

(m+p—1)(m+p)B(z*) = [m(m—1)+p(p—1)|B(z’)
+2pmB(2)y(z) + 2pmb(2)k(z).

After some calculation, we arrive at
2mpB(2%) = 2mp[B(2)v(z) + 0(2)k(2)].

Using the torsion condition, we have

(2.3) B(2?) = B(2)y(z) + 0(2)k(z), forall z € S.
Next, from [2.2)
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Hence,k is a Jordan(v, #)-derivation onS. Therefore, by[(2]3), we conclude th&tis a
generalized Jordafy, 6)-derivation associated with the Jordan derivatioon S. Finally, the
desired assertion follows from the main theorem in jl].

The above theorem has immediate consequences.:

Corollary 2.2. [5] Suppose that, m > 1 are any two fixed integers ar&#lis a semiprime ring
with (m + p — 1)!-torsion-free condition. IB, k and7 are three additive mappings frogto
itself which satisfy the respective algebraic equation

(1) B(y™*?) = B(y*)y™ + y?k(y™) forall y € S, thenB will be a generalized derivation
linked with y derivatiork on S,

(2) k(y™*?) = k(y?)y™ + y’k(y™) for everyy in S, thenk will be a derivation onS,

() T(y™*?) =T (y*)y™ forall y € S, thenT is a centralizer orS.

Proof. One can prove it by using the same technique as was proved earlier, consigdeting
0=1.1

Corollary 2.3. [2] Suppose that: > 1 is any fixed integer and is a semiprime ring having
(2m — 1)!-torsion freeness. IB, k and7 are three additive mappings fros to itself which
satisfy the respective algebraic equation

(1) B(y*™) = B(y™)y™ + y™k(y™) forall y € S, thenB will be a generalized derivation
linked with a derivatiork on S,

(2) k(y*™) = k(y™)y™ + y™k(y™) for everyy in S, thenk will be derivation onS,

(3) T (y*™) =T (y™)y™ forall y € S, thenT is a centralizer orS.

Proof. Taking into accounp = m in the above result, we will concludg.

The example that ensues shows that the significant results of the article are not redundant.

| n,C € QZS}, Zg has its usual meaning.

B 0 0 k(" 0 - n 0

N0 ¢ ) o¢) \L0oO0)
n 0\ (¢O0 n 0\ (n O .
7(0 C) = (0 77) and@( 0 C) = (O <>. It is clear that5 does not form a
generalized v, 0)-derivation onS; neverthelesss andk satisfy the algebraic assumptions of
Theorenj Z]1. Hence, this example demonstrates that the semiprimeness hypothesis is indispens-

able in the main theorem of this paper.

Example 2.1. Consider a ringS = { (
B

Define mapping#3.k,: S — S by

O3 O3
N Oy O
N———

3. GENERALIZED LEFT (v,#)-DERIVATION

This section focuses on another generalization of a derivation, called(g |éftderivation,
which is defined as follows: a mappiing S — S is called a left~y, §)-derivation (respectively,
a Jordan left~, )-derivation) if it is additive and satisfies

6(yz) = v(y)d(z) + 0(2)d(y)

(respectivelyi(z%) = v(2)d(z) + 0(2)d(2))
forally,z € S.
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An additive mappind3; : S — S is referred to as a generalized left 6)-derivation (respec-
tively, a generalized Jordan Idft, 0)-derivation) provided there exists a corresponding Jordan
left (v, #)-derivationd satisfying

Bi(yz) = v(y)Bi(z) + 0(2)d(y)

(respectively3; (%) = y(2)B1(z) + 0(2)d(2))
forally,z € S.

It is observed thai3; is a generalized lefty, #)-derivation if and only if3;, = 6 + 7 on S,
where7 is a righty-centralizer and is a left(, #)-derivation onS.

The notion of left(, #)-derivations is subsumed within the broader framework of generalized
left (v, 6)-derivations. Conversely, if we sét= 0, a generalized lefty, §)-derivation coincides
with the theory of righty-centralizers orS. For any fixed element € S, every map of the
form B, (y) = yz+d(y) is a generalized left derivation, wherelenotes an arbitrary lefty, 6)-
derivation. Furthermore, iB, is a generalized lefty, #)-derivation and is the associated left
(v, 0)-derivation of 3, on S, then for eacly € S one has

2B, (y7*™) = v (yP)Bi(y™) + 0(y™)o(yP) +y(y™)Bi(y?) + 0(y)o(y™).

The converse of this implication holds under additional assumptions. ddore precisely, it
has been shown thatif, p > 1 are fixed integers anél is an(m + p)!-torsion-free semiprime
ring, then whenever two additive mappin§s,é : S — S satisfy the above identity3; is
necessarily a generalized I¢ft, §)-derivation associated with a Igff, )-derivationd on S.

Theorem 3.1.Letm,p > 1 be any two fixed integers arl be (m + p)!-torsion free semi-
prime ring. If two mapping3;,d : S — S are additive and fulfilling the algebraic identity
281 (yP™) = y(yP)Bi(y™) +0(y™)o(y7) +v(y™)Bi(y?) + 0(yP)s(y™) forall y € S, thenB,

is a generalized lefty, #)-derivation having a leffy, §)-derivationé on S.

Proof. Since
(3.1) 2By(y"™™) = ~v(W")Bi(y™) + 0(y™)o(yP) +v(y™)Bi(yF) + 0(yP)d(y™) forally € S,
then, we puty 4+ nb in place ofy to get

28, (ym+p+ (") ym P b+ (TSP ym P22 4 —I—nm+pzm+”> = 7<ym+ (M)y™ 'nb+
(My™ 22224 - +nmzm>81 (yp+( JyPtnb+ (D) yP 2?22+ - +npzp>+0<yp+( )yP~Inb+
(B)yr2n222 + - + npzp>5(y + (P)y™tnb + (7)ym 2 4 - + nmzm> + v(y” +
(’j)yp—lanr(g)yp—2n2z2+~~+npzp>81 <y + ")y nb+ () m—2n2z2+~~+nmzm)+
e(ym+(7)ym—1nb+(g) m-2p22 4. gy )(5<yp+( Yy inb-+ (B)yPn222 - - —i—npzp)
wheren is any positive integer. Using (3.1), rewrite the expression as

nPi(y,z) + n°Py(y, 2) + -+ 0™ P Py (y, 2) =0,

whereP;(y, z) is the coefficient ofi fori =1,2,...,m +p — 1.

Substitutingr = 1,2,...,m+ p — 1 yields a system ofn +p — 1 homogeneous linear equa-
tions, whose coefficient matrix is a Vandermonde matrix of order p — 1, as in the previous
section. Hencé’(y,z) = 0forally,z € Sandalli =1,2,...,(m+ p — 1). In particular, for
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7 = 1 we obtain:

2B = (B ) + (B (1)
+(7) v (y™)a( + (1) ( m)
+(3 H(y”‘lz)Bl(y”) +(1)0(y") Bl(yp 2)
+(®)0(yP)o(yr12) + ()0(y*~*2)d(yP) forall y, = € S.
Puttingy = e and making use of(e) = 0 (by replacinge for y in (3.1)) and torsion restriction

of S, we arrive at
(3.2) Bi(z) = v(2)Bi(e) + 6(2) foreveryz € S.
Next, P (y, z) = 0 implies the following:

2757 By ) =

D

for everyy, z € S. Rewrite the above expression by substitutirfgr 3 to obtain

(m+p—1)(m+p)Bi(z*) = "ZUy2)Bi(e) + pmry(2)Bi(z) + 2B, (22)
-I——m(”;_l)é(f) + pmy(2)0(z) + p—(p;1)2281(e)
(B (2) + PE0B (22) 4 B (2)

2
+mpb(z)é(z), foreveryy,z € S.

That is,

2(m+p)(m+p—1)Bi(2*) = [m(m—1)+p(p—1)][(*)Bi(e) + 6(z*)]
+4pqy(2)Bi(2) + [m(m — 1) + p(p — 1)]B1(2?)
+4pqgb(2)d(z), for everyy,z € S.

Using [3.2) after replacing by 22 in the above relation, we get

2m+p)(m+p—1)Bi(2*) = 4pgy(2)Bi(2) + 4pgt(2)d(2)
+2[m(m — 1) + p(p — 1)|B1(2?), for everyy,z € S.

Simplify the above expression and make use of the torsion freenéssva have
(3.3) Bi(2%) = ~(2)Bi(z) +0(2)d(z), foreveryz € S.
Consider|(3.R), we have

0(2%) = Bui(2?) — 0(z*)Bu(e)
= 7(2)Bi(2) + 6(2)d(2) — 6(2*) By (e)
= 7(2)0(2) +0(2)[B1(2) — 0(2)Bu(e)]
= 7(2)0(2) +0(2)4(2)
Therefore,5; is a generalized Jordan left/, #)-derivation onS having Jordan lef{~, 0)-
derivationd. Applying the result from[[6], we obtain the intended outcome.

Implications of Theorerp 3|1 lead to the following finding by considering 6 = I:

AJMAA Vol. 23(2026), No. 1, Art. 11, 9 pp. AIMAA


https://ajmaa.org

8 A. Z. ANSAR

Theorem 3.2.[4] Let two integersn, p > 1 be fixed and be a semiprime ring havingn+p)!-
torsion freeness. If two mappindg%,d : S — S are additive and satisfyingB, (y™1?) =
y"Bi(yP) + yPo(y™) + yPBi(y™) + y™o(yP) for everyy in S. Then,

(1) we says a derivation ofS and for eachy, z in S, [0(y), z] = 0.

(2) 3(8) = Z(8),

(3) one giveS commutative or the other give= 0 on S,

(4) B; will be a generalized derivation d,

(5) Bi(y) = aq for somem € Q;(S¢) forall y € S.
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