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1. INTRODUCTION

The Riemann-Stieltjes integrﬁaf’ f (t) du(t) is an essential concept in Mathematics with var-
ious applications in different areas of the field. In recent years, the approximations problem of
the Riemann-Stieltjes integrgff fdu and several error approximation bounds have been stud-
ied. Some of the most interesting approximations have been established using the Generalized
Trapezoid and Ostrowski type rule.

Dragomir ([13], [14]) introduced the approximation of the Stieltjes integgbaf (t) du(t)

usingOstrowski type rule
f (@) [u(b) —u(a)

wherex € [a,b]. He considers the functional for a priory sharp bound on the approximation
error defined by

b
O (f. u:a,b,) :=/ £ () du(t) — f (@) [u(b) - u(a)].
In [13], Dragomir proved that
(1.2) O (f,usa,b, )]

o= o + 0= [}V D+ 5V ) -V
1 x p b p %
cax | amam 0= (V) + (V) ]
if p>1, %+%:1;
b
[5(b—a)+ |z = 22"V (f),
provided thatf is of bounded variation andis of - H-Holder type i.e.,
(1.2) lu(t) —u(s)| < HIt—s|", foreacht, s € [a,],

with given H > 0 andr € (0, 1].
If the integrandf is of ¢- K-Holder type and the integrataris of bounded variation, then
[14]

a+b
2

x —

(1.3) O (frua,bx)| < K B (b—a)+

q b
'V,
foranyzx € [a, b] .

For various error bounds on the functioal f, u; a, b, z) with f andu under different as-
sumptions for which the Stieltjes integral exists, the reader may refer ta_[2], 3], [6]-[14] ahd [21]

and the references therein.
In addition, the authors of [16], considered the problem of approximating the Riemann-

Stieltjes integrayab f (t) du(t) with thetrapezoid type rulelefined by the quantity
(1.4) [w () —u(z)] f(b) + [u(z) —ula)] f(a).
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To provide a priory sharp bounds for the approximation error, the authors introduced the func-
tional:

T(f u;a,b,x) :=/ f (&) du(t) = [u(b) —u(@)] f(b) = [u(z) —ula)] f(a),
wherez € [a, b] and obtained the result

_a—l—b
2

. ]T\b/af),

a

T (f,u0,b,2) | < H B(b‘“”

provided thatf is of bounded variation while is of ther- H-Hélder type
In [20], the authors established the following results

(1.5) T (f,u;a,,b)]

L (b—a)+ |z — =]V (u).

\ a
providedf is of r- H-Hdlder typeandu is of bounded variation.

For various error bounds on the functiofal f, u; a, b, ) where f and« under different
assumptions for which the Stieltjes integral exists, the reader may refer to![2],/[3], 16]/122]-[24]
and the references therein.

Motivated by the above results and [17],[18], in this paper we point out some new approaches
to approximate the Riemann-Stieltjes integfaélf (t) du(t) by the use of three points formula,
namely we establish bounds for the associated error functional

(1.6) TO (f,u;a,b,z, A\ v)
= [u(b) —u((1=A)z+Ab)] f () + [u(va + (1 —v)z) —u(a)lf (a)

+u((l=XNx+ ) —u(va+ (1 —v)x /f t) du(t

where\, v € [0,1] andz € [a, b] assuming that the functigiis L-Lipschitzian or of bounded
variation and. is r- H-Hélder type orfa, b]. The important particular case of weighted integrals

is considered, compounding quadrature rules are provided and applications for approximation
Fourier transforms on finite intervals are also given.

2. MAIN RESULTS

Assume that:, f : [a,b] — C. If the Riemann-Stieltjes integraﬂff(t) du (t) exists, we
write for simplicity, like in [1, p. 142] thalf € R¢ (u, [a,b]), or f € R. (u) when the interval
is implicitly known. If the functionsu, f are real valued, then we write € R (u, [a, b]) , or

feRu).
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We start with the following identity of interest, see alsol[18].
Lemma 2.1. Let f, u : [a,b] — C andx € [a,b] such thatf € R¢ (u, [a,b]). Then for anyy,
u e C,

(2.1) [w () =] f () + [y —u(a)] f(a) + (n—7) f (x) —/ f () du(t)

5fw@_ﬂ#@+/m®—Mﬁ@.

Proof. For the sake of completeness, we give here a short proof.
Using integration by parts rule for the Riemann-Stieltjes integral, we have

/I[u@)—v]df(t):[u(w)—ﬂf(m)—[u(a)—v]f(a)—/xf(t)du(t)
and , ,
[ @) = sdr 0= [w®) =l O~ [u @) -l £ (@)~ [ £ Ot

foranyz € [a,b)].
If we add these two equalities, we get

wa@—]wm+/mm—]ww
() — ] £ () by (@)] £ (@) + = (2)] £ (@)

+[u /fdu /fdu

b
=[w®) —pl f )+ [y —ula)]f(a) + (k=) f(2) —/ S () du (t)
for anyx € [a, b] , which proves the desired equalify (2.).
The following corollaries are of interest and will be used in the sequel.

Corollary 2.2. Let f, u : [a,b] — Candz € (a,b) such thatf € R¢ (u, [a,b]). Then for any
A€ [0,1],

(22) TO(f,u;ab,z,\v)

x b
:/ [u(t) —u(va+(1—v)x)]df(t)+/ [u(t) —u((1—=X)x+ Ab)|df (t).
The proof follows by[(2.]1) fopr = u ((1 — ) z + Ab) andy = u (va + (1 —v) ), for any
A v € [0,1].

If we take\ = v, then we defind’© (f,u;a,b,x,v) := TO (f,u;a,b,z,v,v). For ,A =0
andv = 0, we have

TO (f,u;a,b,z,0)

:W@—MMf@+wm—Mme—/f@m@
—/memmmwwﬁ/ww—mmwuy
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For A = 0 andv = 1, we have that
TO (f,u;a,b,2,0,1)

= [u(b) —u(@)]f () + u(x) —ula)] f(z) —/ f(#) du(t)

- [ O -w@ @O+ [ w0 -u@do,
while for A = 1 andv = 0, that
TO(f,u;a,b,x,1,0)

b
= (U(SE)—U(a))f(aH(U(b)—U(:B))f(ﬂf)—/ f () du(t)

:/z[u(t)—u(x)]df(t)Jr/ [ (6) — w (B)] df (1)

T

For\ = 1 andv = 1, we have
TO(f,u;a,b,x,1)

= [u(b) —u(a)] f () —/ f(t)du(t)
:/x[u(t)—u(a)]df(t)nL/ [ (t) —u (D) df (t).

ForA =1/2 andv = 1/2, we get
7O (f,u;a,b,x,1/2)

— [u(b)—u<x;b)}f(b)+ [u (“;””) —u(a)}f(a)
(o0 - () ) s - [ 0w
e

Corollary 2.3. Letf, u : [a,b] — C and such thayf € R¢ (u, [a, b]). Then for any\, v € [0, 1],

(2.3) TO (f,u; a, b, GT—H), )\,U)
I (U SRRV IAY P
[ (1+U)<a—|—(1zjb B >]
+u( : )-u@)| @
+<u((1—)\)a—2k(1+>\)b)_u((1+v)a—21—(1—v)b))f($)
[ rwa
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:/+ [u@)_u((l—i—v)a—g(l—v)b)]df<t)

+/i {u(t)—u(@_/\)a;(le)\)b)}df(t).

2

The proof follows by Corollary 2|2 for = “f*. ForA = v = 1/2, we obtain

2.4)  TO (f,u;a,b, ‘IT” 1/2)

- [u(b)—u(“ng)] £ + [u (3“4+b) —u(a)] £ (a)
+ (u "’Z?’b) —u(?’“:b)) f(z) - abf(t)du(t)

a+b

_ / {u(t) —u (3‘?5)} of (t)+/:b [u(t) . (“235)} af (1),

2

If wis an integral, namely (t) := fat w (s) ds, wherew is integrable orja, b] , then we can
state the following identity as well:

Corollary 2.4. Assume that is integrable ora, b] and f is measurable ofu, b] such thatw f
is also integrable orja, b] , then we have the equality

(2.5) TO (f, /.w (s) ds;a,b,x,)\,v)

a

=) /( C w(s)ds+ f(a) / (s ds

1-N)z+Xb

wrw [ i [ e

a+(1-v)z

_ / ' ( / ;(M)mw(s) ds) df (1) + / b ( /( f»wbw(s) ds) df (t).

where), v € [0, 1].

For A = v we put

TO (f,/.w(s)ds;a,b,x,v) =T0O <f,/'w(s)ds;a,b,x,v,v).

By taking here different values of, v € [0, 1] one can get different equalities similar with
the above ones. For= v = 1/2 we obtain

AJMAA Vol. 23(2026), No. 1, Art. 1, 35 pp. AIMAA


https://ajmaa.org

THREE POINTS INEQUALITIES FOR RIEMANN-STIELTJES INTEGRAL 7

(2.6) TO <f,/'w(s)ds;a,b,x,1/2)

a+t+zx x+b

3:f(b)[:) w(s)d5+f(a)/ 2 w(S)ds+f($)/ w (s) ds

a atx

/; (/ ws) d3> @)+ / b ( / w(s) ds) af (¢).

2 2
forz € (a,b).
If we takez = 2£, then we obtain

(2.7) 7O (f, / w () ds; a, b, CLT“) 1/2)

:=f(b)/a;bw(S)d8+f(a)/:a4+bw(S)ds+f(w)/3;§bw(8)ds
[ 1w

a+b

:/a2 (/;%w(s)ds> df(t)+/ab+b (/ai%w(s)ds> df (t).

4 2 4
The following theorem provides error upper bounds in the case When-Lipschitzian and
u is of r- H-Holder type with the constarif andr € (0, 1].

Theorem 2.5.Letf, u : [a,b] — Candz € [a,b]. If fis Lipschitzian with the constardt > 0,
namely
If(t)— f(s)| < L|t—s| forallt, s [a,b]
andu is of r- H-Holder type with the constarif andr € (0, 1], namely
lu(t) —u(s)| < H|t—s|" forallt, s € a,b],
thenf € Rc (u, [a, b]) and we have the inequality:
(2.8)  |TO(f,u;a,b,z, )]
LH

<

T r+1

x {[A=v)™ o] (@ —a)™ + [ =N X (- 2) )
for \,v € [0,1].

In particular, for A\ = v, we obtain

(2.9) TO(f,u;a,b,x,v)|
< H [ e [ a0,

whereTO(f, u; a,b, z,v) := TO(f,u;a,b,x,\,v).
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Proof. It is well known that, ifp : [a,b] — C is Riemann integrable and : [a,b] — C is
Lipschitzian with the constant > 0, then the Riemann-Stieltjes integ(ﬁﬁp (t)dv (t) exists

and [1]
b b
[ rwao| <L [ )
From the identity[(2]2) and the properties of the integral, we then have

(2.10)

(2.11) |To( f,u a,b,z, \,v)|

b
)—u va+(1—v)x)]df(t)+/ [u(t)—u((l—/\)x+)\b)]df(t)‘

b

—uzm+u—v>ﬂﬁ<ﬁ u(t) <a—»x+anaﬂ

<L{/ lu(t) —u(va+ (1 —v)x |dt—|—/! A):c—l—)\b)Hdt}

for x € [a,b] and, v € [0,1].
First, we observe that, in general¢ik [a,b] andr € (0, 1], then

/\t—crdt:/c(c—tde/ (t—c)rdt:r}rl[(c—a)r+1+(b—c)““1}.

Sinceu is of r- H-Hdlder type with the constarf{, then

/x|u(t)—u(va+(1—v)a:)\dt

gH/x|t—(va+(1—v)x)|rdt

- rill [(Ua +(1—-v)x— Q)" + ( — (va + (1 —v) x))rﬂ]
Ay -

and

b
/ T (t) — u (1= )2 + Ab)]| di

gH/b|t—((1—)\)x+Ab)th

= Tfl (b= (1= N2+ )+ (1= M)z + ) — )]
= f 1 (=X (b—2) ™+ X (b — )]

=

_ - - [(1 - )\)T—H + )\r+1:| (b . x)r—i-l

for x € [a,b] and\, v € [0,1].
By making use of{(2.1]1) we obtain the error bound from](2s8).

+
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Corollary 2.6. With the assumptions of Theorgm|2.5 we get

’T@(f,u;a, b, aT—I—b’)\?U)

LH

S a0 T AT AN AN (6 -0
for \,v € [0,1].
In particular,
a+b LH , ; .
T@(f,u;a,b,T,U) S50+ D [(1—) + 4y 1] (b— a) +1
forv € [0,1].

Assume thaff andu are as in Theorefn 2.5 for anyv € [0,1]. For , A = 0 andv = 0, we
get the trapezoid type inequalities

LH
T(fuia,b,2,0)) < =5 {lw—a)™ + (b —2)™}.

For,\ =0 andv = 1, we have
LH r+1 r+1
|T@<f7u7a7bax707]-)’§H—l{(x—a) +(b—fL’> }

while for , A = 1 andv = 0, we get

LH
ITO(f,u;a,b,2,1,0)] < — {(x _ a)’"+1 + (b—x)r+1}.

For ,A =1 andv = 1, we obtain the Ostrowski type inequalities
LH
|@(f,U, a, b7ZL’, 1>| < — {(l’ - a’)T—H + (b - x>r+1} :
r+1
For, A = 1 andv = }, we derive

LH
TO (f,u;a,b,2,1/2) <

< T D) [(x—a)™ + (b—2)™].

If we takex = 2£°, then we get
CL+b LH r41
T : — 12| < ——(b— .
@(f>u7a>b7 9 /)_22T(T—|—1)(b Cl)
For,A = 2 andv = 3, we have
TO (f,u;a,b,x,2/3,1/3)

e <§>T+l + G)H] (- a)™ + (b —2)™].

“r+4+1
For , A\ =1 — v, we also get that
T (f,u;a,b,2,1 —v,v)|

< rLfl [(1 B U)r+1 X U'r'+1} [(x _ a)r—l—l 4 (b w)r+1] '

The case when is the integral of another function is important for applications since it
provides weighted integral rules, in which one can be the kernel of an integral transform like
Laplace, Fourier or Mellin transform.
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We recallHdlder’s integral inequality
1/B

/jh(tm(wdt < (/d\h@)wdt)w (/d|g<t>|ﬁdt) |

wherea, 5 > 1 with é + % = 1 and the integrals on the right side are finite.
If we takeu (¢ f w (1) dr and use-Z), then we get

lu(t) —u(s)| = w(T)dT—/Sw(T)dT

ot 1/8
[ w@rar

e b 1/8
<lt—s (/ |w<f>|ﬁdr)
forallt,s € [a,b].

This shows that the function (t) = fat (1) dr is of r-H-Hdlder’s type with the exponent

(2.12)

t

w(T)dT

t
[ e ar

/8

t 1
ldr =t — s

/B
r = % < 1 and the positive constaif = (f lw (T |ﬁ dT) , provided that this integral is
finite.
By making use of the inequalitie.8) a@z.g) foft) = f;w (r)dr, r = é < 1 and

1/8
(f lw (T \’Gdr> , wherea, 3 > 1 with 1 + % = 1 we obtain that

(2.13) 'T@ fs / T)dr;a,b,x,\v)
1/p

< Lo ([wera)

A[1=0)% 0T @-a) T + [1-NT AT p-2) ]
for \,v € [0,1].

In particular, for\ = v, we get
La b e atl atl
(214)  [TO(fuaba) < T / jw (T)\ﬁdf) (1= 0)" 0]
x |@-a)% + <b—x>%“},

whereTO(f, [ w (7)dr;a,b,z,v) :=TO(f, [ w(r)dr;a,b,z,v,v).

ForA =1/2 andv = 1/2 we get

T@(f,/t (r)dr;a,b,2,1/2

3—(/ lw (7 |5d7') (x—a) = +(b—x)aTH :
2o (a+1

forz € (a,b).
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If we takez = “T“’, then we obtain the simpler bound

t
TO (f,/ w(T) dT;a,b,aT—i_b,l/2>

< % (/ab\w(r)\ﬂdT)w (b—a)s

The case whetfi is bounded variation andis ar- H-Holder type mapping, then the following
error bounds can be obtained as well:

Theorem 2.7.Let f : [a,b] — C be a mapping of bounded variation énb] andu : [a,b] — C
be ar-H-Hdlder type mapping. Then we have the inequality:

(2.15)  [TO(f,u;a,b,z, A, v)]

" b—a _a+b
2 T T2
for \,v € [0,1].
In particular, for A = v, we have
(2.16) ITO(f,u;a,b,z,v)]
r x b
1 1 r r
gH(§+v—§)[m—@\ﬂﬁ+w—x>VUﬂ
1 1N\ /b—a a-+b r0
§H<§+ v—g) ( e )\/(f),

whereTO(f, u;a,b, z,v) := TO(f,u;a,b,x,\,v).

Proof. It is well known that, ifp : [a,b] — C is Riemann integrable and : [a,b] — Cis

bounded variation, then the Riemann-Stieltjes integfqi (t) dv (t) exists and the following
inequality holds:
b

/p@mw<mmwMVM.

T t€lab)]
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From the identity[(2]2) and the properties of the integral, we have
(2.17) |TO(f,u;a,b,2,\v)|

/I[u(t)—u(va—l—(l—v)x)]df(t)—i—/ [u(t) —u((1 =X z+ N\b)]df ()

<

/:[U(t)—U(va+(1—v)w)]df(t)'

_|_

JRURTICERERPURAt)

< max [u(t) ~w(va+ (1= v) )| \/ (/)

b

+ max [u(t) - w((L=A)z+ )]\ (f)

for x € [a,b] and\, v € [0,1].

Sinceu is of r- H-Holder type with the constari{, we can state that
lu(t) —u(va+ (1—v)z)| < H|t— (va+ (1 —v)z)|
and
u(t) —u((L=XN)axz+ )| < H|t— (1= ax+ )|

and then
tren[?)xc] lu(t) —u(va+ (1 —v)x)] < Hmax{v", (1 —v)"} (x —a)"
and
trél[?}zf lu(t) —u((1—=XN)x+ )| < Hmax{\", (1 -\)"}(b—2z)".

Now, by using[(2.1]7) , we can state that
(2.18) |TO(f.usa,b,z,\,v)]

gHlmax{vr,u_v)r}(z—a)’"\/<f)+max{x L=N"F -2\ (f)

< Hmax {max {v", (1 —v)"},max {\", (1 — \)"}}

x [(x —a)" \/[ (/) + -2\ (f)]

a T

< H max {max {v", (1 — )r} max {\", (1 —A)"}}

x max {(x —a)",(b— 1) }\/

for x € [a,b] and, v € [0,1].
Using the well known facts for the maximum, namely

X+Y | X-Y
max {X,Y} = i +’ ’

AJMAA Vol. 23(2026), No. 1, Art. 1, 35 pp. AIMAA
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and
max {X",Y"} = (max{X,Y})" = (X;—Y +‘X;Y ) , >0
then we get
max {v", (1 —v)"} = F—{— v—l]r,
2 2
max {\", (1 = \)"} = F—I—‘)\—ly
2 2
and

max{(z —a)",(b—2)"} = [max{zx —a,b—z}|"

_ b—a_l_ _a+b "
= | ,

Ty

By making use of{(2.18) we obtain the desired result (2.85).
Corollary 2.8. With the assumptions of Theorem|2.7 we have

‘ a+b
" 1 1
) ’(5+‘A_5

T@(f,u;a,b,T,)\,v)

1
§Hmax{(§+

. (b;“y\i/(f)

1
YT

for \,v € [0,1].
In particular,

v)

b
‘T@(f7 u; a? b? %7

1
<H|=
< (5

) (59 Vo
forv € [0,1].

Assume thaff andu are as in Theorefn 2.7 for anyv € [0,1]. For ,A = 0 andv = 0, we
get the trapezoid type inequalities

b—a a+b .
e e s AV
For ,\ = 0andv = 1, we get
b—a a+b r0
ro( a0l <1 (504 =) V.
while for , A = 1 andv = 0, we get
r b
o waba 0] < (S5 o= ) V0.

For ,A =1 andv = 1, we obtain the Ostrowski type inequalities
r b

) V.

a

a+b
2

b—a

+ |x —

O(f, usa,b, 2, 1)] < H(
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For,\ =} andv = 3, we get

b—a a+b

+ |7 =

T@(fuabx1/2)<2H(

r b
)V
If we takex = “*b , then we derive the simpler inequality

<f,u ap, 20 2 1/2) < %H(b—a)r\i/(f).

For,A = 2 andv = 3, we have

2\" (b—a a+b\"\

. < Z — .

@(f,u,a,b,x,2/3,1/3>_H(g) ( R )\a/<f>
whils if , A = 1 — v, we get
|T(f,u;a,b,x,1 —v,v)|
1 1IN /b—a a+b n0
< - _ = _
_H(2+v 2><2 +|a >\a/(f)

By making use of the inequalitie’s (2|15) apd (2.16)ddt) = [ w (r)dr,r = L < 1 and

1/p . . .
H = (f lw (7)]° dT) , wherea,, > 1 with £ + % = 1 we obtain the following weighted
inequalities

(2.19) 'T@f/ T)dr;a,b,x, A\ V)
(e
— 1/8 b
(b ([were) Vo

for A\,v € [0,1].
In particular, for\ = v, we have

T@f/ T)dT;a,b,x,v)

<(Eifo-2)°

=2

" b—a+
2

whereTO(f, [ w dTabacv)::T@(f,faw()dTabxvv)

(2.20)

) (/ (s |ﬁdr)l/ﬁ\b/<f>

a
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ForA =1/2v =1/2we get

TO (f,/atw(T)dT;a,b,:E,l/Q)
o (P ) ([ore) v

a

forz € (a,b).
If we takez = 2t then we get

1/8 b

7O (f,/atw(r)dT;a,b,aTMJﬂ) < 22%(b—a)i (/ab|w(r)|ﬂd7) \/ ().

a

3. SOME COMPOUNDING RULES FOR THE WEIGHTED |INTEGRAL

Letl, : a = 290 < 11 < ... < x,_1 < x, = b be a division of the intervala, b], put
hi == xpy1 —axx (k= 0,...,n—1)andv(h) := max{hglk = 0,....,n — 1} and any
intermediate point vectar= (¢,,&4, ..., &,_1) suchthat, € [z, xp1]fork =0,1,... ,n—1,
where), v € [0, 1]. Define the sum related to the divisiépand the intermediate poinfsby

(B.1)  U(f I..& M)

= :z:éf(l"kﬂ)/(

1—)\)€k+>\$k+1

Tk+1

n—1 v+ (1—v)Ey,
w(s)ds+Zf(xk)/ w(s)ds
k=0 Tk

(1-=N)&p+ ATkt

n—1
s>re | w(s) ds
k=0 vz +(1-v)§;
and the error of approximation for the weighted integﬁ’ajf (s)w(s)ds by ¥ (f, I,,& A\ v),
namely

b
(3.2) R(f L €0 0) ::\If(f,ln,g,)\,v)—/ F(s)w (s) ds.

The following result provides an error bound in the case whenLipschitzian and the weight
w has the integral” |w (7)|” dr finite.

Theorem 3.1. Assume thaf is Lipschitzian with the constart > 0 and the weightv has the
integral [ |w (7)|” d finite wheren, 5 > 1 with 1 4 5 = L. LetJ, be a division ofa, 5] and
the intermediate point vectgr = (¢,,&,,...,&,_1). Then forA,v € [0, 1] we have the error
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bounds
Lo b 1/p
63 RULeA < ([wmre) v
) n—1 1o
{ (1=0)% 0] < <§k—xk>>
k=0
. n—1 1o
+ [(1 — A« + )‘%] (Z (Thy1 — §k>>
0

Proof. By making use of the inequality (2.[13) written for the inter{al, z,1] and the inter-
mediate points, € [z, xx41] fork=0,1,...,n— 1 we have

Tht1 v+ (1-v)&y
J (2rs) /( w(s)ds + f () / w(s) ds

1=N\)€,+Ab Tk

(I=N)Ep+Azpy 1 Tpy1
f@/ w<s>ds—/ F () w (s) ds

z+(1-v)&;, Tk

L Thyl 1/8
e (/ w (7)) d7>
1\

A= 0T G+ [N A e -0

fork=0,1,...,n— 1, which by summation gives
n-l Tht1 vap+(1-v)&y
(3.4) f (xk+1)/ w(s)ds+ f (xk)/ w(s)ds
—0 (1=N)E,+Ab T
(1=N&p+ATp 41 Tpq1
re) [ wiwds— [ fs)wlsds
vzt (1—v),, Ty
L n—l Thy1 1/B
< - / lw (7)|” dr
+1£& o
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By the generalized triangle inequality for modulus, we have

n—1 Tht1 vag+(1-v)g;,
f<a:k+1>/( wis)ds+ f (o) [ (s

1=M\)&,+Ab T

(1=N)€p+ATk41 Tht1
f@)/ w(s)ds—/ £ (5)w (s) ds

Zp+(1-v)& T

:z::: f (@) /(

n—1 v+ (1-v)Ey,
w(s)ds+2f(a:k)/ w(s)ds
1-A)€,+Ab o ok

n—l (1=A)Ep+ATpk 41 ol peen
f(ﬁk)/ w(s)ds—Z/ f(s)w(s)ds

k=0 wp+(1-v)& k=0 v Tk

\Il(f,fn,t,)\,w)—/ f(s)w(s)ds

(/ T wr ) "

a+l a+l a+1 at1l at1

oo et @ [ ] -7
- [(1 — ) +U"7“] n_ (/:“ o () dT) 1/6 oy

a+1 a+1 _ Tht1 l/ﬁ a+1
+ [(1—A>Q+M}Z( / |w<¢>|ﬂdr) (w1 — €)%
=0 T

By the Holder’s discrete inequality fer, 3 > 1 with i + % = 1, namely

n—1 n—1 1/8 n—1 1/a
AR
k=0

k=0 k=0

(3.5)

ii\g

Tk+1

>

and

we deduce that

Il
7 N N
™3
O I
&\
= 8]
t
S
—~
\]
-
=
ISH
\]
S N~
—
~
=
RS
>N A S
ML
—
I
B
|
&
S~—
Q
+
—
N~
—
~
Q
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and, similarly

Also observe that

=0 k=0 . "
<wv(h) (Z (& — xk)>
wet 1o
<wv(h) ( (Tpy1 — xk)> = v(h) (b— a)l/a
k=0

and, similarly

n—1 la n—1 1/a
(Z(azkﬂ—gk)a*l) sV<h>( <mkﬂ—£k>> <v(h) b0’

k=0
Therefore

- ( : [w ()] d7> " (1= ) X% w(n) (n_
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-(/ o () df) o
X [(1 —v) ] (:1 — Ty) >1/a

n—1 /o
+ [(1 - )\) aﬂ] ( (Trt1 — &) )

k=0
/8

S</ab\w<r>\ﬁdf) b a)'/e

a+1 a+l a+l

x[u—u)2+va +u—Ay7+Awﬂym)
and by [3.4) the desired bourjd (3.3) is obtaingd.

Remark 3.1. One can derive many particular cases from the above Thegorém 3.1 by taking par-

ticular values of the parameteksv € [0, 1] and the intermediate poin§s= (£,,&;,---,&,_1)-
If we consider the intermediate points= (u, tty,- - -, i4,,—1) Wherep, = % for k =
0,...,n — 1 and consider the sum
Tp+1
W (f L M) f/ w(s)ds
Z s NS gy

vag+(1— U)L_'—g’ﬁLl
+ Zf T / w(s)ds

it
Erh+ & BECE E

+ Z f < 2 Eetérti v (8) ds

v+ (1—v) 5

then from the first inequality |r11?§].3) we get the error bound

LOé b 1/8 N
(3.6) (R (f, Lns 1y A, 0)| < et 127 ( w (7))’ dT) (b—a)"
a+1 a+1

x[a—vf?+va +u—Ar7+A%ﬂymy
wherea, 3 > 1with 2 + £ = 1.
The case wherf is of bounded variation is incorporated in the following result.

Theorem 3.2. Assume thaf is of bounded variation ofw, b] and the weightv has the integral
f lw (7)|° dr finite wherea, 5 > 1 with 1 + -+ = 1. LetI, be a division ofia, b] and the
intermediate point vectof = (&,,&,,. .., 5 _ ) Then for\,v € [0, 1] we have the error
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bounds

(3.7) R (f, I, €, \,0)] smax{<%+‘u——

DN | =
N
Q=
7 N
DN | =
+
>
|
N —
N
el
—

,,,,,

k

1
11\» /1 1
o=g) (74P -2

)|

Proof. By making use of the inequality (2./19) written for the interal, z;] and the inter-

mediate points, € [z, ;1] fork=0,1,...,n — 1 we have
Tpa1 vrg+(1-v)€;
) [ wis)ds+ f (o) [ w(s) ds
(1=A)€p+Ab T
(1=N)&p+FAzpq1 Tht1
f(fk,)/ w(s)ds—/ f(s)w(s)ds
v+ (1-v)&y Tp

< ma 1+U—1 : 1+)\—1 :
= Haxa s 21} "\ 2 2

1 x 1/B Zk+1
Tyl — Tg Tp+ L1 | @ h 8
(Bt o -2 ([T eerar) V0
Tk
fork=0,1,...,n — 1, which by summation gives
n—1 Tt vz +(1-v)&;
fae) [ wdsf@) [ w(s) ds
— (1= A)Ex+Ab -
(1=N)&k+FAzrq1 Tht1
re) [ wiwds— [ fw(s)ds
vap+(1-v)§ Tp

<al—i-—1é1+)\—1é
SHEAS T T (3 2

([ Thes — T T+ Ty ([ 5 /B st
3 () ([ wora) Vo)

Tk
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Now, observe that

n—1 1 x 1/8 Tk+1
Tpi1 — Tk Tp+ T |\ @ ke
> (e o 25 ([Mwore) Vo)
k=0 Tk Tp
1
Tg1 — Tk T+ Tpy1 |\ © A
< max [( o= ) ([T e
n—1 Te+1
<2V ()
k=0 x
1
B Tpt1 — Tk T+ Tpea | @ s 3
N k:](()l}%—l [( 2 1% 2 ) (/zk [ (7)I" dr
b
<\ (f)-
Observe also that
L x 1/8
Tht1 — Tk T+ L1 |\ @ e
(2 -2 ([ o
1
Tpt1 — Tg T+ Tp1 |\
< _
m( 7 T T )
Tl41 1/5
X max (/ lw (7)|° dT)
k=0,...,n—1 T
4 1
Tr+1 — Tk T T Tht1 |\
< _
(k:{)?a.,}ril 2 +k=g}%71 Sk 2 )
Thy1 1/8
x( max / \w(7)|5d7) :
k=0,...,n—1 Tk
which proves the first part of (3.7).
The second part follows by the fact that
Tk + Tri T4+1 — Tk 1
_ < S )
P e S 2 = 0 2 v(h)

Remark 3.2. As noticed above, one can derive many particular cases from the above Theorem
by taking particular values of the parametgrs € [0, 1] and the intermediate poin{s=
(€9, &15- -+, &,—1)- If we consider the intermediate points= (u, fiy, - - -, f,—1) Wherep, =

% for k =0, ...,n — 1 then from the first inequality i.7) we get the error bound

(3.8) 1R (f, Iy 1, A, 0)|
1N= /1 ne
”‘ﬂ)’(é+b‘éb }

< 1 1
_Wmax 5-‘-
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wherea, 3 > 1 with L + % =1.

4. APPLICATIONS FOR FOURIER TRANSFORM ON FINITE INTERVALS

The Fourier transform is one of the most essential tools of the mathematical sciences. It ap-
pears in unexpected applications to fields as diverse as differential equations, numerical analy-
sis, probability theory, number theory, quantum mechanics, optics, medical imaging, and signal
processing [25].

Letg : [a,b] — R be a Lebesgue integrable mapping defined on the finite interMaland
F(g) its finite Fourier transform on the interval, ], i.e.

b
F(g)(t) := / g(s)e ?™5ds, t € R.
The following inequality was obtained in [26]:

Theorem 4.1.Letg : [a,b] — R be an absolutely continuous mapping [enb]. Then we have
the inequality

b
F(g)(t) — E(—2mita, —27m'tb)/ g(s)ds

(39l (b—a)?, if g € Lo[a, b],
1 1
<{ —22  _(b—a)"a g, ifg€eLlab:t+i=1p>1,;
<{ @y € Lot i+ E =L
L (b—a)[lg'l]x,

z w

forall ¢ € [a,b], t # 0, whereFE is the exponential mean of two complex numbers, that is,

— if 2 # w,
E(z,w) = ,z,w € C.

exp(w) if z = w,

The following inequality for the Fourier transform of functions of bounded variation was
obtained inl[27]:

Theorem 4.2.Letg : [a,b] — R be a mapping of bounded variation @n b, then we have the
inequality

'?(g)(t) _ B(—2rita, —2mith) / g(t)dt‘ < Z(b AVAT)

b
forall t € [a,b], t # 0, where\/ (¢) is the total variation of g ofa, b].

Now, forw(s) = e™*™ t s € R we have that

q .
/ e 2mits g — (q — p) E(—Q']Titp, —27ritq)

p
for anyp, ¢, t real numbers.
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Using this formula, we then have Hy (R.5) that

TO (f,/ e%“sds;a,b,w,)\,v)

b A va+(1—v)x '
— f (b)/ e—?mtsds + f (a)/ e—27rztsds
( a

1-X)z+Xb

(I=X)z+Xb ‘ b '
4 f (I’) / 6727rztsds o / f (S) 6727rztsd8

a+(1-v)x
=f(b)(b— (1 =X x—\b) E(—2mith, —2mit ((1 — \) x + A\b))
+ f(a)(va+ (1 —v)x —a) E(—2wit (va+ (1 —v)x), —27ita)
+ /(@) (A =Nz+ A —va—(1-v)r)
E(=2mit ((1 — X\)x + Ab), —2mit (va + (1 — v)x))
F()@)
F(b) (1 =X (b—x)E(—2mith, —2mit((1 — X\) x + \D)
+ f(a)(1 —v)(z —a)E(—2mit (va + (1 —v) ), —2mita)
+ /(@) (A —2) +v(z - a))
X E(=2mit (1 = X\)x + Ab), —2mit (va + (1 —v)x)) — F(f)(¢)
where)\, v € [0, 1] andz € [a, b].

. . . —omi . . b ,6 1/:8
Now, by making use of the inequality (2/13) fofs) = e~*™*¢, which gives tha(fa |w (T)] d7'> =

X

(b — a)l/ﬁ , Wherea, 5 > 1 with i + % = 1, we get the following error bound in approximating
the Fourier transform

4.1) (1= X)f(b) (b—x)E(—2mith, —2mit((1 — \) x + Ab)
+ (1 —v)f(a) (z —a)E(—2wit(va+ (1 — v)x), —2mita)
+ f(z) Ab—2) +v(x—a))
x E(—=2mit((1 — X\) z + A\b), —2mit(va + (1 —v)z))
=F (@)

Lo 1/83
< b—
< 10-a

A=) 0T @-a)F + |10 AT p-2) ]

fort,z € [a,b], t #0and\ v € [0,1].
In particular, forA = v, we derive

‘(1 —0)f (b) (b — ) E(—2mith, —2mit((1 — v) & + vb)

+ (1 —=v)f (a) (z — a)E(—2mit(va + (1 — v)x), —2mita)
+uf(x)(b—a)E(—2mit((1 — v) x + vb), —27it(va + (1 — v)z))

- F()(0)]

<

a+1
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fort,z € [a,b], t # 0andv € [0,1].
ForA = 1/2 andv = 1/2 we get

1

of (b) (b— ) E(=2mith, 2mit (b J; x))

+

5F (@) (& — a) E(~2mit <“ ; ‘”) | —2mita)

+

F(2) (b= a)E(—2mit (”Tl) it (“ ; 5”)) ~5(f)(0)

fort,z € [a,b], t # 0.
If we takez = 2£, then we obtain

‘ (b—a> [ (b) E(—2mitb, —2mit <a235)>

( > —2n t(gajb>,—2mta)
( > (a+b)E(—2mt<ang>,—2m’t(3a:b))—3’(f)(t)‘

Vo _ g La e
_2(a+1)(b )" (b=a) 2%(a+1)(b )y

1
2
(b—a)"? [(;c Q) (b—2) ],

In addition, by making use the inequality (2/19) fofs) = e " ¢,z € [a,b], t # 0, we
get the following error bound in approximating the Fourier transform in the case yviseof
bounded variation
4.2) (L =X f(b)(b—x)E(—2mith, —2mit((1 — \) z + Ab)

+ (1 —=v)f(a) (z —a)E(—2wit(va+ (1 — v)x), —2mita)
+ [ (@) (Mb—z) + v(z — a))
X E(=2mit((1 — X\)x + A\b), —2mit(va + (1 — v)x)) — F(f)(t)

co{ (b4 (-3}
(o) oo

fort, = € [a,b], t #0,\,v € [0,1] anda, § > 1with L + L = 1.
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In particular, for\ = v, we derive that

‘(1 —0)f (b) (b — &) E(—2mith, —2mit((1 — v) & + vb)

+ (1 —=v)f (a) (x — a)E(—2mit(va + (1 — v)z), —2mita)
+ouf(z)(b—a)E(—2mit((1 —v)x + vb), —2wit(va + (1 — v)x))
- F(()|

< (H_%D (b;“ﬂx—a;b')i<b—a>”ﬂ\:/<f>

fort,z € [a,b], t # 0andv € [0,1].
ForA = 1/2 andv = 1/2 we get

‘%f(b) (b — x) E(—2mith, —2mit (b+$))

) —2mta

o) (b= a)B(-2mit (25 )—2mt(a+x>)—3"(f)(t)‘

1 b—a a+bl\« 1/8
e D (b a) \a/(f)
fort,z € [a,b], t # 0.
If we takez = %t then we obtain

‘ (i“) F (b) B(~2rit, —2mit (“Z?’b))
+ (b;a> f (a) B(~2rit (3“j b) | —2rita)
n (b ; “) f (a;b> E(—2mit (a ng> , —2mit (3a: b)) - ?(f)(t)(

< oy (=) \/ (1)

fort € [a,b], t # 0.

() (x — a)E( 2mt(

[\DI)—‘N)»—*

_|_

5. ANUMERICAL QUADRATURE FORMULA

Letl, : a = 290 < 11 < ... < x,_1 < x, = b be a division of the intervala, b], put
hy == xp41 —x (k= 0,...,n — 1) andv(h) := max{hg|k = 0,...,n — 1} and any
intermediate point vectar= (&, &5, .. .,&,_1) suchthat, € [zy, xpq1]fork =0,1,... ,n—1,
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where), v € [0, 1]. Define the sum
(5.1)  E(f, L, &t M v)

n—1

= [(1 — M f (Trr1) (@rpr — §) B(=2mitag gy, —2mit((1 — A) §f, + ATpqr)
k=0

+ (1 =0)f (z) (& — xp) E(—2mit(veg + (1 — v)E), —2mitxy)
+ J (&) Mapar — &) +v(€g, — 1))
X B(=2mit((1 — AN) &, + Axpyr), —2mit(vag + (1 —v)E,))

fort,x € [a,b], t # 0, \,v € [0,1]. In particular, for\ = v, we have
(5.2)  &(f, I, &tv)

n—1

= [(1 — ) f (Trr1) (T — §) B(=2mitwgyq, —2mit ((1 — v) § + vrpya)
k=0

+ (1 =) f (z1) (& — zp) E(—2mit(veg + (1 — v)E,,), —2mitay)
+vf (&) (Trr1 — k)
x B(—2mit((1 — v) €, + vags), —2mit(vzy + (1 — U)g,c))}

fort,z € [a,b], t #0,v € [0,1].
ForA = 1/2 andv = 1/2 we get

(5.3) E(f I, &it,1/2)

n—1
=2 [%f (Thr1) (Tpp1 — &) E(—2mitapq, —2mit (M))

k=0
* %f (zx) (& — zi) E(—2mit (xk —I2- 6k) , —2mitxy)
+ %f (k) (Thy1 — zp) E(—2mit ( k1 ¥ 5’“) . —2mit (wk + fk>)]

fort,z € [a,b], t # 0.
If we take¢, = %55k =0,1,...,n — 1, then we get

(54)  M(f 1n1)
n—1

= Z [ <w> [ (xpy1) E(—2mitzg 1, —2mit (%‘%“1))

k

(2175) gy P (P550) iy

Thtl — Tk Tpy1 + T

+ ( 5 ) f ( 5 )

FE

x B(—2mit (—x’“ +Z’$’““> —omit <—3$’“ zw’““))],

wheret € [a, b] andt # 0.
The following approximation theorem holds.

AJMAA Vol. 23(2026), No. 1, Art. 1, 35 pp. AIMAA


https://ajmaa.org

THREE POINTS INEQUALITIES FOR RIEMANN-STIELTJES INTEGRAL 27

Theorem 5.1.Let f : [a,b] — C be a Lipschitzian with the constant> 0 on [a, b]. Then we
have the representation

(5.5) FE) = E(f In, &t A v) + B (f, In, §t, A 0) 5

whereX,v € [0,1] and € (f, I,,,&,t, A\, v), as defined inl), approximates the Fourier trans-
form F(f)(t) at every point € [a,b]. The error of approximatio (f, I,,,{,t, A, v) satisfies
the bound

Lo
. < —

66 IR L&t < (- a)

at at a+1

x{a—v)a+va +a—A)a+Aa} v(h)

fora > 1.

Proof. The proof follows by Theorein 3.1 by observing that the bound
1/

Lo ([ werar) o-a
X (1= 0) T 0 (1= )T A )

becomes foiu(s) = 2™ that
La
a+1

x[u_vf?+v%9+u_x)1+xﬁj v(h),
namely the right hand side of (5.6).
In particular, for\ = v, we have

b—a)" (b—a)/®

2L04 atl at1

[R(f I, &t 0) | < —

For\ =1/2andv = 1/2 we get
2L«
R (f In, &8, 1/2) | < m(b—a)’/(h)'

In the case wheg,, = %, then we get in a similar way that

F(F)E) = M(f, L t) + R(f, L, 1)
and the reminder (f, I,,, ) satisfies the bound
~ La
Rt < G B 0= a) vl

Theorem 5.2.Let f : [a,b] — C be a mapping of bounded variation ¢n b]. Then we have
the representation

(5.7) FE) = E(f In, &t A 0) + B (f, In, §8, A 0) 5
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where\, v € [0,1], € (f, I,,,&t, A\, v), as defined in[(5]1), approximates the Fourier transform
F(f) at every point € [a, b]. The error of approximatio® (f, ., ,t, A, v) satisfies the bound

(5.8) |R(f, In; §it, A, 0) |

<o (5ol I (e 2 LoV

for \,v € [0,1].

Proof. The proof follows by Theorein 3.2 by observing that the bound

ma 1+v L : 1+>\ 1 :
X — _— — — _— —
2 2 "\ 2 2

becomes foru(s) = e~ ™ that

1

1N= /(1 1\
_Z S
o-al) 3+ p-a]) )

x (WY ()N ()

a

which is the right hand side df (5.8§.
In particular, forA = v, we get

’R(fajmfitav)’ < (_ +

while for A = 1/2 andv = 1/2 we have

RO, 1 ,1/2)] < 5iv) \ ()

If we take¢, = 2L then we get in a similar way that

F(f)(E) = M, L, t) + B (f, I, )
and the remindeR (f, I, t) satisfies the bound
b

R (10| < v ()

a
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In practical applications, it is more convenient to consider the equidistant partitioning of the
interval[a, b]. Thus, let

b—
L,:xp,=a+k- a,k:O,l,...,n;
with &, = =2 be an equidistant partition ¢4, b].
Observe that
b—a xki1+ xg 2k+1 b—a
Tpy1 — T = ) =a+ . ,
n 2 2 n
3ak +ary 3(a+k %) +a+ (k+1)- =0 4k+1 b—a
- :@+ . ,
4 4 4 n
o+ 3 at+k-E4+3(a+ (k+1)- 29 dk+3 b—a
4 4 4 n

and by employing (5]4) we can consider the quadrature rule

(5.9) M, (f.t):= b;lani [f (a+(k+1)'b;a)

b— dk+3 b—
XE(—th(a—{—(/{—i—l)- a),—Zm‘t(a—F o a))
n 4 n
b—
—i—f(a—l—k' a)
n

dk+1 b— b—
><E(—2m't(a+ 2— - a),—2m’t<a+k- a)>

n n
2% +1 b
oy (w21 80)
2 n
Ak +3 b Ak+1 b
><E(—27rit(a—|— o a),—Qm’t(cH— Lk “))].
4 n 4 n

The following corollary of Theoremn 5.1 holds:

Corollary 5.3. Let f be as defined in Theorém b.1. Then we have the quadrature rule
(5.10) FUE) = Mo, (f,1) + R (f,1) 5

whereM,, (f,t) approximates the Fourier transform at every pairt [a, b] while the error of
approximationk,, (f,t) satisfies the bound

Lo (b—a)’
2a (1) n
Remark 5.1. If we wish to approximate the Fourier transfotiif)(¢) using the quadrature

formula M, (f,¢) and [5.1D) with an error less than a given> 0, we have to divide the
interval[a, b] into at least:. € N points, with

L _ 2
Ne = 2 “ (b a) + 17
20 (a+1) €
where[z] is the integer part of the real number
The following corollary of Theorern 5.2 holds:

R (f,0)] <
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Corollary 5.4. Let f be as defined in Theorgm b.2. Then we have
(5.11) FE) = Mo (1) + R (f,1);

The error of approximatiofR,, (f,¢) satisfies the bound
b

R (F0)] < =2\ (f).

20 1

a

b
Remark 5.2. If we know the total variation\/(f) of f and would like to approximate the

Fourier transforn®(f)(¢) by the adaptive quadrature formul&, ( f,¢) with an error less than
a givene > 0, we have to divide the intervid, 0] into at least:. € N points, where

Ne 1= {?%b;a\/(f)—‘ + 1.

a

6. NUMERICAL EXAMPLES

In the following section, we investigate some numerical examples to approximate the finite
Fourier transform forf (s) = s*> and f(s) = cos(27s).
The approximation formula is given below.

n—1
M, (1) =03 [f (‘”“””'l);a)
k=0
P2t (s (1) P00 ) i (0 B2 200
+f(a+k-b_a>
n

dk+1 b— b—
><E(—2m’t<a+ I ~ a),—2m’t(a—|—k' a))

n n
Lo <a+2k‘+1 . b—a)
2 n
) 4k +3 b—a . 4k+1 b—a
><E(—27mt(a—|— i n ),—27th(a+ 1 n ))}
And the bound formula is defined as follows.
2
(6.1) B(a,n) = — La  (b-d) )
20 (a+1) n

6.1. f(s) = s2. The analytic form of the Fourier transform f@ts) = s* is given by,
i e ™2 (42t 4 4int +2) i

443 73 83 73

The following is a graphical representation of the accuracy of the approximation for the
Fourier transform for various, and¢ € (0,1]. Also presented is the bour{d (6.1) for the same
variousn, anda € (1, 2].
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log 5(r-(1)

n 1000 1 t n

1000 2

(a) 3D-plot forr, (t) (b) 3D-plot forB(1.5,n)

Figure 1: Plots of the error,,(t) := |R,.(f,t)| and B(a = 1.5, n) for the functionf (s) = s2.

We can see in figurg] 3 that the approximation improves axreases. Also, we note that
B(a,n) > |R,(f,t)| as predicted by the theoretical appoach. Below are some numerical ob-
servations of the approximation (and bound).

t=02 | t=04 | t=06 | t=038 t=1 |B(a=15,n)
res | 9.3632e-06 7.2657e-06 4.9387e-06 4.1829e-06 5.0866e-06 0.0074409
r12s | 2.3408e-06 1.8164e-06 1.2346e-06 1.0457e-06 1.2716e-06 0.0037205
Tas6 | 5.852e-07| 4.541e-07| 3.0866e-07 2.6142e-07 3.1789e-07 0.0018602
rs12 | 1.463e-07| 1.1352e-07 7.7164e-08 6.5356e-08 7.9473e-08 0.00093012
T1024 | 3.6575e-08 2.8381e-08 1.9291e-08 1.6339¢-08 1.9868e-08 0.00046506

Table 6.1: Numerical results for,, and B(a = 1.5, n) for the functionf(s) = s%.

We now present the approximation based on the real and imaginary part, compared to the
analytic solution. Here is the real part of the analytic solution,

2272 sin (27t) —sin (27t) + 27t cos (27t)

(@)

4¢3 3

473’

and the imaginary part, _
e ™ (A 4 4imt +2) 1
813 73

We can see in these plots that the approximation of both the real and imaginary part of the
Fourier transform is good.

Remark 6.1. The plots and table presented in this section clearly show that the absolute error,
|R,.(f,t)| decreases whemincreases. We also observed that the bound decreasearafor

n increases. It is also evident thid,(f,¢)| is always smaller than the upper bouBd«, n)

when applying equation (5.9) to approximate the Fourier transfornfi(for= s>.
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el

(], n=50 sid

Real Part

Absolute Value

and image Sz.jp‘u b [ 01 02 03 04 D‘ﬁ 06 07 08 09 1 Value Sz.jpg [ 01 02 03 04 D‘ﬁ 06 07 08 09 1 part Sz.jpg b 0 01 02

(a) Plot 1 - real and imaginary parts of the Fourier transform, Plot 2 - the FT and approximation and Plot 3 -
approximation.

imag FT,

)
imag M, (1), n=50
imag M, (), n=100
imag M, (), n=150

s2jpy PHEEE guEu
(b) Plot 1 - imaginary part of the FT and approximation, Plot 2 - error between the analytic
solution and the approximation and Plot 3 - the bound and the effectaofin on it.

Figure 2: Various plots forf(s) = s2.

6.2. f(s) = cos(2ms). The analytic expression of the Fourier transform fos) = cos(2rs)
is

t(e™ 2 —1) i
2w (t—1) (t+1)

The following provides a graphical representation of the accuracy of the approximation for the

Fourier transform for various, andt € (0, 1). In addition, the corresponding error boupd [6.1)
is presented for the same variousanda € (1, 2].

-1.5
5
&
A5
a 4
- 2
. & B
5 25
-
10 3 2!
i 35
0 0 1
12
05 500 15 3
12
o

n 1000 1 t n 1000 2

10g. 4 (1)
log, (Bla, m)

o

(a) 3D-plot forr, (t) (b) 3D-plot forB(1.5, n)

Figure 3: Plots of the errorr,,(t) := |R,(f,t)| and B(a = 1.5, n) for the functionf(s) = cos(2ws).
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As shown in figurg 3 the approximation improves with increasing values .ofAlso, we
observe thatB(«,n) > |R,(f,1)].
approximation (and bound).

Presented below are some numerical observations of the

t=01 t=03 t=05 t=0.7 t=09 |B(a=1.5n)
res | 9.9729e-07 8.5216e-06 2.1301e-05 3.5482e-05 4.6776e-05  0.023376
rizs | 2.4937e-07 2.1307e-06 5.3261e-06 8.8713e-06 1.1695e-05 0.011688
rose | 6.2345e-08 5.3271e-07 1.3316e-06 2.2179e-06 2.9237e-06 0.0058441
rs12 | 1.5586e-08 1.3318e-07 3.3289e-07 5.5448e-07 7.3092e-07 0.0029221
ri024 | 3.8966e-09 3.3295e-08 8.3224e-08 1.3862e-07 1.8273e-07  0.001461

Table 6.2: Numerical results for, and B(a = 1.5, n) for the functionf(s) = cos(2ws).

We now present the approximation based on the real and imaginary parts, compared to the
analytic solution.
The real part of the Fourier transforms for the given function is as follow:

if t=—-1vt=1

1
{ t siné i)

27 (t2-1)

if t£ - 1At#£1

and the imaginary part of the Fourier fransforms is ,

t (e—ﬂtQi _

1) i

271 (t—1)

(t+1)

fer Transform Components

Fouri

Absolute Value

05
t

M, (0], n=150

Real Part

05
t

(a) Plot 1 - real and imaginary parts of the Fourier transform, Plot 2 - the FT and ap-
proximation and Plot 3 - real part of the FT and approximation.

Imaginary Part

These plots illustrate that the approximation based on the real and imaginary parts of the

-
Error IR (0]

)

R, (0] and B(n,

0s
t

(b) Plot 1 - imaginary part of the FT and approximation, Plot 2 - error between the
analytic solution and the approximation and Plot 3 - the bound and the effecmdn

on it.

Figure 4: Various plots forf(s) = cos(27s).

Fourier transform is accurate.
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Remark 6.2. The plots and table presented in this section clearly demonstrate that the absolute
error, |R,(f,t)| decreases with increasing Additionally, we observed that the bound de-
creases as and/orn increases. It is also evident that the absolute error is always smaller than
the upper bound(a, n) when applying equation (5.9) to approximate the Fourier transform
for f(s) = cos(2ms).
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