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ABSTRACT. In this paper we obtained some new simple error bounds in approximating the
Riemann-Stieltjes integral
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f (t) du(t) by the use of three points rule
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+ [u ((1− λ) x + λb)− u (υa + (1− υ) x)] f (x) ,

whereλ, υ ∈ [0, 1], x ∈ [a, b] and assuming that the functionf is L-Lipschitzian or of bounded
variation andu is r-H-Hölder type on[a, b]. The important case of weighted integrals is consid-
ered, compounding quadrature rules are provided and applications for approximation of Fourier
transforms on finite intervals are also given.
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2 N.A. ALSUBAIE AND S.S. DRAGOMIRAND G. SORRENTINO

1. I NTRODUCTION

The Riemann-Stieltjes integral
∫ b

a
f (t) du(t) is an essential concept in Mathematics with var-

ious applications in different areas of the field. In recent years, the approximations problem of
the Riemann-Stieltjes integral

∫ b

a
fdu and several error approximation bounds have been stud-

ied. Some of the most interesting approximations have been established using the Generalized
Trapezoid and Ostrowski type rule.

Dragomir ([13], [14]) introduced the approximation of the Stieltjes integral
∫ b

a
f (t) du(t)

usingOstrowski type rule
f (x) [u (b)− u (a)]

wherex ∈ [a, b] . He considers the functional for a priory sharp bound on the approximation
error defined by

Θ (f, u; a, b, x) :=

∫ b

a

f (t) du (t)− f (x) [u (b)− u (a)] .

In [13], Dragomir proved that

|Θ (f, u; a, b, x)|(1.1)

≤ H

[
(x− a)r

x∨
a

(f) + (b− x)r
b∨
x

(f)

]

≤ H ×



[(x− a)r + (b− x)r]

[
1
2

b∨
a

(f) + 1
2

∣∣∣∣ x∨
a

(f)−
b∨
x

(f)

∣∣∣∣] ;

[(x− a)qr + (b− x)qr]
1
q

[(
x∨
a

(f)

)p

+

(
b∨
x

(f)

)p] 1
p

if p > 1, 1
p

+ 1
q

= 1;

[
1
2
(b− a) +

∣∣x− a+b
2

∣∣]r b∨
a

(f) ,

provided thatf is of bounded variation andu is of r-H-Hölder type, i.e.,

(1.2) |u (t)− u (s)| ≤ H |t− s|r , for eacht, s ∈ [a, b] ,

with givenH > 0 andr ∈ (0, 1].
If the integrandf is of q-K-Hölder type and the integratoru is of bounded variation, then

[14]

(1.3) |Θ (f, u; a, b, x)| ≤ K

[
1

2
(b− a) +

∣∣∣∣x− a + b

2

∣∣∣∣]q b∨
a

(u) ,

for anyx ∈ [a, b] .
For various error bounds on the functionalΘ (f, u; a, b, x) with f andu under different as-

sumptions for which the Stieltjes integral exists, the reader may refer to [2], [3], [6]-[14] and [21]
and the references therein.

In addition, the authors of [16], considered the problem of approximating the Riemann-
Stieltjes integral

∫ b

a
f (t) du(t) with thetrapezoid type ruledefined by the quantity

(1.4) [u (b)− u (x)] f (b) + [u (x)− u (a)] f (a) .
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To provide a priory sharp bounds for the approximation error, the authors introduced the func-
tional:

T (f, u; a, b, x) :=

∫ b

a

f (t) du (t)− [u (b)− u (x)] f (b)− [u (x)− u (a)] f (a) ,

wherex ∈ [a, b] and obtained the result

|T (f, u; a, b, x) | ≤ H

[
1

2
(b− a) +

∣∣∣∣x− a + b

2

∣∣∣∣]r b∨
a

(f) ,

provided thatf is of bounded variation whileu is of ther-H-Hölder type.
In [20], the authors established the following results

|T (f, u; a, x, b)|(1.5)

≤ H

[
(x− a)r

x∨
a

(u) + (b− x)r
b∨
x

(u)

]

≤ H ×



[(x− a)r + (b− x)r]

[
1
2

b∨
a

(u) + 1
2

∣∣∣∣ x∨
a

(u)−
b∨
x

(u)

∣∣∣∣] ;

[(x− a)αr + (b− x)αr]
1
α

[(
x∨
a

(u)

)β

+

(
b∨
x

(u)

)β
] 1

β

if α > 1, 1
α

+ 1
β

= 1;

[
1
2
(b− a) +

∣∣x− a+b
2

∣∣]r b∨
a

(u) ,

providedf is of r-H-Hölder typeandu is of bounded variation.
For various error bounds on the functionalT (f, u; a, b, x) wheref andu under different

assumptions for which the Stieltjes integral exists, the reader may refer to [2], [3], [6], [22]-[24]
and the references therein.

Motivated by the above results and [17], [18], in this paper we point out some new approaches
to approximate the Riemann-Stieltjes integral

∫ b

a
f (t) du(t) by the use of three points formula,

namely we establish bounds for the associated error functional

TΘ (f, u; a, b, x, λ, υ)(1.6)

:= [u (b)− u ((1− λ) x + λb)] f (b) + [u(υa + (1− υ) x)− u (a)]f (a)

+ [u ((1− λ) x + λb)− u (υa + (1− υ) x)] f (x)−
∫ b

a

f (t) du(t),

whereλ, υ ∈ [0, 1] andx ∈ [a, b] assuming that the functionf is L-Lipschitzian or of bounded
variation andu is r-H-Hölder type on[a, b]. The important particular case of weighted integrals
is considered, compounding quadrature rules are provided and applications for approximation
Fourier transforms on finite intervals are also given.

2. M AIN RESULTS

Assume thatu, f : [a, b] → C. If the Riemann-Stieltjes integral
∫ b

a
f (t) du (t) exists, we

write for simplicity, like in [1, p. 142] thatf ∈ RC (u, [a, b]) , or f ∈ RC (u) when the interval
is implicitly known. If the functionsu, f are real valued, then we writef ∈ R (u, [a, b]) , or
f ∈ R (u) .
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4 N.A. ALSUBAIE AND S.S. DRAGOMIRAND G. SORRENTINO

We start with the following identity of interest, see also [18].

Lemma 2.1. Let f, u : [a, b] → C andx ∈ [a, b] such thatf ∈ RC (u, [a, b]). Then for anyγ,
µ ∈ C,

[u (b)− µ] f (b) + [γ − u (a)] f (a) + (µ− γ) f (x)−
∫ b

a

f (t) du (t)(2.1)

=

∫ x

a

[u (t)− γ] df (t) +

∫ b

x

[u (t)− µ] df (t) .

Proof. For the sake of completeness, we give here a short proof.
Using integration by parts rule for the Riemann-Stieltjes integral, we have∫ x

a

[u (t)− γ] df (t) = [u (x)− γ] f (x)− [u (a)− γ] f (a)−
∫ x

a

f (t) du (t)

and ∫ b

x

[u (t)− µ] df (t) = [u (b)− µ] f (b)− [u (x)− µ] f (x)−
∫ b

x

f (t) du (t)

for anyx ∈ [a, b] .
If we add these two equalities, we get∫ x

a

[u (t)− γ] df (t) +

∫ b

x

[u (t)− µ] df (t)

= [u (b)− µ] f (b) + [γ − u (a)] f (a) + [µ− u (x)] f (x)

+ [u (x)− γ] f (x)−
∫ x

a

f (t) du (t)−
∫ b

x

f (t) du (t)

= [u (b)− µ] f (b) + [γ − u (a)] f (a) + (µ− γ) f (x)−
∫ b

a

f (t) du (t)

for anyx ∈ [a, b] , which proves the desired equality (2.1).

The following corollaries are of interest and will be used in the sequel.

Corollary 2.2. Let f, u : [a, b] → C andx ∈ (a, b) such thatf ∈ RC (u, [a, b]). Then for any
λ, υ ∈ [0, 1],

TΘ (f, u; a, b, x, λ, υ)(2.2)

=

∫ x

a

[u (t)− u (υa + (1− υ) x)] df (t) +

∫ b

x

[u (t)− u ((1− λ) x + λb)] df (t) .

The proof follows by (2.1) forµ = u ((1− λ) x + λb) andγ = u (υa + (1− υ) x) , for any
λ, υ ∈ [0, 1].

If we takeλ = υ, then we defineTΘ (f, u; a, b, x, υ) := TΘ (f, u; a, b, x, υ, υ) . For ,λ = 0
andυ = 0, we have

TΘ (f, u; a, b, x, 0)

:= [u (b)− u (x)] f (b) + (u (x)− u (a)) f (x)−
∫ b

a

f (t) du (t)

=

∫ x

a

[u (t)− u (a)] df (t) +

∫ b

x

[u (t)− u (x)] df (t) .
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Forλ = 0 andυ = 1, we have that

TΘ (f, u; a, b, x, 0, 1)

:= [u (b)− u (x)] f (b) + [u (x)− u (a)] f (x)−
∫ b

a

f (t) du (t)

=

∫ x

a

[u (t)− u (a)] df (t) +

∫ b

x

[u (t)− u (x)] df (t) ,

while for λ = 1 andυ = 0, that

TΘ (f, u; a, b, x, 1, 0)

:= (u (x)− u (a)) f (a) + (u (b)− u (x)) f (x)−
∫ b

a

f (t) du (t)

=

∫ x

a

[u (t)− u (x)] df (t) +

∫ b

x

[u (t)− u (b)] df (t) .

Forλ = 1 andυ = 1, we have

TΘ (f, u; a, b, x, 1)

:= [u (b)− u (a)] f (x)−
∫ b

a

f (t) du (t)

=

∫ x

a

[u (t)− u (a)] df (t) +

∫ b

x

[u (t)− u (b)] df (t) .

Forλ = 1/2 andυ = 1/2, we get

TΘ (f, u; a, b, x, 1/2)

:=

[
u (b)− u

(
x + b

2

)]
f (b) +

[
u

(
a + x

2

)
− u (a)

]
f (a)

+

(
u

(
x + b

2

)
− u

(
a + x

2

))
f (x)−

∫ b

a

f (t) du (t)

=

∫ x

a

[
u (t)− u

(
a + x

2

)]
df (t) +

∫ b

x

[
u (t)− u

(
x + b

2

)]
df (t) .

Corollary 2.3. Letf, u : [a, b] → C and such thatf ∈ RC (u, [a, b]). Then for anyλ, υ ∈ [0, 1],

TΘ

(
f, u; a, b,

a + b

2
, λ, υ

)
(2.3)

:=

[
u (b)− u

(
(1− λ) a + (1 + λ) b

2

)]
f (b)

+

[
u

(
(1 + υ) a + (1− υ)b

2

)
− u (a)

]
f (a)

+

(
u

(
(1− λ) a + (1 + λ) b

2

)
− u

(
(1 + υ) a + (1− υ) b

2

))
f (x)

−
∫ b

a

f (t) du (t)
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6 N.A. ALSUBAIE AND S.S. DRAGOMIRAND G. SORRENTINO

=

∫ a+b
2

a

[
u (t)− u

(
(1 + υ) a + (1− υ) b

2

)]
df (t)

+

∫ b

a+b
2

[
u (t)− u

(
(1− λ) a + (1 + λ) b

2

)]
df (t) .

The proof follows by Corollary 2.2 forx = a+b
2

. Forλ = υ = 1/2, we obtain

TΘ

(
f, u; a, b,

a + b

2
, 1/2

)
(2.4)

:=

[
u (b)− u

(
a + 3b

4

)]
f (b) +

[
u

(
3a + b

4

)
− u (a)

]
f (a)

+

(
u

(
a + 3b

4

)
− u

(
3a + b

4

))
f (x)−

∫ b

a

f (t) du (t)

=

∫ a+b
2

a

[
u (t)− u

(
3a + b

4

)]
df (t) +

∫ b

a+b
2

[
u (t)− u

(
a + 3b

4

)]
df (t) .

If u is an integral, namelyu (t) :=
∫ t

a
w (s) ds, wherew is integrable on[a, b] , then we can

state the following identity as well:

Corollary 2.4. Assume thatw is integrable on[a, b] andf is measurable on[a, b] such thatwf
is also integrable on[a, b] , then we have the equality

TΘ

(
f,

∫ ·

a

w (s) ds; a, b, x, λ, υ

)
(2.5)

:= f (b)

∫ b

(1−λ)x+λb

w (s) ds + f (a)

∫ υa+(1−υ)x

a

w (s) ds

+ f (x)

∫ (1−λ)x+λb

υa+(1−υ)x

w (s) ds−
∫ b

a

f (s) w (s) ds

=

∫ x

a

(∫ t

υa+(1−υ)x

w (s) ds

)
df (t) +

∫ b

x

(∫ t

(1−λ)x+λb

w (s) ds

)
df (t) ,

whereλ, υ ∈ [0, 1] .

Forλ = υ we put

TΘ

(
f,

∫ ·

a

w (s) ds; a, b, x, υ

)
:= TΘ

(
f,

∫ ·

a

w (s) ds; a, b, x, v, υ

)
.

By taking here different values ofλ, υ ∈ [0, 1] one can get different equalities similar with
the above ones. Forλ = υ = 1/2 we obtain

AJMAA, Vol. 23 (2026), No. 1, Art. 1, 35 pp. AJMAA
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TΘ

(
f,

∫ ·

a

w (s) ds; a, b, x, 1/2

)
(2.6)

:= f (b)

∫ b

x+b
2

w (s) ds + f (a)

∫ a+x
2

a

w (s) ds + f (x)

∫ x+b
2

a+x
2

w (s) ds

−
∫ b

a

f (s) w (s) ds

=

∫ x

a

(∫ t

a+x
2

w (s) ds

)
df (t) +

∫ b

x

(∫ t

x+b
2

w (s) ds

)
df (t) ,

for x ∈ (a, b) .
If we takex = a+b

2
, then we obtain

TΘ

(
f,

∫ ·

a

w (s) ds; a, b,
a + b

2
, 1/2

)
(2.7)

:= f (b)

∫ b

a+3b
4

w (s) ds + f (a)

∫ 3a+b
4

a

w (s) ds + f (x)

∫ a+3b
4

3a+b
4

w (s) ds

−
∫ b

a

f (s) w (s) ds

=

∫ a+b
2

a

(∫ t

3a+b
4

w (s) ds

)
df (t) +

∫ b

a+b
2

(∫ t

a+3b
4

w (s) ds

)
df (t) .

The following theorem provides error upper bounds in the case whenf is L-Lipschitzian and
u is of r-H-Hölder type with the constantH andr ∈ (0, 1] .

Theorem 2.5.Letf, u : [a, b] → C andx ∈ [a, b]. If f is Lipschitzian with the constantL > 0,
namely

|f (t)− f (s)| ≤ L |t− s| for all t, s ∈ [a, b]

andu is of r-H-Hölder type with the constantH andr ∈ (0, 1] , namely

|u (t)− u (s)| ≤ H |t− s|r for all t, s ∈ [a, b] ,

thenf ∈ RC (u, [a, b]) and we have the inequality:

|TΘ(f, u; a, b, x, λ, υ)|(2.8)

≤ LH

r + 1

×
{[

(1− υ)r+1 + υr+1
]
(x− a)r+1 +

[
(1− λ)r+1 + λr+1

]
(b− x)r+1}

for λ, υ ∈ [0, 1] .
In particular, for λ = υ, we obtain

|TΘ(f, u; a, b, x, υ)|(2.9)

≤ LH

r + 1

[
(1− υ)r+1 + υr+1

] [
(x− a)r+1 + (b− x)r+1] ,

whereTΘ(f, u; a, b, x, υ) := TΘ(f, u; a, b, x, λ, υ).
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Proof. It is well known that, ifp : [a, b] → C is Riemann integrable andv : [a, b] → C is
Lipschitzian with the constantL > 0, then the Riemann-Stieltjes integral

∫ b

a
p (t) dv (t) exists

and [1]

(2.10)

∣∣∣∣∫ b

a

p (t) dv (t)

∣∣∣∣ ≤ L

∫ b

a

|p (t)| dt.

From the identity (2.2) and the properties of the integral, we then have

|TΘ (f, u; a, b, x, λ, υ)|(2.11)

=

∣∣∣∣∫ x

a

[u (t)− u (υa + (1− υ) x)] df (t) +

∫ b

x

[u (t)− u ((1− λ) x + λb)] df (t)

∣∣∣∣
≤
∣∣∣∣∫ x

a

[u (t)− u (υa + (1− υ) x)] df (t)

∣∣∣∣+ ∣∣∣∣∫ b

x

[u (t)− u ((1− λ) x + λb)] df (t)

∣∣∣∣
≤ L

[∫ x

a

|u (t)− u (υa + (1− υ) x)| dt +

∫ b

x

|[u (t)− u ((1− λ) x + λb)]| dt

]
for x ∈ [a, b] andλ, υ ∈ [0, 1] .

First, we observe that, in general, ifc ∈ [a, b] andr ∈ (0, 1] , then∫ b

a

|t− c|r dt =

∫ c

a

(c− t)r dt +

∫ b

c

(t− c)r dt =
1

r + 1

[
(c− a)r+1 + (b− c)r+1] .

Sinceu is of r-H-Hölder type with the constantH, then∫ x

a

|u (t)− u (υa + (1− υ) x)| dt

≤ H

∫ x

a

|t− (υa + (1− υ) x)|r dt

=
H

r + 1

[
(υa + (1− υ) x− a)r+1 + (x− (υa + (1− υ) x))r+1]

=
H

r + 1

[
(1− υ)r+1 (x− a)r+1 + υr+1 (x− a)r+1]

=
H

r + 1

[
(1− υ)r+1 + υr+1

]
(x− a)r+1

and ∫ b

x

|[u (t)− u ((1− λ) x + λb)]| dt

≤ H

∫ b

x

|t− ((1− λ) x + λb)|r dt

=
H

r + 1

[
(b− ((1− λ) x + λb))r+1 + (((1− λ) x + λb)− x)r+1]

=
H

r + 1

[
(1− λ)r+1 (b− x)r+1 + λr+1 (b− x)r+1]

=
H

r + 1

[
(1− λ)r+1 + λr+1

]
(b− x)r+1

for x ∈ [a, b] andλ, υ ∈ [0, 1] .
By making use of (2.11) we obtain the error bound from (2.8).
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Corollary 2.6. With the assumptions of Theorem 2.5 we get∣∣∣∣TΘ(f, u; a, b,
a + b

2
, λ, υ)

∣∣∣∣
≤ LH

2r+1 (r + 1)

[
(1− υ)r+1 + υr+1 + (1− λ)r+1 + λr+1

]
(b− a)r+1

for λ, υ ∈ [0, 1] .
In particular,∣∣∣∣TΘ(f, u; a, b,

a + b

2
, υ)

∣∣∣∣ ≤ LH

2r (r + 1)

[
(1− υ)r+1 + υr+1

]
(b− a)r+1

for υ ∈ [0, 1] .

Assume thatf andu are as in Theorem 2.5 for anyλ, υ ∈ [0, 1] . For ,λ = 0 andυ = 0, we
get the trapezoid type inequalities

|T (f, u; a, b, x, 0)| ≤ LH

r + 1

{
(x− a)r+1 + (b− x)r+1} .

For ,λ = 0 andυ = 1, we have

|TΘ(f, u; a, b, x, 0, 1)| ≤ LH

r + 1

{
(x− a)r+1 + (b− x)r+1} .

while for , λ = 1 andυ = 0, we get

|TΘ(f, u; a, b, x, 1, 0)| ≤ LH

r + 1

{
(x− a)r+1 + (b− x)r+1} .

For ,λ = 1 andυ = 1, we obtain the Ostrowski type inequalities

|Θ(f, u; a, b, x, 1)| ≤ LH

r + 1

{
(x− a)r+1 + (b− x)r+1} .

For ,λ = 1
2

andυ = 1
2
, we derive

TΘ (f, u; a, b, x, 1/2) ≤ LH

2r(r + 1)

[
(x− a)r+1 + (b− x)r+1] .

If we takex = a+b
2

, then we get

TΘ

(
f, u; a, b,

a + b

2
, 1/2

)
≤ LH

22r (r + 1)
(b− a)r+1 .

For ,λ = 2
3

andυ = 1
3
, we have

TΘ (f, u; a, b, x, 2/3, 1/3)

≤ LH

r + 1

[(
2

3

)r+1

+

(
1

3

)r+1
] [

(x− a)r+1 + (b− x)r+1] .
For ,λ = 1− υ, we also get that

|T (f, u; a, b, x, 1− υ, υ)|

≤ LH

r + 1

[
(1− υ)r+1 + υr+1

] [
(x− a)r+1 + (b− x)r+1] .

The case whenu is the integral of another function is important for applications since it
provides weighted integral rules, in which one can be the kernel of an integral transform like
Laplace, Fourier or Mellin transform.
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We recallHölder’s integral inequality

(2.12)

∣∣∣∣∫ d

c

h (t) g (t) dt

∣∣∣∣ ≤ (∫ d

c

|h (t)|α dt

)1/α(∫ d

c

|g (t)|β dt

)1/β

,

whereα, β > 1 with 1
α

+ 1
β

= 1 and the integrals on the right side are finite.

If we takeu (t) =
∫ t

a
w (τ) dτ and use (2.12), then we get

|u (t)− u (s)| =
∣∣∣∣∫ t

a

w (τ) dτ −
∫ s

a

w (τ) dτ

∣∣∣∣ =

∣∣∣∣∫ t

s

w (τ) dτ

∣∣∣∣
≤
∣∣∣∣∫ t

s

1dτ

∣∣∣∣1/α ∣∣∣∣∫ t

s

|w (τ)|β dτ

∣∣∣∣1/β

= |t− s|
1/α

∣∣∣∣∫ t

s

|w (τ)|β dτ

∣∣∣∣1/β

≤ |t− s|
1/α

(∫ b

a

|w (τ)|β dτ

)1/β

for all t, s ∈ [a, b] .

This shows that the functionu (t) =
∫ t

a
w (τ) dτ is of r-H-Hölder’s type with the exponent

r = 1
α

< 1 and the positive constantH =
(∫ b

a
|w (τ)|β dτ

)1/β

, provided that this integral is

finite.
By making use of the inequalities (2.8) and (2.9) foru (t) =

∫ t

a
w (τ) dτ , r = 1

α
< 1 and

H =
(∫ b

a
|w (τ)|β dτ

)1/β

, whereα, β > 1 with 1
α

+ 1
β

= 1 we obtain that∣∣∣∣TΘ(f,

∫ ·

a

w (τ) dτ ; a, b, x, λ, υ)

∣∣∣∣(2.13)

≤ Lα

α + 1

(∫ b

a

|w (τ)|β dτ

)1/β

×
{[

(1− υ)
α+1

α + υ
α+1

α

]
(x− a)

α+1
α +

[
(1− λ)

α+1
α + λ

α+1
α

]
(b− x)

α+1
α

}
for λ, υ ∈ [0, 1] .

In particular, forλ = υ, we get

|TΘ(f, u; a, b, x, υ)| ≤ Lα

α + 1

(∫ b

a

|w (τ)|β dτ

)1/β [
(1− υ)

α+1
α + υ

α+1
α

]
(2.14)

×
[
(x− a)

α+1
α + (b− x)

α+1
α

]
,

whereTΘ(f,
∫ ·

a
w (τ) dτ ; a, b, x, υ) := TΘ(f,

∫ ·
a
w (τ) dτ ; a, b, x, v, υ).

Forλ = 1/2 andυ = 1/2 we get

TΘ

(
f,

∫ t

a

w (τ) dτ ; a, b, x, 1/2

)
≤ Lα

2
1
α (α + 1)

(∫ b

a

|w (τ)|β dτ

)1/β [
(x− a)

α+1
α + (b− x)

α+1
α

]
.

for x ∈ (a, b) .
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If we takex = a+b
2

, then we obtain the simpler bound

TΘ

(
f,

∫ t

a

w (τ) dτ ; a, b,
a + b

2
, 1/2

)
≤ Lα

2
2
α (α + 1)

(∫ b

a

|w (τ)|β dτ

)1/β

(b− a)
α+1

α .

The case whenf is bounded variation andu is ar-H-Hölder type mapping, then the following
error bounds can be obtained as well:

Theorem 2.7.Letf : [a, b] → C be a mapping of bounded variation on[a, b] andu : [a, b] → C
be ar-H-Hölder type mapping. Then we have the inequality:

|TΘ(f, u; a, b, x, λ, υ)|(2.15)

≤ H

[(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣)r

(x− a)r
x∨
a

(f) +

(
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣)r

(b− x)r
b∨
x

(f)

]

≤ H

[
max

{(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣)r

,

(
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣)r}]
×

[
(x− a)r

x∨
a

(f) + (b− x)r
b∨
x

(f)

]

≤ H

[
max

{(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣)r

,

(
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣)r}]
×
(

b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣)r b∨
a

(f)

for λ, υ ∈ [0, 1] .
In particular, for λ = υ, we have

|TΘ(f, u; a, b, x, υ)|(2.16)

≤ H

(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣)r
[
(x− a)r

x∨
a

(f) + (b− x)r
b∨
x

(f)

]

≤ H

(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣)r (
b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣)r b∨
a

(f) ,

whereTΘ(f, u; a, b, x, υ) := TΘ(f, u; a, b, x, λ, υ).

Proof. It is well known that, ifp : [a, b] → C is Riemann integrable andv : [a, b] → C is
bounded variation, then the Riemann-Stieltjes integral

∫ b

a
p (t) dv (t) exists and the following

inequality holds: ∣∣∣∣∫ b

a

p (t) dv (t)

∣∣∣∣ ≤ max
t∈[a,b]

|p (t)|
b∨
a

(v) .
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From the identity (2.2) and the properties of the integral, we have

|TΘ (f, u; a, b, x, λ, υ)|(2.17)

=

∣∣∣∣∫ x

a

[u (t)− u (υa + (1− υ) x)] df (t) +

∫ b

x

[u (t)− u ((1− λ) x + λb)] df (t)

∣∣∣∣
≤
∣∣∣∣∫ x

a

[u (t)− u (υa + (1− υ) x)] df (t)

∣∣∣∣
+

∣∣∣∣∫ b

x

[u (t)− u ((1− λ) x + λb)] df (t)

∣∣∣∣
≤ max

t∈[a,x]
|u (t)− u (υa + (1− υ) x)|

x∨
a

(f)

+ max
t∈[x,b]

|[u (t)− u ((1− λ) x + λb)]|
b∨
x

(f)

for x ∈ [a, b] andλ, υ ∈ [0, 1] .
Sinceu is of r-H-Hölder type with the constantH, we can state that

|u (t)− u (υa + (1− υ) x)| ≤ H |t− (υa + (1− υ) x)|r

and

|u (t)− u ((1− λ) x + λb)| ≤ H |t− ((1− λ) x + λb)|r

and then

max
t∈[a,x]

|u (t)− u (υa + (1− υ) x)| ≤ H max {υr, (1− υ)r} (x− a)r

and

max
t∈[x,b]

|u (t)− u ((1− λ) x + λb)| ≤ H max {λr, (1− λ)r} (b− x)r .

Now, by using (2.17) , we can state that

|TΘ (f, u; a, b, x, λ, υ)|(2.18)

≤ H

[
max {υr, (1− υ)r} (x− a)r

x∨
a

(f) + max {λr, (1− λ)r} (b− x)r
b∨
x

(f)

]
≤ H max {max {υr, (1− υ)r} , max {λr, (1− λ)r}}

×

[
(x− a)r

x∨
a

(f) + (b− x)r
b∨
x

(f)

]
≤ H max {max {υr, (1− υ)r} , max {λr, (1− λ)r}}

×max {(x− a)r , (b− x)r}
b∨
a

(f)

for x ∈ [a, b] andλ, υ ∈ [0, 1] .
Using the well known facts for the maximum, namely

max {X, Y } =
X + Y

2
+

∣∣∣∣X − Y

2

∣∣∣∣
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and

max {Xr, Y r} = (max {X, Y })r =

(
X + Y

2
+

∣∣∣∣X − Y

2

∣∣∣∣)r

, r > 0

then we get

max {υr, (1− υ)r} =

[
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣]r

,

max {λr, (1− λ)r} =

[
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣]r

and

max {(x− a)r , (b− x)r} = [max {x− a, b− x}]r

=

[
b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣]r

.

By making use of (2.18) we obtain the desired result (2.15).

Corollary 2.8. With the assumptions of Theorem 2.7 we have∣∣∣∣TΘ(f, u; a, b,
a + b

2
, λ, υ)

∣∣∣∣
≤ H max

{(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣)r

,

(
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣)r}
×
(

b− a

2

)r b∨
a

(f)

for λ, υ ∈ [0, 1] .
In particular,∣∣∣∣TΘ(f, u; a, b,

a + b

2
, υ)

∣∣∣∣ ≤ H

(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣)r (
b− a

2

)r b∨
a

(f)

for υ ∈ [0, 1] .

Assume thatf andu are as in Theorem 2.7 for anyλ, υ ∈ [0, 1] . For ,λ = 0 andυ = 0, we
get the trapezoid type inequalities

|T (f, u; a, b, x, 0)| ≤ H

(
b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣)r b∨
a

(f) .

For ,λ = 0 andυ = 1, we get

|TΘ(f, u; a, b, x, 0, 1)| ≤ H

(
b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣)r b∨
a

(f) .

while for , λ = 1 andυ = 0, we get

|TΘ(f, u; a, b, x, 1, 0)| ≤ H

(
b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣)r b∨
a

(f) .

For ,λ = 1 andυ = 1, we obtain the Ostrowski type inequalities

|Θ(f, u; a, b, x, 1)| ≤ H

(
b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣)r b∨
a

(f) .
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For ,λ = 1
2

andυ = 1
2
, we get

TΘ (f, u; a, b, x, 1/2) ≤ 1

2r
H

(
b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣)r b∨
a

(f) .

If we takex = a+b
2

, then we derive the simpler inequality

TΘ

(
f, u; a, b,

a + b

2
, 1/2

)
≤ 1

22r
H (b− a)r

b∨
a

(f) .

For ,λ = 2
3

andυ = 1
3
, we have

TΘ (f, u; a, b, x, 2/3, 1/3) ≤ H

(
2

3

)r (
b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣)r b∨
a

(f) .

whils if , λ = 1− υ, we get

|T (f, u; a, b, x, 1− υ, υ)|

≤ H

(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣)r (
b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣)r b∨
a

(f) .

By making use of the inequalities (2.15) and (2.16) foru (t) =
∫ t

a
w (τ) dτ , r = 1

α
< 1 and

H =
(∫ b

a
|w (τ)|β dτ

)1/β

, whereα, β > 1 with 1
α

+ 1
β

= 1 we obtain the following weighted

inequalities ∣∣∣∣TΘ(f,

∫ ·

a

w (τ) dτ ; a, b, x, λ, υ)

∣∣∣∣(2.19)

≤ max

{(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣) 1
α

,

(
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣) 1
α

}

×
(

b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣) 1
α
(∫ b

a

|w (τ)|β dτ

)1/β b∨
a

(f)

for λ, υ ∈ [0, 1] .
In particular, forλ = υ, we have∣∣∣∣TΘ(f,

∫ ·

a

w (τ) dτ ; a, b, x, υ)

∣∣∣∣(2.20)

≤
(

1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣) 1
α

×
(

b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣) 1
α
(∫ b

a

|w (τ)|β dτ

)1/β b∨
a

(f)

whereTΘ(f,
∫ ·

a
w (τ) dτ ; a, b, x, υ) := TΘ(f,

∫ ·
a
w (τ) dτ ; a, b, x, v, υ)
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Forλ = 1/2 υ = 1/2 we get

TΘ

(
f,

∫ t

a

w (τ) dτ ; a, b, x, 1/2

)
≤ 1

21/α

(
b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣) 1
α
(∫ b

a

|w (τ)|β dτ

)1/β b∨
a

(f)

for x ∈ (a, b) .
If we takex = a+b

2
, then we get

TΘ

(
f,

∫ t

a

w (τ) dτ ; a, b,
a + b

2
, 1/2

)
≤ 1

22/α
(b− a)

1
α

(∫ b

a

|w (τ)|β dτ

)1/β b∨
a

(f) .

3. SOME COMPOUNDING RULES FOR THE WEIGHTED I NTEGRAL

Let In : a = x0 < x1 < ... < xn−1 < xn = b be a division of the interval[a, b], put
hk := xk+1 − xk (k = 0, . . . , n − 1) and ν(h) := max{hk|k = 0, ..., n − 1} and any
intermediate point vectorξ = (ξ0, ξ1, . . . , ξn−1) such thatξk ∈ [xk, xk+1] for k = 0, 1, . . . , n−1,
whereλ, υ ∈ [0, 1]. Define the sum related to the divisionIn and the intermediate pointsξ by

Ψ (f, In, ξ, λ, υ)(3.1)

:=
n−1∑
k=0

f (xk+1)

∫ xk+1

(1−λ)ξk+λxk+1

w (s) ds +
n−1∑
k=0

f (xk)

∫ υxk+(1−υ)ξk

xk

w (s) ds

+
n−1∑
k=0

f (ξk)

∫ (1−λ)ξk+λxk+1

υxk+(1−υ)ξk

w (s) ds

and the error of approximation for the weighted integral
∫ b

a
f (s) w (s) ds by Ψ (f, In, ξ, λ, υ) ,

namely

(3.2) R (f, In, ξ, λ, υ) := Ψ (f, In, ξ, λ, υ)−
∫ b

a

f (s) w (s) ds.

The following result provides an error bound in the case whenf is Lipschitzian and the weight
w has the integral

∫ b

a
|w (τ)|β dτ finite.

Theorem 3.1.Assume thatf is Lipschitzian with the constantL > 0 and the weightw has the
integral

∫ b

a
|w (τ)|β dτ finite whereα, β > 1 with 1

α
+ 1

β
= 1. Let In be a division of[a, b] and

the intermediate point vectorξ = (ξ0, ξ1, . . . , ξn−1). Then forλ, υ ∈ [0, 1] we have the error
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bounds

|R (f, In, ξ, λ, υ)| ≤ Lα

α + 1

(∫ b

a

|w (τ)|β dτ

)1/β

ν(h)(3.3)

×

[(1− υ)
α+1

α + υ
α+1

α

](n−1∑
k=0

(ξk − xk)

)1/α

+
[
(1− λ)

α+1
α + λ

α+1
α

](n−1∑
k=0

(xk+1 − ξk)

)1/α


≤ Lα

α + 1

(∫ b

a

|w (τ)|β dτ

)1/β

(b− a)1/α

×
[
(1− υ)

α+1
α + υ

α+1
α + (1− λ)

α+1
α + λ

α+1
α

]
ν(h).

Proof. By making use of the inequality (2.13) written for the interval[xk, xk+1] and the inter-
mediate pointsξk ∈ [xk, xk+1] for k = 0, 1, . . . , n− 1 we have∣∣∣∣∣f (xk+1)

∫ xk+1

(1−λ)ξk+λb

w (s) ds + f (xk)

∫ υxk+(1−υ)ξk

xk

w (s) ds

f (ξk)

∫ (1−λ)ξk+λxk+1

υxk+(1−υ)ξk

w (s) ds−
∫ xk+1

xk

f (s) w (s) ds

∣∣∣∣∣
≤ Lα

α + 1

(∫ xk+1

xk

|w (τ)|β dτ

)1/β

×
{[

(1− υ)
α+1

α + υ
α+1

α

]
(ξk − xk)

α+1
α +

[
(1− λ)

α+1
α + λ

α+1
α

]
(xk+1 − ξk)

α+1
α

}
,

for k = 0, 1, . . . , n− 1, which by summation gives
n−1∑
k=0

∣∣∣∣∣f (xk+1)

∫ xk+1

(1−λ)ξk+λb

w (s) ds + f (xk)

∫ υxk+(1−υ)ξk

xk

w (s) ds(3.4)

f (ξk)

∫ (1−λ)ξk+λxk+1

υxk+(1−υ)ξk

w (s) ds−
∫ xk+1

xk

f (s) w (s) ds

∣∣∣∣∣
≤ Lα

α + 1

n−1∑
k=0

(∫ xk+1

xk

|w (τ)|β dτ

)1/β

×
{[

(1− υ)
α+1

α + υ
α+1

α

]
(ξk − xk)

α+1
α

+
[
(1− λ)

α+1
α + λ

α+1
α

]
(xk+1 − ξk)

α+1
α

}
.
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By the generalized triangle inequality for modulus, we have
n−1∑
k=0

∣∣∣∣∣f (xk+1)

∫ xk+1

(1−λ)ξk+λb

w (s) ds + f (xk)

∫ υxk+(1−υ)ξk

xk

w (s) ds(3.5)

f (ξk)

∫ (1−λ)ξk+λxk+1

υxk+(1−υ)ξk

w (s) ds−
∫ xk+1

xk

f (s) w (s) ds

∣∣∣∣∣
≥

∣∣∣∣∣
n−1∑
k=0

f (xk+1)

∫ xk+1

(1−λ)ξk+λb

w (s) ds +
n−1∑
k=0

f (xk)

∫ υxk+(1−υ)ξk

xk

w (s) ds

n−1∑
k=0

f (ξk)

∫ (1−λ)ξk+λxk+1

υxk+(1−υ)ξk

w (s) ds−
n−1∑
k=0

∫ xk+1

xk

f (s) w (s) ds

∣∣∣∣∣
=

∣∣∣∣Ψ (f, In, t, λ, υ)−
∫ b

a

f (s) w (s) ds

∣∣∣∣
and

n−1∑
k=0

(∫ xk+1

xk

|w (τ)|β dτ

)1/β

×
{[

(1− υ)
α+1

α + υ
α+1

α

]
(ξk − xk)

α+1
α +

[
(1− λ)

α+1
α + λ

α+1
α

]
(xk+1 − ξk)

α+1
α

}
=
[
(1− υ)

α+1
α + υ

α+1
α

] n−1∑
k=0

(∫ xk+1

xk

|w (τ)|β dτ

)1/β

(ξk − xk)
α+1

α

+
[
(1− λ)

α+1
α + λ

α+1
α

] n−1∑
k=0

(∫ xk+1

xk

|w (τ)|β dτ

)1/β

(xk+1 − ξk)
α+1

α .

By the Hölder’s discrete inequality forα, β > 1 with 1
α

+ 1
β

= 1, namely

n−1∑
k=0

aibi ≤

(
n−1∑
k=0

aβ
i

)1/β (n−1∑
k=0

bα
i

)1/α

we deduce that
n−1∑
k=0

(∫ xk+1

xk

|w (τ)|β dτ

)1/β

(ξk − xk)
α+1

α

≤

n−1∑
k=0

[(∫ xk+1

xk

|w (τ)|β dτ

)1/β
]β
1/β (

n−1∑
k=0

[
(ξk − xk)

α+1
α

]α)1/α

=

(
n−1∑
k=0

∫ xk+1

xk

|w (τ)|β dτ

)1/β (n−1∑
k=0

(ξk − xk)
α+1

)1/α

=

(∫ b

a

|w (τ)|β dτ

)1/β
(

n−1∑
k=0

(ξk − xk)
α+1

)1/α
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and, similarly
n−1∑
k=0

(∫ xk+1

xk

|w (τ)|β dτ

)1/β

(xk+1 − ξk)
α+1

α

≤
(∫ b

a

|w (τ)|β dτ

)1/β
(

n−1∑
k=0

(xk+1 − ξk)
α+1

)1/α

.

Also observe that(
n−1∑
k=0

(ξk − xk)
α+1

)1/α

=

(
n−1∑
k=0

(ξk − xk)
α (ξk − xk)

)1/α

≤ ν(h)

(
n−1∑
k=0

(ξk − xk)

)1/α

≤ ν(h)

(
n−1∑
k=0

(xk+1 − xk)

)1/α

= ν(h) (b− a)1/α

and, similarly(
n−1∑
k=0

(xk+1 − ξk)
α+1

)1/α

≤ ν(h)

(
n−1∑
k=0

(xk+1 − ξk)

)1/α

≤ ν(h) (b− a)1/α .

Therefore[
(1− υ)

α+1
α + υ

α+1
α

] n−1∑
k=0

(∫ xk+1

xk

|w (τ)|β dτ

)1/β

(ξk − xk)
α+1

α

+
[
(1− λ)

α+1
α + λ

α+1
α

] n−1∑
k=0

(∫ xk+1

xk

|w (τ)|β dτ

)1/β

(xk+1 − ξk)
α+1

α

≤
(∫ b

a

|w (τ)|β dτ

)1/β [
(1− υ)

α+1
α + υ

α+1
α

]
ν(h)

(
n−1∑
k=0

(ξk − xk)

)1/α

+

(∫ b

a

|w (τ)|β dτ

)1/β [
(1− λ)

α+1
α + λ

α+1
α

]
ν(h)

(
n−1∑
k=0

(xk+1 − ξk)

)1/α
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=

(∫ b

a

|w (τ)|β dτ

)1/β

ν(h)

×

[(1− υ)
α+1

α + υ
α+1

α

](n−1∑
k=0

(ξk − xk)

)1/α

+
[
(1− λ)

α+1
α + λ

α+1
α

](n−1∑
k=0

(xk+1 − ξk)

)1/α


≤
(∫ b

a

|w (τ)|β dτ

)1/β

(b− a)1/α

×
[
(1− υ)

α+1
α + υ

α+1
α + (1− λ)

α+1
α + λ

α+1
α

]
ν(h)

and by (3.4) the desired bound (3.3) is obtained.

Remark 3.1. One can derive many particular cases from the above Theorem 3.1 by taking par-
ticular values of the parametersλ, υ ∈ [0, 1] and the intermediate pointsξ = (ξ0, ξ1, . . . , ξn−1).

If we consider the intermediate pointsµ = (µ0, µ1, . . . , µn−1) whereµk =
ξk+ξk+1

2
for k =

0, ..., n− 1 and consider the sum

Ψ (f, In, µ, λ, υ) :=
n−1∑
k=0

f (xk+1)

∫ xk+1

(1−λ)
ξk+ξk+1

2
+λxk+1

w (s) ds

+
n−1∑
k=0

f (xk)

∫ υxk+(1−υ)
ξk+ξk+1

2

xk

w (s) ds

+
n−1∑
k=0

f

(
ξk + ξk+1

2

)∫ (1−λ)
ξk+ξk+1

2
+λxk+1

υxk+(1−υ)
ξk+ξk+1

2

w (s) ds

then from the first inequality in (3.3) we get the error bound

|R (f, In, µ, λ, υ)| ≤ Lα

(α + 1) 21/α

(∫ b

a

|w (τ)|β dτ

)1/β

(b− a)1/α(3.6)

×
[
(1− υ)

α+1
α + υ

α+1
α + (1− λ)

α+1
α + λ

α+1
α

]
ν(h),

whereα, β > 1 with 1
α

+ 1
β

= 1.

The case whenf is of bounded variation is incorporated in the following result.

Theorem 3.2.Assume thatf is of bounded variation on[a, b] and the weightw has the integral∫ b

a
|w (τ)|β dτ finite whereα, β > 1 with 1

α
+ 1

β
= 1. Let In be a division of[a, b] and the

intermediate point vectorξ = (ξ0, ξ1, . . . , ξn−1). Then forλ, υ ∈ [0, 1] we have the error
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bounds

|R (f, In, ξ, λ, υ)| ≤ max

{(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣) 1
α

,

(
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣) 1
α

}
(3.7)

×
(

1

2
ν(h) + max

k=0,...,n−1

∣∣∣∣ξk −
xk + xk+1

2

∣∣∣∣) 1
α

×
(

max
k=0,...,n−1

∫ xk+1

xk

|w (τ)|β dτ

)1/β b∨
a

(f)

≤ max

{(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣) 1
α

,

(
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣) 1
α

}

× [ν(h)]1/α

(
max

k=0,...,n−1

∫ xk+1

xk

|w (τ)|β dτ

)1/β b∨
a

(f) .

Proof. By making use of the inequality (2.19) written for the interval[xk, xk+1] and the inter-
mediate pointsξk ∈ [xk, xk+1] for k = 0, 1, . . . , n− 1 we have∣∣∣∣∣f (xk+1)

∫ xk+1

(1−λ)ξk+λb

w (s) ds + f (xk)

∫ υxk+(1−υ)ξk

xk

w (s) ds

f (ξk)

∫ (1−λ)ξk+λxk+1

υxk+(1−υ)ξk

w (s) ds−
∫ xk+1

xk

f (s) w (s) ds

∣∣∣∣∣
≤ max

{(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣) 1
α

,

(
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣) 1
α

}

×
(

xk+1 − xk

2
+

∣∣∣∣ξk −
xk + xk+1

2

∣∣∣∣) 1
α
(∫ xk+1

xk

|w (τ)|β dτ

)1/β xk+1∨
xk

(f)

for k = 0, 1, . . . , n− 1, which by summation gives
n−1∑
k=0

∣∣∣∣∣f (xk+1)

∫ xk+1

(1−λ)ξk+λb

w (s) ds + f (xk)

∫ υxk+(1−υ)ξk

xk

w (s) ds

f (ξk)

∫ (1−λ)ξk+λxk+1

υxk+(1−υ)ξk

w (s) ds−
∫ xk+1

xk

f (s) w (s) ds

∣∣∣∣∣
≤ max

{(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣) 1
α

,

(
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣) 1
α

}

×
n−1∑
k=0

(
xk+1 − xk

2
+

∣∣∣∣ξk −
xk + xk+1

2

∣∣∣∣) 1
α
(∫ xk+1

xk

|w (τ)|β dτ

)1/β xk+1∨
xk

(f) .
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Now, observe that
n−1∑
k=0

(
xk+1 − xk

2
+

∣∣∣∣ξk −
xk + xk+1

2

∣∣∣∣) 1
α
(∫ xk+1

xk

|w (τ)|β dτ

)1/β xk+1∨
xk

(f)

≤ max
k=0,...,n−1

[(
xk+1 − xk

2
+

∣∣∣∣ξk −
xk + xk+1

2

∣∣∣∣) 1
α
(∫ xk+1

xk

|w (τ)|β dτ

)]

×
n−1∑
k=0

xk+1∨
xk

(f)

= max
k=0,...,n−1

[(
xk+1 − xk

2
+

∣∣∣∣ξk −
xk + xk+1

2

∣∣∣∣) 1
α
(∫ xk+1

xk

|w (τ)|β dτ

)]

×
b∨
a

(f) .

Observe also that

max
k=0,...,n−1

[(
xk+1 − xk

2
+

∣∣∣∣ξk −
xk + xk+1

2

∣∣∣∣) 1
α
(∫ xk+1

xk

|w (τ)|β dτ

)1/β
]

≤ max
k=0,...,n−1

(
xk+1 − xk

2
+

∣∣∣∣ξk −
xk + xk+1

2

∣∣∣∣) 1
α

× max
k=0,...,n−1

(∫ xk+1

xk

|w (τ)|β dτ

)1/β

≤
(

max
k=0,...,n−1

xk+1 − xk

2
+ max

k=0,...,n−1

∣∣∣∣ξk −
xk + xk+1

2

∣∣∣∣) 1
α

×
(

max
k=0,...,n−1

∫ xk+1

xk

|w (τ)|β dτ

)1/β

,

which proves the first part of (3.7).
The second part follows by the fact that

max
k=0,...,n−1

∣∣∣∣ξk −
xk + xk+1

2

∣∣∣∣ ≤ max
k=0,...,n−1

xk+1 − xk

2
=

1

2
ν(h).

Remark 3.2. As noticed above, one can derive many particular cases from the above Theorem
3.2 by taking particular values of the parametersλ, υ ∈ [0, 1] and the intermediate pointsξ =
(ξ0, ξ1, . . . , ξn−1). If we consider the intermediate pointsµ = (µ0, µ1, . . . , µn−1) whereµk =
ξk+ξk+1

2
for k = 0, ..., n− 1 then from the first inequality in (3.7) we get the error bound

|R (f, In, µ, λ, υ)|(3.8)

≤ 1

21/α
max

{(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣) 1
α

,

(
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣) 1
α

}

× [ν(h)]
1
α

(
max

k=0,...,n−1

∫ xk+1

xk

|w (τ)|β dτ

)1/β b∨
a

(f) ,
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whereα, β > 1 with 1
α

+ 1
β

= 1.

4. APPLICATIONS FOR FOURIER TRANSFORM ON FINITE I NTERVALS

The Fourier transform is one of the most essential tools of the mathematical sciences. It ap-
pears in unexpected applications to fields as diverse as differential equations, numerical analy-
sis, probability theory, number theory, quantum mechanics, optics, medical imaging, and signal
processing [25].

Let g : [a, b] → R be a Lebesgue integrable mapping defined on the finite interval[a, b] and
F(g) its finite Fourier transform on the interval[a, b], i.e.

F(g)(t) :=

∫ b

a

g(s)e−2πitsds, t ∈ R.

The following inequality was obtained in [26]:

Theorem 4.1. Let g : [a, b] → R be an absolutely continuous mapping on[a, b]. Then we have
the inequality∣∣∣∣F(g)(t)− E(−2πita,−2πitb)

∫ b

a

g(s)ds

∣∣∣∣

≤



1
3
‖g′‖∞ (b− a)2 , if g′ ∈ L∞[a, b],

2
1
q

[(q+1)(q+2)]
1
q

(b− a)1+ 1
q ‖g′‖p, if g′ ∈ Lp[a, b]; 1

p
+ 1

q
= 1, p > 1, ;

(b− a) ‖g′‖1,

for all t ∈ [a, b], t 6= 0 , whereE is the exponential mean of two complex numbers, that is,

E(z, w) :=


ez−ew

z−w
if z 6= w,

exp(w) if z = w,

, z, ω ∈ C.

The following inequality for the Fourier transform of functions of bounded variation was
obtained in [27]:

Theorem 4.2.Letg : [a, b] → R be a mapping of bounded variation on[a, b], then we have the
inequality ∣∣∣∣F(g)(t)− E(−2πita,−2πitb)

∫ b

a

g(t)dt

∣∣∣∣ ≤ 3

4
(b− a)

b∨
a

(g)

for all t ∈ [a, b], t 6= 0 , where
b∨
a

(g) is the total variation of g on[a, b].

Now, for w(s) = e−2πits, t, s ∈ R we have that∫ q

p

e−2πitsds = (q − p) E(−2πitp,−2πitq)

for anyp, q, t real numbers.
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Using this formula, we then have by (2.5) that

TΘ

(
f,

∫ ·

a

e−2πitsds; a, b, x, λ, υ

)
= f (b)

∫ b

(1−λ)x+λb

e−2πitsds + f (a)

∫ υa+(1−υ)x

a

e−2πitsds

+ f (x)

∫ (1−λ)x+λb

υa+(1−υ)x

e−2πitsds−
∫ b

a

f (s) e−2πitsds

= f (b) (b− (1− λ) x− λb) E(−2πitb,−2πit ((1− λ) x + λb))

+ f (a) (υa + (1− υ) x− a) E(−2πit (υa + (1− υ) x) ,−2πita)

+ f (x) ((1− λ) x + λb− υa− (1− υ)x)

× E(−2πit ((1− λ) x + λb) ,−2πit (υa + (1− υ)x))

− F(f)(t)

= f (b) (1− λ)(b− x)E(−2πitb,−2πit((1− λ) x + λb)

+ f (a) (1− υ)(x− a)E(−2πit (υa + (1− υ) x) ,−2πita)

+ f (x) (λ(b− x) + υ(x− a))

× E(−2πit ((1− λ) x + λb) ,−2πit (υa + (1− υ)x))− F(f)(t)

whereλ, υ ∈ [0, 1] andx ∈ [a, b] .

Now, by making use of the inequality (2.13) forw(s) = e−2πits, which gives that
(∫ b

a
|w (τ)|β dτ

)1/β

=

(b− a)1/β , whereα, β > 1 with 1
α

+ 1
β

= 1, we get the following error bound in approximating
the Fourier transform

|(1− λ)f (b) (b− x)E(−2πitb,−2πit((1− λ) x + λb)(4.1)

+ (1− υ)f (a) (x− a)E(−2πit(υa + (1− υ)x),−2πita)

+ f (x) (λ(b− x) + υ(x− a))

× E(−2πit((1− λ) x + λb),−2πit(υa + (1− υ)x))

−F(f)(t)|

≤ Lα

α + 1
(b− a)1/β

×
{[

(1− υ)
α+1

α + υ
α+1

α

]
(x− a)

α+1
α +

[
(1− λ)

α+1
α + λ

α+1
α

]
(b− x)

α+1
α

}
for t, x ∈ [a, b], t 6= 0 andλ, υ ∈ [0, 1] .

In particular, forλ = υ, we derive∣∣∣(1− υ)f (b) (b− x)E(−2πitb,−2πit((1− υ) x + υb)

+ (1− υ)f (a) (x− a)E(−2πit(υa + (1− υ)x),−2πita)

+ υf (x) (b− a)E(−2πit((1− υ) x + υb),−2πit(υa + (1− υ)x))

− F(f)(t)
∣∣∣

≤ Lα

α + 1
(b− a)1/β

[
(1− υ)

α+1
α + υ

α+1
α

] [
(x− a)

α+1
α + (b− x)

α+1
α

]
,

AJMAA, Vol. 23 (2026), No. 1, Art. 1, 35 pp. AJMAA

https://ajmaa.org


24 N.A. ALSUBAIE AND S.S. DRAGOMIRAND G. SORRENTINO

for t, x ∈ [a, b], t 6= 0 andυ ∈ [0, 1] .
Forλ = 1/2 andυ = 1/2 we get∣∣∣1

2
f (b) (b− x)E(−2πitb,−2πit

(
b + x

2

)
)

+
1

2
f (a) (x− a)E(−2πit

(
a + x

2

)
,−2πita)

+
1

2
f (x) (b− a)E(−2πit

(
b + x

2

)
,−2πit

(
a + x

2

)
)− F(f)(t)

∣∣∣
≤ Lα

2
1
α (α + 1)

(b− a)1/β
[
(x− a)

α+1
α + (b− x)

α+1
α

]
.

for t, x ∈ [a, b], t 6= 0.
If we takex = a+b

2
, then we obtain∣∣∣ (b− a

4

)
f (b) E(−2πitb,−2πit

(
a + 3b

4

)
)

+

(
b− a

4

)
f (a) E(−2πit

(
3a + b

4

)
,−2πita)

+

(
b− a

2

)
f

(
a + b

2

)
E(−2πit

(
a + 3b

4

)
,−2πit

(
3a + b

4

)
)− F(f)(t)

∣∣∣
≤ Lα

2
2
α (α + 1)

(b− a)1/β (b− a)
α+1

α =
Lα

2
2
α (α + 1)

(b− a)2 .

In addition, by making use the inequality (2.19) forw(s) = e−2πits, t, x ∈ [a, b], t 6= 0, we
get the following error bound in approximating the Fourier transform in the case whenf is of
bounded variation∣∣∣(1− λ)f (b) (b− x)E(−2πitb,−2πit((1− λ) x + λb)(4.2)

+ (1− υ)f (a) (x− a)E(−2πit(υa + (1− υ)x),−2πita)

+ f (x) (λ(b− x) + υ(x− a))

× E(−2πit((1− λ) x + λb),−2πit(υa + (1− υ)x))− F(f)(t)
∣∣∣

≤ max

{(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣) 1
α

,

(
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣) 1
α

}

×
(

b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣) 1
α

(b− a)1/β
b∨
a

(f)

for t, x ∈ [a, b], t 6= 0, λ, υ ∈ [0, 1] andα, β > 1 with 1
α

+ 1
β

= 1.
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In particular, forλ = υ, we derive that∣∣∣(1− υ)f (b) (b− x)E(−2πitb,−2πit((1− υ) x + υb)

+ (1− υ)f (a) (x− a)E(−2πit(υa + (1− υ)x),−2πita)

+ υf (x) (b− a)E(−2πit((1− υ) x + υb),−2πit(υa + (1− υ)x))

− F(f)(t)
∣∣∣

≤
(

1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣) 1
α
(

b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣) 1
α

(b− a)1/β
b∨
a

(f)

for t, x ∈ [a, b], t 6= 0 andυ ∈ [0, 1] .
Forλ = 1/2 andυ = 1/2 we get∣∣∣1

2
f (b) (b− x)E(−2πitb,−2πit

(
b + x

2

)
)

+
1

2
f (a) (x− a)E(−2πit

(
a + x

2

)
,−2πita)

+
1

2
f (x) (b− a)E(−2πit

(
b + x

2

)
,−2πit

(
a + x

2

)
)− F(f)(t)

∣∣∣
≤ 1

21/α

(
b− a

2
+

∣∣∣∣x− a + b

2

∣∣∣∣) 1
α

(b− a)1/β
b∨
a

(f)

for t, x ∈ [a, b], t 6= 0.
If we takex = a+b

2
, then we obtain∣∣∣ (b− a

4

)
f (b) E(−2πitb,−2πit

(
a + 3b

4

)
)

+

(
b− a

4

)
f (a) E(−2πit

(
3a + b

4

)
,−2πita)

+

(
b− a

2

)
f

(
a + b

2

)
E(−2πit

(
a + 3b

4

)
,−2πit

(
3a + b

4

)
)− F(f)(t)

∣∣∣
≤ 1

22/α
(b− a)

b∨
a

(f)

for t ∈ [a, b], t 6= 0.

5. A NUMERICAL QUADRATURE FORMULA

Let In : a = x0 < x1 < ... < xn−1 < xn = b be a division of the interval[a, b], put
hk := xk+1 − xk (k = 0, . . . , n − 1) and ν(h) := max{hk|k = 0, ..., n − 1} and any
intermediate point vectorξ = (ξ0, ξ1, . . . , ξn−1) such thatξk ∈ [xk, xk+1] for k = 0, 1, . . . , n−1,
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whereλ, υ ∈ [0, 1]. Define the sum

E (f, In, ξ,t, λ, υ)(5.1)

:=
n−1∑
k=0

[
(1− λ)f (xk+1) (xk+1 − ξk)E(−2πitxk+1,−2πit((1− λ) ξk + λxk+1)

+ (1− υ)f (xk) (ξk − xk)E(−2πit(υxk + (1− υ)ξk),−2πitxk)

+ f (ξk) (λ(xk+1 − ξk) + υ(ξk − xk))

× E(−2πit((1− λ) ξk + λxk+1),−2πit(υxk + (1− υ)ξk))
]

for t, x ∈ [a, b], t 6= 0, λ, υ ∈ [0, 1]. In particular, forλ = υ, we have

E (f, In, ξ,t, υ)(5.2)

:=
n−1∑
k=0

[
(1− υ)f (xk+1) (xk+1 − ξk)E(−2πitxk+1,−2πit((1− υ) ξk + υxk+1)

+ (1− υ)f (xk) (ξk − xk)E(−2πit(υxk + (1− υ)ξk),−2πitxk)

+ υf (ξk) (xk+1 − xk)

× E(−2πit((1− υ) ξk + υxk+1),−2πit(υxk + (1− υ)ξk))
]

for t, x ∈ [a, b], t 6= 0, υ ∈ [0, 1].
Forλ = 1/2 andυ = 1/2 we get

E (f, In, ξ,t, 1/2)(5.3)

:=
n−1∑
k=0

[1
2
f (xk+1) (xk+1 − ξk)E(−2πitxk+1,−2πit

(
xk+1 + ξk

2

)
)

+
1

2
f (xk) (ξk − xk)E(−2πit

(
xk + ξk

2

)
,−2πitxk)

+
1

2
f (ξk) (xk+1 − xk)E(−2πit

(
xk+1 + ξk

2

)
,−2πit

(
xk + ξk

2

)
)
]

for t, x ∈ [a, b], t 6= 0.
If we takeξk = xk+xk+1

2
, k = 0, 1, . . . , n− 1, then we get

M (f, In, t)(5.4)

:=
n−1∑
k=0

[(xk+1 − xk

4

)
f (xk+1) E(−2πitxk+1,−2πit

(
xk + 3xk+1

4

)
)

+

(
xk+1 − xk

4

)
f (xk) E(−2πit

(
3xk + xk+1

4

)
,−2πitxk)

+

(
xk+1 − xk

2

)
f

(
xk+1 + xk

2

)
× E(−2πit

(
xk + 3xk+1

4

)
,−2πit

(
3xk + xk+1

4

)
)
]
,

wheret ∈ [a, b] andt 6= 0.
The following approximation theorem holds.
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Theorem 5.1. Let f : [a, b] → C be a Lipschitzian with the constantL > 0 on [a, b]. Then we
have the representation

(5.5) F(f)(t) = E (f, In, ξ,t, λ, υ) + R (f, In, ξ,t, λ, υ) ;

whereλ, υ ∈ [0, 1] andE (f, In, ξ,t, λ, υ), as defined in (5.1), approximates the Fourier trans-
form F(f)(t) at every pointt ∈ [a, b]. The error of approximationR (f, In, ξ,t, λ, υ) satisfies
the bound

|R (f, In, ξ,t, λ, υ) | ≤ Lα

α + 1
(b− a)(5.6)

×
{

(1− υ)
α+1

α + υ
α+1

α + (1− λ)
α+1

α + λ
α+1

α

}
ν(h)

for α > 1.

Proof. The proof follows by Theorem 3.1 by observing that the bound

Lα

α + 1

(∫ b

a

|w (τ)|β dτ

)1/β

(b− a)1/α

×
[
(1− υ)

α+1
α + υ

α+1
α + (1− λ)

α+1
α + λ

α+1
α

]
ν(h)

becomes forw(s) = e−2πits that

Lα

α + 1
(b− a)1/β (b− a)1/α

×
[
(1− υ)

α+1
α + υ

α+1
α + (1− λ)

α+1
α + λ

α+1
α

]
ν(h),

namely the right hand side of (5.6).

In particular, forλ = υ, we have

|R (f, In, ξ,t, υ) | ≤ 2Lα

α + 1
(b− a)

[
(1− υ)

α+1
α + υ

α+1
α

]
ν(h).

Forλ = 1/2 andυ = 1/2 we get

|R (f, In, ξ,t, 1/2) | ≤ 2Lα

2
1
α (α + 1)

(b− a)ν(h).

In the case whenξk = xk+xk+1

2
, then we get in a similar way that

F(f)(t) = M (f, In, t) + R̃ (f, In, t)

and the reminder̃R (f, In, t) satisfies the bound∣∣∣R̃ (f, In, t)
∣∣∣ ≤ Lα

2
2
α (α + 1)

(b− a) ν(h).

Theorem 5.2. Let f : [a, b] → C be a mapping of bounded variation on[a, b]. Then we have
the representation

(5.7) F(f)(t) = E (f, In, ξ,t, λ, υ) + R (f, In, ξ,t, λ, υ) ;
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whereλ, υ ∈ [0, 1] , E (f, In, ξ,t, λ, υ), as defined in (5.1), approximates the Fourier transform
F(f) at every pointt ∈ [a, b]. The error of approximationR (f, In, ξ,t, λ, υ) satisfies the bound

|R (f, In, ξ,t, λ, υ) |(5.8)

≤ max

{(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣) 1
α

,

(
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣) 1
α

}
ν(h)

b∨
a

(f)

for λ, υ ∈ [0, 1] .

Proof. The proof follows by Theorem 3.2 by observing that the bound

max

{(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣) 1
α

,

(
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣) 1
α

}

× [ν(h)]1/α

(
max

k=0,...,n−1

∫ xk+1

xk

|w (τ)|β dτ

)1/β b∨
a

(f) .

becomes forw(s) = e−2πits that

max

{(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣) 1
α

,

(
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣) 1
α

}

× [ν(h)]1/α

(
max

k=0,...,n−1
(xk+1 − xk)

)1/β b∨
a

(f)

= max

{(
1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣) 1
α

,

(
1

2
+

∣∣∣∣λ− 1

2

∣∣∣∣) 1
α

}

× [ν(h)]1/α (ν(h))1/β
b∨
a

(f) ,

which is the right hand side of (5.8).

In particular, forλ = υ, we get

|R (f, In, ξ,t, υ) | ≤
(

1

2
+

∣∣∣∣υ − 1

2

∣∣∣∣) 1
α

ν(h)
b∨
a

(f) .

while for λ = 1/2 andυ = 1/2 we have

|R (f, In, ξ,t, 1/2) | ≤ 1

21/α
ν(h)

b∨
a

(f) .

If we takeξk = xk+xk+1

2
, then we get in a similar way that

F(f)(t) = M (f, In, t) + R̃ (f, In, t)

and the reminder̃R (f, In, t) satisfies the bound∣∣∣R̃ (f, In, t)
∣∣∣ ≤ 1

2
2
α

ν(h)
b∨
a

(f) .
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In practical applications, it is more convenient to consider the equidistant partitioning of the
interval[a, b]. Thus, let

In : xk = a + k · b− a

n
, k = 0, 1, . . . , n;

with hk = b−a
n

be an equidistant partition of[a, b].
Observe that

xk+1 − xk =
b− a

n
,

xk+1 + xk

2
= a +

2k + 1

2
· b− a

n
,

3xk + xk+1

4
=

3
(
a + k · b−a

n

)
+ a + (k + 1) · b−a

n

4
= a +

4k + 1

4
· b− a

n
,

xk + 3xk+1

4
=

a + k · b−a
n

+ 3
(
a + (k + 1) · b−a

n

)
4

= a +
4k + 3

4
· b− a

n
and by employing (5.4) we can consider the quadrature rule

Mn (f, t) :=
b− a

4n

n−1∑
k=0

[
f

(
a + (k + 1) · b− a

n

)
(5.9)

× E(−2πit

(
a + (k + 1) · b− a

n

)
,−2πit

(
a +

4k + 3

4
· b− a

n

)
)

+ f

(
a + k · b− a

n

)
× E(−2πit

(
a +

4k + 1

4
· b− a

n

)
,−2πit

(
a + k · b− a

n

)
)

+ 2f

(
a +

2k + 1

2
· b− a

n

)
× E(−2πit

(
a +

4k + 3

4
· b− a

n

)
,−2πit

(
a +

4k + 1

4
· b− a

n

)
)
]
.

The following corollary of Theorem 5.1 holds:

Corollary 5.3. Letf be as defined in Theorem 5.1. Then we have the quadrature rule

(5.10) F(f)(t) = Mn (f, t) + Rn (f, t) ;

whereMn (f, t) approximates the Fourier transform at every pointt ∈ [a, b] while the error of
approximationRn (f, t) satisfies the bound

|Rn (f, t) | ≤ Lα

2
2
α (α + 1)

(b− a)2

n
.

Remark 5.1. If we wish to approximate the Fourier transformF(f)(t) using the quadrature
formula Mn (f, t) and (5.10) with an error less than a givenε > 0, we have to divide the
interval[a, b] into at leastnε ∈ N points, with

nε :=

⌈
Lα

2
2
α (α + 1)

(b− a)2

ε

⌉
+ 1,

wheredxe is the integer part of the real numberx.

The following corollary of Theorem 5.2 holds:
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Corollary 5.4. Letf be as defined in Theorem 5.2. Then we have

(5.11) F(f)(t) = Mn (f, t) + Rn (f, t) ;

The error of approximationRn (f, t) satisfies the bound

|Rn (f, t) | ≤ 1

2
2
α

b− a

n

b∨
a

(f) .

Remark 5.2. If we know the total variation
b∨
a

(f) of f and would like to approximate the

Fourier transformF(f)(t) by the adaptive quadrature formulaMn (f, t) with an error less than
a givenε > 0, we have to divide the interval[a, b] into at leastnε ∈ N points, where

nε :=

⌈
1

22/α

b− a

ε

b∨
a

(f)

⌉
+ 1.

6. NUMERICAL EXAMPLES

In the following section, we investigate some numerical examples to approximate the finite
Fourier transform forf(s) = s2 andf(s) = cos(2πs).

The approximation formula is given below.

Mn (f, t) :=
b− a

4n

n−1∑
k=0

[
f

(
a + (k + 1) · b− a

n

)
× E(−2πit

(
a + (k + 1) · b− a

n

)
,−2πit

(
a +

4k + 3

4
· b− a

n

)
)

+ f

(
a + k · b− a

n

)
× E(−2πit

(
a +

4k + 1

4
· b− a

n

)
,−2πit

(
a + k · b− a

n

)
)

+ 2f

(
a +

2k + 1

2
· b− a

n

)
× E(−2πit

(
a +

4k + 3

4
· b− a

n

)
,−2πit

(
a +

4k + 1

4
· b− a

n

)
)
]
.

And the bound formula is defined as follows.

(6.1) B(α, n) =
Lα

2
2
α (α + 1)

(b− a)2

n
.

6.1. f(s) = s2. The analytic form of the Fourier transform forf(s) = s2 is given by,

i

4 t3 π3
− e−π t 2i (−4 π2 t2 + 4i π t + 2) i

8 t3 π3
.

The following is a graphical representation of the accuracy of the approximation for the
Fourier transform for variousn, andt ∈ (0, 1]. Also presented is the bound (6.1) for the same
variousn, andα ∈ (1, 2].
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(a) 3D-plot for rn(t) (b) 3D-plot forB(1.5, n)

Figure 1: Plots of the errorrn(t) := |Rn(f, t)| andB(α = 1.5, n) for the functionf(s) = s2.

We can see in figure 3 that the approximation improves asn increases. Also, we note that
B(α, n) ≥ |Rn(f, t)| as predicted by the theoretical appoach. Below are some numerical ob-
servations of the approximation (and bound).

t = 0.2 t = 0.4 t = 0.6 t = 0.8 t = 1 B(α = 1.5,n)
r64 9.3632e-06 7.2657e-06 4.9387e-06 4.1829e-06 5.0866e-06 0.0074409
r128 2.3408e-06 1.8164e-06 1.2346e-06 1.0457e-06 1.2716e-06 0.0037205
r256 5.852e-07 4.541e-07 3.0866e-07 2.6142e-07 3.1789e-07 0.0018602
r512 1.463e-07 1.1352e-07 7.7164e-08 6.5356e-08 7.9473e-08 0.00093012
r1024 3.6575e-08 2.8381e-08 1.9291e-08 1.6339e-08 1.9868e-08 0.00046506

Table 6.1: Numerical results forrn andB(α = 1.5, n) for the functionf(s) = s2.

We now present the approximation based on the real and imaginary part, compared to the
analytic solution. Here is the real part of the analytic solution,

2 t2 π2 sin (2 π t)− sin (2 π t) + 2 π t cos (2 π t)

4 t3 π3
+

(
1
t3

)
4 π3

,

and the imaginary part,

−e−π t 2i (−4 π2 t2 + 4i π t + 2) i

8 t3 π3

We can see in these plots that the approximation of both the real and imaginary part of the
Fourier transform is good.

Remark 6.1. The plots and table presented in this section clearly show that the absolute error,
|Rn(f, t)| decreases whenn increases. We also observed that the bound decreases asα and/or
n increases. It is also evident that|Rn(f, t)| is always smaller than the upper boundB(α, n)
when applying equation (5.9) to approximate the Fourier transform forf(s) = s2.
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and image s2.jpg value s2.jpg part s2.jpg
(a) Plot 1 - real and imaginary parts of the Fourier transform, Plot 2 - the FT and approximation and Plot 3 - real part of the FT and
approximation.

s2.jpg
(b) Plot 1 - imaginary part of the FT and approximation, Plot 2 - error between the analytic
solution and the approximation and Plot 3 - the bound and the effect ofα andn on it.

Figure 2: Various plots forf(s) = s2.

6.2. f(s) = cos(2πs). The analytic expression of the Fourier transform forf(s) = cos(2πs)
is

t
(
e−π t 2i − 1

)
i

2 π (t− 1) (t + 1)
.

The following provides a graphical representation of the accuracy of the approximation for the
Fourier transform for variousn, andt ∈ (0, 1). In addition, the corresponding error bound (6.1)
is presented for the same variousn, andα ∈ (1, 2].

(a) 3D-plot for rn(t)
b.jpg

(b) 3D-plot forB(1.5, n)

Figure 3: Plots of the errorrn(t) := |Rn(f, t)| andB(α = 1.5, n) for the functionf(s) = cos(2πs).
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As shown in figure 3 the approximation improves with increasing values ofn . Also, we
observe thatB(α, n) ≥ |Rn(f, t)|. Presented below are some numerical observations of the
approximation (and bound).

t = 0.1 t = 0.3 t = 0.5 t = 0.7 t = 0.9 B(α = 1.5,n)
r64 9.9729e-07 8.5216e-06 2.1301e-05 3.5482e-05 4.6776e-05 0.023376
r128 2.4937e-07 2.1307e-06 5.3261e-06 8.8713e-06 1.1695e-05 0.011688
r256 6.2345e-08 5.3271e-07 1.3316e-06 2.2179e-06 2.9237e-06 0.0058441
r512 1.5586e-08 1.3318e-07 3.3289e-07 5.5448e-07 7.3092e-07 0.0029221
r1024 3.8966e-09 3.3295e-08 8.3224e-08 1.3862e-07 1.8273e-07 0.001461

Table 6.2: Numerical results forrn andB(α = 1.5, n) for the functionf(s) = cos(2πs).

We now present the approximation based on the real and imaginary parts, compared to the
analytic solution.
The real part of the Fourier transforms for the given function is as follow:{ 1

2
if t = −1 ∨ t = 1

t sin(2 π t)
2 π (t2−1)

if t 6= −1 ∧ t 6= 1

and the imaginary part of the Fourier fransforms is ,

t
(
e−π t 2i − 1

)
i

2 π (t− 1) (t + 1)

(a) Plot 1 - real and imaginary parts of the Fourier transform, Plot 2 - the FT and ap-
proximation and Plot 3 - real part of the FT and approximation.

(b) Plot 1 - imaginary part of the FT and approximation, Plot 2 - error between the
analytic solution and the approximation and Plot 3 - the bound and the effect ofα andn
on it.

Figure 4: Various plots forf(s) = cos(2πs).

These plots illustrate that the approximation based on the real and imaginary parts of the
Fourier transform is accurate.
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Remark 6.2. The plots and table presented in this section clearly demonstrate that the absolute
error, |Rn(f, t)| decreases with increasingn. Additionally, we observed that the bound de-
creases asα and/orn increases. It is also evident that the absolute error is always smaller than
the upper boundB(α, n) when applying equation (5.9) to approximate the Fourier transform
for f(s) = cos(2πs).
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