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ABSTRACT. This study conducts an a posteriori error analysis for a mathematical model of
atmospheric pollution in a bounded domain. The finite element method is employed to approx-
imate solutions to convection-diffusion-reaction equations, commonly used to model pollutant
transport and transformation. The analysis focuses on deriving reliable and efficient error indi-
cators for both temporal and spatial discretizations. Theoretical results establish upper and lower
bounds for the discretization errors, ensuring optimal mesh refinement. Numerical simulations,
supported by graphical representations, validate the theoretical findings by demonstrating the
convergence of error indicators. These results confirm the effectiveness of the finite element
method for solving atmospheric pollution models and highlight the importance of adaptive tech-
niques for improving numerical accuracy.
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1. INTRODUCTION

Atmospheric pollution is a critical issue with significant environmental and health impacts,
including climate change, species extinction, ozone layer depletion, and ice cap melting. Math-
ematical models, particularly convection-diffusion-reaction equations, are used to predict pol-
lutant concentrations in the atmosphere, known as immission concentrations. These models
account for transport, diffusion, and chemical reactions of pollutants, with applications in air
quality prediction and ecological studies. Since analytical solutions are often unavailable, nu-
merical methods such as finite differences and finite elements are essential.

Finite difference methods have been widely applied to discretize convection-diffusion-reaction
equations, particularly for complex geometries and nonlinear boundary conditions [23], 24} 28]
Adaptive meshing techniques improve solution accuracy by refining grids in critical regions
[24]]. Finite element methods, including Galerkin and Petrov-Galerkin approaches, offer robust
solutions for convection-diffusion problems, addressing convergence and stability challenges
[16l 21, 22]. Combined methods leverage the strengths of both approaches [27]]. Applications
include flame modeling [[15]], ecological migration [18]], and industrial processes [17,(19].

A posteriori error analysis is crucial for assessing numerical accuracy without exact solutions.
It provides reliable error bounds and guides adaptive mesh refinement [12, 29, 30, 34]. This
work extends prior studies [1,4] by proving theoretical convergence results for the finite element
method and conducting a posteriori error analysis for a pollution model. Numerical simulations
validate these findings.

The paper is organized as follows: Section [2] introduces the model and its discretizations.
Section [3] constructs and proves the reliability and efficiency of error indicators. Section [4]
presents numerical results, and Section E] concludes.

2. THE CONTINUOUS, SPACE SEMI-DISCRETE AND FULL DISCRETISATION PROBLEMS

2.1. Notation. Given a separable Banach space X, provided with the norm | - ||x, for any
t € [0, T}, we denote by L?(0,¢, X) the space of measurable functions v from (0,¢) to X such

that:
T
- ( | el ds)
0

We define also the space C'(0,¢, X) of continuous functions v mapping [0, t] to X.
Let (-, -) stand for the inner product on L?(2) or L?(02)?, and, by extension, for the duality
pairing between H~1(2) and H}(2), with 2 a domain in R%, d € {1,2, 3}.

1/2

2.2. Model. Let T > 0, Q2 C R? (d = 2,3) a bounded domain with a sufficiently regular
boundary. Let f € L*(0,T; H (), ug € L*(Q).
Consider the model: find a function u such that:
%—FE- (aVu)+ou=pAu+f on[0,T] xQ,
2.1 u=20 on 0f),
u(+,0) = ug on (2,

where E is a vector in R? with all elements equal to 1, avis the air velocity, o > 0 is the pollutant
deterioration rate, ;2 > 0 is the diffusion coefficient, and f(¢; x) is the pollution source intensity.
The space H'(Q) is equipped with the norm of any v € H'(Q) defined by:

1/2
lolhoey = ([ 190+ [ 102)
Q Q
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2.3. Weak formulation.

Theorem 2.1. The weak formulation of the problem is: find a function u € L*(Y) such that:
' u(z,0) = up(x), Vo e Q,

where the bilinear and linear forms are defined by:

—

as(u,v) = /Q wwaz) + /Q E - (aVu(z,t))v(z) + ,u/QVu(x,t) -Vo(z) + U/Qu(x,t)v(x),
l(v) = /Qf(a:,t)v(:v).

The problem has a unique solution in L*(0,T; H}(Q)) N C(0,T; HY () N HY(Q) with
G € L2(0, T Hy ().

Proof. See [4]. n

2.4. Discretisation.

2.4.1. Time discretisation. We define a sequence (g, t1,...,ty) of reals such that 0 = t5 <
t;y < --- <ty = T, and denote the time step by 7, = t, — t,_1, withp € {1,2,... N}
The semi-discretisation of problem [2.2] obtained by applying the backward Euler scheme, is
formulated as follows: given u, find a sequence (u,)1<p<n in HJ(£2) such as:

(2.3) ap(up, v) = /Qup_l(x)v(w) dx+Tp/Qf(x,tp)v(x) dr, Vv € H}(Q),

where

—

ap(up, v) = /Qup(x)v(x) der + T, /Q E - (aVu,(x))v(z) dx + Tpa/Qup(:v)v(:v) dz.

2.4.2. Space discretisation. Forany p € {1,2,..., N} and h > 0, let .7, be a triangulation of
() such that h = max KeT, hy, with h the diameter of element &, and () being the union of all
elements in 7,;,. We approximate the continuous space V' = L*(0, T, H}(Q))NC(0, T, H*(2)N
H;(2)) by a P-Lagrange finite element space V}, defined as follows:

‘/ph = {’Uph € C(Q) VK € %h,'Uph € Pl(K)}

In turn, the full discretisation is: given an approximation g of ug, find a sequence (uyp)1<p<n
in V},;, such that:

(24) aph(uph, Uph) = /

P (2)vpn () do + Tph/ [z, ton)vpn(x) dx, Vv, € Vpp,
Q Q

where

eyl ) = [ (@)@ do 7 | B (@) (o) do

—l—Tph,u/QVuph(x) - Vo, (x) dx +Tpha/guph(x)vph(x) dx.

According to theorem 1.7 [1], there exists a linear operator L : H&(Q) — Vpn such that the
following estimation holds.
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lo = Lollzae) < hclloll g iy
1/2
lo = Loll20m) < Wil g ity

where K is the patch of the element K, i.e., the set of all elements sharing an edge/face with
the element K.

3. A POSTERIORI ERROR ANALYSIS

In this section, we perform an a-posteriori error analysis. Widely used in the literature, the
a-posteriori estimation uses the data of the problem, without involving the exact solution, to
control the error. In other words, the a-posteriori error analysis aims to bound the approxima-
tion error by quantities that don t require the exact solution, such as the domain, the model
parameters, etc. The error is bounded by two quantities named respectively the upper bound
and the lower bound. As the problem we are dealing with is time-dependent, we investigate the
analysis in time, then in space, and then combine them to infer the global error. At each of these
stages, we determine the upper bound and the lower bound of the error. Before we will neeed
the following operators and functions :

3.1. A-posteriori error estimation in time. The upper bound and the lower bound in an a-
posteriori analysis are computed from quantities named local indicators. They are built using
the residual equation, which is deduced from the variational formulation of the problem. To
simplify the following analysis, we introduce some notation.

Given a sequence (v,)o<p<n in H(Q) & Vpu, we denote its Lagrange interpolant, which is
affine on each interval [t,_1,?,] and equal to v, at t,, i.e., defined by:

t tvp_l Lt

Tp Tp

Further, we denote by v the step function of the sequence (v, )o<,<n, constant and equal to
v(t,) on each interval (t,_1,1,).

The time discretisation error is denoted by e, = w — w,. This error satisfies the residual
equation (3.2). Here, we deduce the residual equation by using the definition of the bilinear
form a, and the fact that « and u, are respectively solutions of the problems (2.1]) and (2.2)).

ern) = [ () = mo @) vle) + [ 0BV (uyfo) = ur(ant) v(o)
+ ,u/QV (up(z) — ur(x,t)) - Vo(z) de + U/Q (up(z) — ur(z,t)) v(z).

We can notice that for any ¢ € (t,_1,t,), one has:
t,—t

(31) Vt € [tp—latp]a Up(ﬂf,t) =

Up.

3.2)

p

(3.3) up() — ur(x,t) =

; (up(2) = upr(2))

Inspired by [2,13,15]], from the residual equation, we define the time local indicators as follows:

1/2
Tp = <||V(Uph — Up_r ) ||P dz + pl|E -V (uph — wporp) ||” dz + U/ |tph — tp_1n]? dff) :
K

In the remaining analysis, we will frequently use the following inequality. Given two numbers
a and b, one has:

2 b2
(3.4) ab< ;r .
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Lemma 3.1. For any v € Hj (), one has: [, E - Vu(z)o(z) dx = 5 oo v(z)2E - n(z) de.

Proof. We consider the case d = 2. The same procedure holds in the case d = 3. According to
Theorem 2.8 of [[7]], one has :

/QE -Vou(z)de = — /Q(v(:v),v(x)) -Vo(z) dx +/ v(x)(v(x),v(x)) de

o0N

— _/QE -Vo(x)v(z)de + /89 v(x)E - n(z) de

where de is a positive measure defined on the boundary 0f2.
Then one can deduce that:

1

/Qﬁ-vu(x)u(x) dr = 5/69@(95)215%(;5) de.

|
Theorem 3.2 (Upper bound). Foranyn € {0,1,..., N}, we have:

tn . n
lle-()]1* + a/o /aQ er(2,8)’E - n(z) de — o e, (t)|* — pl|Ve-(0)* <> 12,
p=1

1 2
+; 1f =7 fll 220,00 -102))
(3.5) n ~
+ 37 (I - Vs =yt )P+ Va1 = )2+ 11 = -1l
p=1

37 (1B V(= p )P + 1l 1ty = )2+ 0ty = pn?)
p=1

Proof. The time discretization error e, satisfies equation 3.2} Taking v = e, (-, t), and using the
Cauchy-Schwarz inequality, for t € [t,_1,1,], we get:

ar(er, er(-, 1)) < (&)= f(Olller O+ E-V (up—ur () [lex (O +ulV (up—ur (@) [H[[Ver ()]
+ollup —ur (O lle- D]

We express the right-hand side of this estimation as a sum through the use of inequality [3.4]

Also, we refer to the definition of the bilinear form a,. Then, by rearranging each term, one

gets:
(3.6) .
Alle- ()1 + a/ e (t)2E - n(z) de — alle-(t)|]* — p|| Ve, (0)]|* < |1 f(t) — 7 f ()]
o ~ 0

+al[E - V(uy —u-(1))]|
HulV (up — ur () + o fluy — ur (8)]*.
For each p € {0,1,...,n}, we integrate the previous inequality over the interval (¢,_;,%,), and

we use equation in the last two terms, which yields to the integral ftt” ) ot
o

the quantity u, — u,_; doesn’t depend on time. ’
(3.7)

tn - 1
lec®lF +a [ [ erlat0PE - na)de = alle- P + uIVerlI? < 27 = 5o Woascon
0

dt = %" since

+QZTP||E V(= up)|* + MZT:D”V(UP —up ) |I* + UZTPHUP — Up-1][-

p=1 p=1 p=1
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In order to introduce the quantities u,, and w,_; 5, we apply the triangular inequality in the
last two terms on the right-hand side. Then, we square each of these inequalities and express
the right-hand side as the sum of the squares of their terms, even if it means repeatedly using
inequality [3.4] Thus, we obtain:

1E -V (u, — up—1)||2 < [IE- (upn — up—Lh)H2 +E-V(u, — uph)H2 +[|E -V (tp-1— up—1)||2
IV (up — up—1)||2 < [V (upn — up—Lh)H2 + IV (w, — uzoh)H2 + IV (up-1,n — Up—1)||2
[y — up1[[* < Mttpn — wp-1all* + 1ty — pn || + [[ttp-1,0 — wpa .
|
Corollary 3.3. Foranyn € {0,1,..., N}, we have:
’ de,

ot
38 + Z Tp <N||E V(1 = tp1n) ||+ pellup-1 = wppl* + ol — up—l,hH>

p=1

2

~

n 1 _
< anp + ;Hf - f”%%o,tn,H*l(Q))
L2(0,tn;, H7H(Q)) — p=1

+ ZTP (aHE -V (wy — upn) ||+ el — wpnl|* + o |u, — uph) +-
p=1

Proof. By definition, we know that:

e (1)
' de,(t) . < ot U)
— up —-=.
825 H-1 (Q) 'UGH& (Q) VU
From the residual equation (6), we deduce the following:
Oe,(t o
(257 0) < (70 = 720,00 + (BT, — (8, 0) + Ty = 0, (0), 0

+(up — ur(t),v) + a(EVe,(t),0) + u(Ve,(t), Vo) + o(e, (1), v)

Except for the first term on the right-hand side, where we make use of the continuity of a
linear form, we apply the Cauchy-Schwarz inequality and the Poincaré inequality. These lead
fort € (t,-1,1,) to the following bound:

' 0

ot
We can upper bound the right-hand side of this estimation using the same procedure as in the
proof of Theorem 2. 1

) < F @) = 7 f @)1 + SUEV (uy = ur (O)] + 1|V (uy = ur ()] + oty — ur (2)]]
-1

+al EVer(t)| + ul|Ver (t)]| + alle- (1))

Now, let s find an upper bound for the local estimator. To this end, we use the triangle
inequality and inequality [3.4] One has:

773;1; f an||Ev(uph - Up)“%( + an|’EV(Up - up—ﬁ”%( + a7, ||EV (up—1 — up—”t)”%(

+/“'pHv<uph - up)”%( + /“'pHv(up - upfl)H%( + /“'pHV(upfl - upfl,hm%(

+UTP||uph - up”%( + UTpH“p - up—IH%( + UTpHup—l - ufp—l,hH%(-
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In this inequality, we just need to estimate the terms ar,||EV (u, — uy_1)||% + p7,||V (1, —
up—1)||% + o7p|lu, — u,—1]|%. For this purpose, we use the residual equation (6) and replace v
by u, —u,(t). Then, we transform the right-hand side into a sum with inequality (8) and obtain:

- 1
/Qer V(up — ur () x (up — ur () + 1|V (up — ur () I* + ollup — ur (1)|* < 3 1se-(2)]]*

1 2 1 - 2 1 2 1 2

5 llup = ur(B)]* + Zall EVer ()] + gallu, — ur (8)|* + Sull Ver (1)]

1 1 1 1
S lIV Gy = wr (O + S0ller (O + 301(0) = 7w fOI + olly — ur (D]

3.2. A-posteriori error estimation in space. We recall that u, and u,;, represent respectively
the solution of the problem [2.3] and 2.4, Then, we define the space approximation error by
eph = Up — Upp. We deduce the residual equation by using the definition of the bilinear form
ap, and the fact that u, and wu,,, are respectively the solution of the problems [2.3]and 2.4, The
approximation error e, ;, satisfies equation

The space approximation error is e, = u, — Upp, satisfying:
(3.9)

ap(epn, v) = T Z /Krph(x)v(x) de + 1, Z /81(\69 Gon(z)v(z) de, Vv € Hy(Q),

KeTn KeT,n

Uph—Up_1,h =
where 7,, = f(t,) — == — aF - Vg, — 0Up.

Any interior edge  is shared by two triangles K and K. According to the orientation, the
value of the normal derivative dggh along v varies. We define the jump discontinuity of the
normal flux on the edge ~ as follows:

8uph
on

From equation [3.9] we expand the last term on the right-hand side and regroup its terms using
the jump discontinuity to obtain the space residual equation below [3.10;
(3.10)

aplepm) =75 3 /K ro(@)o(@) dz+ 7, 3 /B o G @) Vo € HL(),

KeTpn KeTpn

:| = Ng - (Vuph)K — Nk - (Vuph)K/.

Oup b
on

Consequently, one can deduce the Galerkin orthogonality relation given for any v,, € Vp,
by:

where G, is the residual defined by G, = — [

ay(€epn, vpn) = 0.

Theorem 3.4. Forany p € {1,2,..., N}, the space approximation error satisfies:
1/2
G.11) ey <70 3= (BITrolk + B2 Gonlidicon ) -
K€<7ph

Proof. Letv € H'(2). The interpolant £ v of v belongs to V,, and by the Galerkin orthogo-
nality relation, we have:

ap(€pn, v) = ap(epn, v — ZLv).

AJMAA, Vol. 22 (2025), No. 2, Art. 8, 11 pp. AJMAA


https://ajmaa.org

8 A. W. BELLO AND J. ADETOLA AND D. MOUSTAPHA AND S. BISSO

We apply the continuous and discrete versions of the Cauchy-Schwarz inequality to obtain:
1/2

(3.12) aplepn,v) <7 | D IVrmllkllv = Lol + GnllExonlle — ZL0ll5x00
KETph
Using the estimate (5), we obtain:
1/2 1/2
aplegnv) <75 S0 (W IVrlle + MG Bian) el
KG%h
Replacing v with e, and using the coercivity of the bilinear form a,, we get:

1/2
ez <70 D (&Nl + A IGr Al 0n) -
Keyph

Usually, the exact residuals G, , and 1, 5, are replaced by an approximated residual element
respectively [6]. A way of doing that consists in projecting the residual G, and 7, onto
finite-dimensional spaces. In the literature, it is common to use the mean values of each of
these residuals as projections. We introduce G'p,h and 7, as the corresponding approximations

of the residuals G, and 7py:
~ 1
Tph = @ /Qrph($) dx,

~ 1
Gpn = @/QGph(x) dx.

However, the estimation suggests that we define the local indicators (1), ) ke 7, as follows:

_ 1/2) A 1/2
mic = (W lmonlli + B 1Gon % )

Then, we define also the residual terms (§x ) ke 7, as:

_ h2 = 2 hl/QG -G 2 1/2
Sk = KHTph TthK"i‘ K | ph thK .

With these notations, we apply the triangular inequality to the estimation [3.11] and use the
inequality [3.4] to obtain the upper bound of the approximation by the following corollary.

Corollary 3.5 (Global upper bound). Forany p € {1,2,..., N}, one has:

(3.13) leanllrgioy < 7o Y (i, + 1i)-
KG%h

4. NUMERICAL RESULTS

As for our numerical results, we proceeded in three steps. Firstly, we simulated the indicators
by taking different time steps. We found that as time increases, we have an optimal convergence
of our constructed indicators. This allows us to conclude the equivalence of our indicators with
the error. In a second step, we proceeded at chosen times to the calculation of the spatial
indicators by acting on the discretization step. Our numerical results also give us an optimal
convergence. Finally, we compared the two error indicators to the theoretical error, which
confirms the theoretical results found. Then we put, « = 1,0 = 1, u = 0.5 and f defined by :

flz,y,t) = [E <a1 cos (Ex> sin (Ey> + g sin (Ea:> cos (zy»] e_(%wa)t.

2 2 2 2 2
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Uph — Up—1,n

ron = f(tp) — —aE - Vuy, + pAuy, — otpy,.

The formular of local indicator depending to the time we use is defined as foffow :

Tp

1
= (@l V(upp — wp-1) i + 1B - V(upn — tp-1)lic + 0Tplltpn — wp-1nlic)*

We recall that the space error indicator is noted : 7 and is calculated on each element of the
mesh. Thus, at each instant, we calculate the norm L? of the vector containing the value of the
error indicator in space for all the elements of the mesh. We will also do the same thing for the
time error indicator, noted Ntp-

10° 10
ST ST
100 F e - | o [l [,
Il = 100} llngll, 2
107
-10 |
10
“DJL\ [
-15 1
10
02
10720
w0*
10-25 [
1030 | | | I | 1040 I | | | |
20 40 60 80 100 20 40 60 80 100
Figure 1:
1010 100
JEERYI JEERTI
[l ==l ll =
10° Il = 10° | Il 2
10710 10710
10207 1020
10°% - w*f
100 | | | | 1 1040 | | | | | |
20 40 60 80 100 0 20 40 60 80 100
Figure 2:

Analyzing Figures 1, 2 we notice that when h tends to 0, ||u — uy||z2 and ||u — upl|r~
tend towards 0 and therefore the numerical solution w;, tends towards the exact solution u of
the problem. Therefore, the numerical method used is convergent in time. We also note that
l1nk]|z2 tends to O when A tends to 0; this means that the temporal error influences the spatial
error. We also see that ||1,||z2 is less than ||n,p|| ;2. Which means that the error due to spatial
discretization is better controlled than that due to temporal discretization.
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5. CONCLUSION

In this research work, proven convergence using error indicators of the pollution model in a
domain bounded by the atmosphere. the method is globally convergent, but the convergence
is dominated by the temporal discretization error. This implies that, even if the method glob-
ally converges to the exact solution, the speed of this convergence is mainly determined by the
temporal error and therefore, improving the temporal precision can improve the overall conver-
gence.
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