Aust. J. Math. Anal. Appl.
Vol. 22(2025), No. 2, Art. 5, 11 pp.
AIJMAA

NECESSARY AND SUFFICIENT CONDITIONS FOR THE BOUNDEDNESS OF
FRACTIONAL INTEGRAL OPERATORS ON HYPERGROUPS

ARl WARDAYANI, MUTIA NUR ESTRI, WIHANTORO, IDHA SIHWANINGRUM
Received 25 November, 2024; accepted 5 August, 2025; published 26 September, 2025.

FACULTY OF MATHEMATICS AND NATURAL SCIENCES JENDERAL SOEDIRMAN UNIVERSITY, INDONESIA.
<ari.wardayani@unsoed.ac.id
mutia.estri@unsoed.ac.id
wihantoro@unsoed.ac.id
Idha.sihwaningrum@unsoed.ac.id>
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1. INTRODUCTION

Fractional integral operatof,, (for 0 < a < n), is defined by

I.f(x) = /Rn ’x_&dy.

y|"e
This operator is also known as the Riesz potential, which is an extension of the solution of
Poisson equation. In Physics, the solution of Poisson equation arises for example as a potential
field caused by a given electric charge. It is known from the result of Hardy and Littlewood
[7] as well as Sobolev [15] that the fractional integral operator is bounded from the Lebesgue
spaces (over the Euclidean spacksjo L9 (for 1 < p < ¢ < o0) if 1 = 5 — 9. Nowadays, we
can see an extensive study of such boundedness, for examples in [2] [4], [9]1110],111], [12],
[13], and [14]. In hypergroup version, Hajibayov [6] proved that the fractional integral operator

Rof(x) = (p(e,r)* " x f) (x)
= /K Tp(e,r)* " f(y™) du(y)

- /K ple,r)* " T f(y™) du(y)

is bounded from Lebesgue spaces over commutative hypergfdyps ) to L¢(K, ) when

é = % — 2 (for 1 < p < ¢ < 00). The proof of this boundedness emplyos the boundedness of

maximal operator

M) = sup s [ T dno)

r>0 MB
on the spaces under consideration and involves the condition of upper Ahli@guler by
identity
(1.1) u(Ble,r)) < Cr"
for some positive constardt’ which is independent of > 0. The detail explanation of hy-

pergroup commutative can be found in [1] ahd [8]. In the definition of fractional integral and
maximal operators]™ (for z € K) denotes the generalized translation operator in which

T f(y) == f (05 % &y) :/de(dgc*éy).

Every commutative hypergroup possesses a Haar measure (dengipdhat isu. satisfies

//fé*édu /f ) duly

for everyz € K and everyf € C.(K) (seel5]). Hence, we have

(12) /K T f(y) dpu(y) = /K £(y) duy)

The result of Hardy-Littlewood-Sobolev provided only the sufficient condition for the bound-
edness of fractional integra), on Lebesgue spaces. The necessary and sufficient conditions for
the boundedness of the fractional integral operatpyslefined by

.Y f) .
rpw)= [ ), aex

on Lebesgue spaces over metric measure sp¥cg) := (X, p, 1) were then provided by [3]
in the following theorem.
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Theorem 1.1.Letl < p < ¢ < oo and0 < a < 1. The operator/} is bounded fronL?(X, )
to L4(X, ) if and only if there is a constar@ > 0 such that

pg(l — o)
B(e,r)) < Cr?, §=——".
pu(Ble,r)) P
Having the result in [6], that is the boundedness of the fractional integral opétatorthe

Lebesgue spaces over commutative hypergroups, in this paper we will extend the results of [3]
in hypergroup version.

2. MAIN RESULTS

We state our first result in the following theorem, which is hypergroup version of Theorem

1.
Theorem2.1.letl <p<g<o00,0<a<n,and
oo Pan—a)
pqg+p—q

is positive. The operatoR,, is a bounded operator from? (K, ;1) to LI(K, u) if and only if
there is a positive constant such that

u(B(e,r)) < Cre.

Proof. (Necessity Since

1
P
e lmien) = < /K Xten )7 du(:u))
1

(o, #0)

= (u(B(e,r)))7

< 00,

theny, € LP(K,u). From [6], we know that the fractional integral operaf®y is bounded
from LP(K, u) to LYK, iu). As a consequence,

(2.1) IRaX Beslzatn) < CllXpiem Lo = 1(Bes) P
If p(e,r) < r, then equatior] (1]2) gives us
p(Ble,r)) / dp(y)
Ble,r)

rn—a T.n—a

< / du(yl)
Ble,r) p(67 T) -

_ / XB(er) du(y)
K ple,r)n—=
_ / T*X B(e,r) duty)
x  pler)—
= CRoXp(er) (V)
or

(2.2) r"u(Ble, 1)) < CRaXp(en(Y)-
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Having equationg (2] 1) anfd (2.2), we get

P (B, ) YT = 1 (B, ) Ble, )

= r=u(ten) ([ y i) "

- </B(W) (r*"u(B(e,r)))" dﬂ(y)>1/q

<c ( [ 1Rl du@)) "

< [[Rax gLk
< CHXB(@,T)“LP(KJJ')
— C,u(B(e,r))l/p.

As a consequence,

Since

" (a+p—9)/pg
~ (n—a)pq

Cpgtp—g
:S’

we then have

1

u(B(e,r)) < O t5=3) = oy,

(Sufficiency) To prove the sufficiency of the theorem, we write

Ruf(x) = / e T ) duty) + / plesr) T £ (™) duly)

K\B(e,r)
= U, + Us.
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By applying equatior] (2]1) and the assumption that 0, then the estimate df, is given by

U] < /B e T ) )
—1

<>/ ple, )"~ T7| f(y™)| dia(y)
2kr<p(e,r)<2k+1p

k=—00
-1

St et

Pt ple,r)<2h+1y

=3 @) / T (5| dply)

B(e,2k+1r)

IA

< D0 (@) u(Ble. 24 r) M f(x)

k=—0o0
-1
_ OMf(l’) Z 2k(a—n)+(k+2)sro¢—n+s

k=—o0
—1

_ CMf(x)r“*Hs Z (2k(a—n+s))

k=—oc0

= Cr* """ M f(z).

Note that

-1

Z (zk(a—nJrs))

k=—00

is convergence. This is because of

g Pan—a)
pa+p—q

>0

givesuspg > 0,n—a > 0,andpg+p—q > 0;andasx—n < 0,p—q < 0, andpg+p—q > 0,
we have

pg(n —a)
Pa+p—q
_ (a=n)(pa+p—q)+pe(n—a)
Pa+p—q
_(a=n)(p—q)
pa+p—gq
> 0.

a—nm+s=a—n-+
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By applying Holder inequality, we get the estimate £6r, that is

U] < / ple, )T £(y™)] duly)
K\B(e,r)

< E / p(€7fr)o‘*”|T2f<yN)‘ dlu(y)

1 ¥ 2Fr<p(e,r)<2k+1r

k=1 B(€,2k+1r)

o0 a—n 1/p 1/p/
<> (2) (/ ITfff(y~)|pdu(y)> (/ du(y)>

h=0 B(e2417) B(e2b+17)

3 o ' 1/p

<O (@) u(Ble 2 ) ( / |Txf<y~>|pdu<y>> |
F=0 B(e,2k+1r)

Here,X =1 — 1. Note that
p p

(2k<a—n+s/p'>)
k=0

is convergence singe — n < 0, p > 0, andpq + p — ¢ > 0 providing us with

— 1
a—n—ks/p’:a—n—l—w(l——)

Pq+p—q P
_ (Oé—n)(PQ+P_Q) +pq(n—a) —q(n—a)
Pqg+p—gq
= —(n—a)pg+ (n—a)pg+ (n—a)g— (n—a)g+ (. —n)p
pq+p—q
_ (a—n)p
pqg+p—gq
< 0.
Therefore,
|U2| < C||f||Lp(K,,u) Z (ri)a—n (2k+1T)S/p
k=0
= OHfHLP(K 1) Z gk(a=n)o(k+1)s/p',.(a=1)+s/p’
k=0

= C|| fll o 1oy Z 2k(a7”+f’)7«k(a*")+§
k=0

= Cr || Fll oo i -

Now, we will choose

Ta_n+st($) — T(afn)Jr? ||f||LP(K,y)
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such that

s fllze e

T M)

:(Wﬂm%mvz'
Mf(z)
Hence, the estimatd$ andU; yield

Baf @) < C (M f (@) + 1 | f e )
(a—nts)

=ammngﬂ>
= Ol ey M f ()

1— (a—n+s)p n+.s)p

as we have

1_(a—n+s)p: _(a—n+1)p

—

(
:1—p+mem_a;@z+p—@)

(

(

n—ao +p—
1 payp )(pg +p @)
pg(n — a)
_l_ —
g (PLte q)
P
_P
q

From the assumption of the boundedness of maximal opefdtan L?(K, 1), we find the

inequality
([ 1rasr)’ <c(A(wM£wwwmﬁfdmw);
Cﬁf;&m<(/ﬂH@VW@0;>g

< CI\fHLp HMfHLP (Kp)

< C||f||Lp(qK,u)||f||£p(K,,J)
= O fllzr(x -

Hence, the desired inequality

| Rafllzax.py < Cllfllzeirm-

follows. &

Next, we state our second theorem.
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Theorem 2.2.Letl <p < Zand =
LI(K, ) if and only if

(2.3) n(Ble,r)) < Cr"
for some positive constant which is independent of

— 2. The operatorR, is bounded fron.”(K, ) to

1
P

Proof. Whenl <p < 2 andé =~ — 2, we have

1
p
o baln—a)
Pqg+p—q

() e-w

N np . np
p(5) - (%)

B np(n — )
 np—ap
= n.

Then, by applying Theorem 2.1, we are dope.
Now, we will state our next result.
Theorem 2.3. Let the commutative hypergroup is equipped with measurgsand v. Let

1 <p<g<ocandl < a < n. Suppose there are positive constafitsand C, such that the
measureu satisfies

(2.4) Cir"™ < u(B(e,r)) < Cor™.

If the operatorR,, is a bounded operator from” (K, 1) to L(K, v), then there is a positive
constantC' such that

o

v(Ble,r)) < Cu(Be, )G 3),
Proof. We have

||XB(e,r)HLp(K,M) = ,u(B(eﬂn))l/p < o0,

which means that; € LP(K, i). Since the operataR,, is a bounded operator froir (K, 1)
to L4(K,v), then

(2.5) 1R X B(ey l29() < CllXpem e < Cr(Ble,r)"?.
If p(e,r) < r, we have

u(Ble,r)) :/ dp(y)
B(e,r)

Tn—oz ,,an—a

< / du(yl)
B(e,r) p(G’ ’I“) e

_ / XB(er) duly)
x ple,r)n—=
_ / T*XB(er) duty)
x ple,r)ne
= CRaXp(er)(T)
or alternatively
r*"u(B(e,r)) < CRaXper (@)-
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The condition in equation (2.4) enable us to get

LT prn(Blen)

_ < CR. .
r rn rn = XB(e,'r) <y>

The last inequality and equatidn (R.5) then give us

ru(B(e,r))V1 = 1° ( /B , dy(y))l/q

1/q
= (/ r* | du(y))
B(e,r)

<0 ([ 1Ruxsen 0l dv<y>)1/q

< |[RaXpllLa(rw)
< CHXB(&,T)HLP(K#)
— C,u(B(e,r))%.

By applying once more equation (P.4), we get

M(B(e,r))%y(B(e,r))% —C (7’")% V(B(e,r))%
=Crv(B e,r))%
= Cu(B(e,r))%
Therefore,
v(B(e,r))i < Cu(Ble,r))r =
or
v(Ble,r) < Cu(Ble, 1))
as desiredn

The following theorem is a hypergroup version of the resultin [3].

Theorem 2.4.Let1 < p < ¢ < oo. Assume that the measuresnd v satisfy

(i) uB(z,r) < Cr® for some positive;

(iy vB(z,r) < Cr' v for pf = L£:,0 <a<1-%andC > 0is independent of
xr € X andr > 0.

Then,R,, is bounded fron.? (K, u) into L4( K, v).
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Proof. Firstly, by applying condition (i), we find estimate

U(r) = / ple,y) @ du(y)
K\B(e,r)

[e.e]

=D / pe,y) " du(y)
2kr<p(e,y)<2k+1r

k=0
<3 (@) / dy(y)
k=0 B(e,2k+1r)

IA

O3 (24) @ (B, 241))
k=0

< Or(a—l)p’ Z 2k(a—1)p/(2k+l7,,)s
k=0

— Cplemtites § gilla—Dp )
k=0

S Or(a—l)p’+s
Note thatd ;2 , 2k(¢~r'+s js convergent since

O<04<1—i

/
pla—1)+s<0.
Furthermore, condition (ii), that i8B(z, r) < Cr~*7)7, gives us
WB(e, 20 [UM]7 < [vB(e, 2r)] D+ 5]

< op(1ma=)a, (a-va+33

_ op(1matas1=g )

=C.
By takingq;, wherel < ¢; < ¢, we may also take, in whichp; < p,1 <p; < ¢; and

(0= ) - (0=3)
D1 p

Suchp; is available forg, is close tog. We also could take, andgs with p, < ¢2,1 < p <

P2, 1 < g < ¢ and
P2 p

This provide us with

(2.6) v({x € K: Rof(x) > A}) < )\qu (/K |f(x)‘p1du(:c)>“
and
(2.7) v({x € K: Rof(xz) > A}) < )\qu) (/K |f<aj)‘p2du<3?)> P1

By interpolating equatiorj (2.6) and (2.7, is bounded fron.?(K, 1) into LP(K, v). &
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3. CONCLUDING REMARKS

Theoreni 2.3 can be stated alternatively by taking into account the condition of upper Ahlfors
n-reguler by identity[(T]1).
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