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1. I NTRODUCTION

The functional integral equations of various types play a very important role in numerous
mathematical research areas. An interesting feature of functional integral equations is its role
in the study of many problems of functional differential Equations see for instance [2], [3] and
[13]-[18].
In the functional equation case, there are many articles that discusses the existence of integrable
solutions. For example, in [17] and [19] the authors discuss the existence of integrable solutions
for functional equations of type

x(t) = g(t) + f(t,

∫ t

0

k(t, s)x(θ(s))ds)

and

x(t) = f1(t, x(θ1(t))) + f2(t,

∫ θ2(t)

0

k(t, s)f3(s, x(θ3(s)))ds)

In the functional inclusions case, there are many authors discusses the existence of some type
of solutions see for instance [1], [11], [12] and [14].
In [5] and [6] the author discuss the existence of solutions of the functional integral inclusion

x(t) ∈ q(t) +

∫ σ(t)

0

k(t, s)F (s, x(η(s)))ds.

He also proved (see [7]) the existence of solutions of the functional integral inclusion

x(t) ∈ p(t) +

∫ %(t)

0

k1(t, s)F (s, x(θ(s)))ds+

∫ σ(t)

0

k2(t, s)G(s, x(η(s)))ds.

In [13] the authors discuss the existence of integrable solution for nonlinear functional integral
inclusion of type

x(t) ∈ p(t) + F (t, Iαf(t, x(ϕ(t)))).

In the present paper, we investigate the existence of integrable solutions for the functional inte-
gral inclusion

x(t) ∈ F (t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds)

+G(t,

∫ σ2(t)

0

k2(t, s)g1(s, x(θ2(s)))ds), t ∈ [0, 1] = I(1.1)

and some properties of the set of solutions, whereF : I × R → P (R) andG : I × R → P (R)
are multivalued functions andk1, k2, f1, g1, θ1, θ2, σ1, σ2 are functions satisfying special
hypotheses.
As an example we take the following functional inclusion

x(t) ∈ F (t, Iαf1(t, x(θ1(t)))) +G(t, Iβg1(t, x(θ2(t)))),

and as an application we give the existence of solutions for the following nonlocal differential
inclusion

x′(t) ∈ F (t,Dγx(θ1(t))) +G(t,Dδx(θ2(t)))

x(0) +
n∑

i=1

x(ti) = c
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ON THE EXISTENCE OFSOLUTIONS FORFUNCTIONAL INTEGRAL INCLUSIONS 3

2. PRELIMINARIES

In this section, we present some definitions, notations and theorems which will be used in
this paper (see [8], [10], [16], [22] and [23]).
LetL1(I) = L1(I,<) be the Banach space of all Lebesgue integrable function onI.
Let Pcp(Y ) be the family of nonempty compact subsets ofY .
Let Pcl,cv(Y ) be the family of nonempty closed and convex subsets ofY .
Let Pcl,bd(Y ) be the family of nonempty closed and bounded subsets ofY .
Let Pcp,cv(Y ) be the family of nonempty compact and convex subsets ofY .
Let (X, d) be a metric space and letA ⊆ X, x ∈ X and d(x,A) = inf{d(a, x); a ∈ A}.

Definition 2.1. [4, 16] For anyA,B ∈ Pcl,bd(X), the Hausdorff distance is defined by

Hd(A,B) = max

{
sup
a∈A

d(a,B), sup
b∈B

d(b, A)

}
.

Now we give the definitions of Carathéodory-Lipschitz multivalued maps and single-valued
maps.

Definition 2.2. [4, 16] A multivalued mappingF : I×R → Pcl,bd(R) is Carathéodory-Lipschitz
if the following conditions hold

(a) there existsL > 0 such that

Hd(F (t, x), F (t, y)) ≤ L|x− y|

for eacht ∈ I and allx, y ∈ <,
(b) t 7→ F (t, x) is measurable for allx ∈ R.

Definition 2.3. [4, 16] A single-valued mappingf : I × R → R is Carathéodory-Lipschitz if
the following conditions hold

(a) there existsL > 0 such that

|f(t, x)− f(t, y)| ≤ L|x− y|

for eacht ∈ I and allx, y ∈ R,
(b) t 7→ f(t, x) is measurable for allx ∈ R.

LetE be a Banach Space.

Definition 2.4. [8] A continuous nondecreasing functionψ : R+ → R+, whereψ(0) = 0 is
calledD−function.

Definition 2.5. [8] A multivalued functionQ : E → Pcl,cv(E) is said to be nonlinear
D−contraction if there is aD−functionψ such that

Hd(Q(x), Q(y)) ≤ ψ(d(x, y))

for all x, y ∈ E, whereψ(r) < r.

Remark 2.1. A simple example ofD−function isψ : R+ → R+ defined by

ψ(r) = kr, k > 0,

and a simple example of nonlinearD−contraction is a contraction multivalued function.

Also, we give the auxiliary theorems that we need in the sequel.
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Theorem 2.1. [4, 16] Let (I, β(I)) be a measurable space,X ⊆ < an interval,(Y, d) a Polish
space (i.e., complete and separable), and

F : I ×X → Pcp(Y )

be a Carathéodory-Lipschitz.
ThenF admits a Carathéodory-Lipschitz selectionf : I × X → Y (Where the Lipschitz
constant off is less or equal then the Lipschitz constant ofF ).

Theorem 2.2. [20] Let (T, τ , µ) be a complete finite measure space,Y be a separable Banach
space andZ be a complete, separable, metric space. Let

F : T × Z → P (Y )

be a closed, convex (Possibly empty-)valued correspondence such that

(i) F (., .) is measurable with respect to theσ−algebraτ ⊗B(Z),
(ii) for eacht ∈ T , F (t, .) is lower semicontinuous.

Then there exists a Carathéodory-type selection forF . Moreover this selection is jointly mea-
surable.

Later, we also shall use the theorems cited below,
For an arbitrary functionx ∈ L1 let us put

(Kix)(t) =

∫ t

0

ki(t, s)x(s)ds, t ∈ <+, i = 1, 2.

The operatorsKi defined in such a way is the well known linear Volterra integral operators.

Theorem 2.3. [21, 24] If the Volterra integral operatorsKi transform the spaceL1 into itself
then they are continuous.

Theorem 2.4. [8] LetX be a closed, convex and bounded subset of a Banach spaceE and let
S, T : X → Pcp,cv(E) be two multivalued functions such that

• (a) S is a nonlinearD−contraction,
• (b) T is compact and closed,
• (c) Sx+ Tx ⊂ X for all x ∈ X.

Then the operator inclusionx ∈ Sx+ Tx has a solution and the set of all solutions is compact
in E.

Theorem 2.5. [10] (Kolmogorov compactness criterion) LetΩ ⊆ Lp(I,<), 1 ≤ p <∞, if

• (i) Ω is bounded inLp(I,R),
• (ii) xh → x ash→ 0, uniformly with respect tox ∈ Ω,

thenΩ is relatively compact inLp(I,R), where

xh(t) =
1

h

∫ t+h

t

x(s)ds.

Theorem 2.6. [9](nonlinear alternative of Leray-Schauder type)
LetU be an open subset of convex setD in a Banach spaceX. Assume0 ∈ U and letH : U →
D be a compact and continuous operator, then either

• (a1)H has a fixed point inU , or
• (a2) there existsγ ∈ (0, 1) andx ∈ ∂U such thatx = γHx.
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3. THE M AIN RESULTS

In this section, we state and prove our main results.

Theorem 3.1.Assume that the following conditions hold

• (C1) the functionsK1, K2 mapL1 into itself,
• (C2) the mltivalued functionF : I ×< → Pcp,cv(R) is Carathéodory-C-Lipschitz,
• (C3) the multivalued functionG : I × R → Pcp,cv(R) is measurable with respect to the
σ−algebraτ ⊗B(R) and for eacht ∈ I,G(t, .) is lower semicontinuous,

• (C4) there exists a functionaG ∈ L1(I,R+) andbG > 0 such that

‖G(t, x)‖ = sup{|v|, v ∈ G} ≤ aG(t) + bG|x|, a.e, t ∈ I
for all x ∈ R.

• (C5) the functionf1 is measurable in the first variable andc1−Lipschitz in the second
variable.

• (C6) the functiong1 is carathéodory and there existag1 ∈ L1(I,R+) andbg1 > 0 such
that

‖g1(t, x)‖ ≤ ag1(t) + bg1|x|, a.e, t ∈ I
for all x ∈ R.

• (C7) σ1, σ2 : I → I are continuous functions andθ1, θ2 : (0, 1) → (0, 1) are
absolutely continuous and there exists a constantsM1, M2 > 0 such that
θ′1(t) ≥M1, θ

′
2(t) ≥M2, a.e. t ∈ (0, 1).

• (C8) suppose that there exists a real numberr > 0 such that∫ 1

0
‖F (t,

∫ σ1(t)

0
k1(t, s)f1(s, 0)ds)‖Hd

dt+ ‖aG‖+ bG|K2|‖ag1‖+ bGbg1|K2| r
M2

1− Cc1|K1|
M1

< r,

Cc1|K1|
M1

< 1.

Then, problem 1.1 has integrable solutions and the set of solutions is compact inL1(I,<).

Proof. SinceF (t, .) is C-Lipchitz, then∀a ∈ F (t,
∫ σ1(t)

0
k1(t, s)f1(s, x(θ1(s)))ds),

|a| ≤ Cc1|K1

M1

|‖x‖+ ‖F (t,

∫ σ1(t)

0

k1(t, s)f1(s, 0)ds))‖Hd
, t ∈ I

indeed, we have

‖F (t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds)‖Hd
= Hd(F (t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds), 0)

≤ Hd(F (t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1)(s))ds), F (t,

∫ σ1(t)

0

k1(t, s)f1(s, 0)ds))

+Hd(F (t,

∫ σ1(t)

0

k1(t, s)f1(s, 0)ds), 0)

≤ Hd(F (t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds), F (t,

∫ σ1(t)

0

k1(t, s)f1(s, 0)ds))

+‖F (t,

∫ σ1(t)

0

k1(t, s)f1(s, 0)ds)‖Hd

≤ Cc1|K1|
M1

‖x‖+ ‖F (t,

∫ σ1(t)

0

k1(t, s)f1(s, 0)ds)‖Hd
, ∀t ∈ I,
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hence for anya ∈ F (t,
∫ σ1(t)

0
k1(t, s)f1(s, x(θ1(s)))ds),

|a| ≤ Cc1|K1|
M1

‖x‖+ ‖F (t,

∫ σ1(t)

0

k1(t, s)f1(s, 0)ds)‖Hd
.

LetBr be the open ball of center0 and radiusr, (i.e.,Br = {x ∈ L1; ‖x‖1 < r}).
Now, we defineA : Br → P (L1(I,R)) as follows

Ax = {u ∈ L1(I); u(t) = f(t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds)}

wheref is Carathéodory-C-Lipschitz selection ofF , andB : Br → P (L1(I,R)) by

Bx = {v ∈ L1(I); v(t) = g(t,

∫ σ2(t)

0

k2(t, s)g1(s, x(θ2(s)))ds)}

whereg is Carathéodory selection ofG.
Hence the problem (1) is equivalent to the operator inclusion

x(t) ∈ (Ax)(t) + (Bx)(t).

First we prove thatA has convex, compact values and is a contraction.
Step 1. Let u2, u3 ∈ Ax, x ∈ Br, then there aref2, f3 ∈ F such that

u2(t) = f2(t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds)

and

u3(t) = f3(t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds)

and letλ ∈ [0, 1],
λu2(t) + (1− λ)u3(t) =

λf2(t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds) + (1− λ)f3(t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds),

sinceF has convex values, then

λf2(t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds) + (1− λ)f3(t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds) ∈

F (t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds),

thereforeλu2 + (1− λ)u3 ∈ Ax, henceAx is convex for eachx ∈ Br.
Step 2. Let un be a sequence inAx, x ∈ Br, then there exists a sequencefn such that

un(t) = fn(t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds)

sinceF has compact values then there exists a subsequence denoted byfn which is convergent
to f ∈ F (we takeu(t) = f(t,

∫ σ1(t)

0
k1(t, s)f1(s, x(θ1(s)))ds)), this implies thatAx is compact

for eachx ∈ Br.
Step 3. let x, y ∈ Br, andu2 ∈ Ax, then

u2(t) = f2(t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds)
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for somef2 ∈ F , since

H(F (t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds), F (t,

∫ σ1(t)

0

k1(t, s)f1(s, y(θ1(s)))ds))

≤ Cc1|K1|
M1

‖x− y‖1,

we obtain that, there exists

w(t) = f(t,

∫ σ1(t)

0

k1(t, s)f1(s, y(θ1(s)))ds) ∈ F (t,

∫ σ1(t)

0

k1(t, s)f1(s, y(θ1(s)))ds)

such that∫ 1

0

|f2(t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds)− w(t)|dt ≤ Cc1|K1|
M1

‖x− y‖1

Thus the multi-valued operatorU defined by

U(t) = S
F (t,

R σ1(t)
0 k1(t,s)f1(s,y(θ1(s)))ds)

∩K(t)

whereK(t) = {w|
∫ 1

0
|f2(t,

∫ σ1(t)

0
k1(t, s)f1(s, x(θ1(s)))ds)− w(t)|dt ≤ Cc1|K1|

M1
‖x− y‖1},

has nonempty values and is measurable, letu3 be a measurable selection forU , (which exists
by Kuratowski-Ryll-Nardzewski selection theorem),
thenu3(t) ∈ F (t,

∫ σ1(t)

0
k1(t, s)f1(s, y(θ1(s)))ds) (u3 ∈ Ay) and∫ 1

0

|u2(t)− u3(t)|dt ≤
Cc1|K1|
M1

‖x− y‖1

hence, we obtain

‖u2 − u3‖1 ≤
Cc1|K1|
M1

‖x− y‖1

From this and the analogous inequality obtained by interchanging the roles ofx andy we get
that

Hd(Ax,Ay) ≤
Cc1|K1|
M1

‖x− y‖1

for all x, y ∈ Br, This shows thatA is a multi-valued contraction sinceCc1|K1|
M1

< 1.
Now, we show thatB is compact, letΩ be bounded set inL1(I), let y ∈ Ω, and letv ∈ By,
then

v(t) = g(t,

∫ σ2(t)

0

k2(t, s)g1(s, y(θ2(s)))ds)

this implies that

|v(t)| ≤ aG(t) + bG|
∫ σ2(t)

0

k2(t, s)g1(s, y(θ2(s)))ds|

≤ aG(t) + bG|
∫ σ2(t)

0

k2(t, s)[ag1(s) + bg1|y(θ2(s))|]ds|

≤ aG(t) + bG[|K2|‖ag1‖+ bg1|K2|
∫ 1

0

|y(θ2(s))|ds]

therefore

‖v‖1 ≤ ‖aG‖+ bG|K2|‖ag1‖+ bGbg1|K2|
‖y‖
M
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henceBΩ is bounded inL1(I), it remains to show thatvh → v in L1(I) ash → 0 uniformly
with respect tov ∈ BΩ, we have the following

‖vh − v‖1 =

∫ 1

0

|vh(t)− v(t)|dt =

∫ 1

0

|1
h

∫ t+h

t

v(s)− v(t)ds|dt

≤
∫ 1

0

1

h

∫ t+h

t

|g(s,
∫ σ2(s)

0

k2(s, τ)g1(τ , y(θ2(τ)))dτ)

−g(t,
∫ σ2(t)

0

k2(t, η)g1(η, y(θ2(η)))dη)|dsdt

Now g ∈ L1(I) and the functiont 7→
∫ σ2(t)

0
k2(t, s)g1(s, y(θ2(s)))ds is inL1(I), then (cf. [23])

1

h

∫ t+h

t

|g(s,
∫ σ2(s)

0

k2(s, τ)g1(τ , y(θ2(τ)))dτ)−g(t,
∫ σ2(t)

0

k2(t, η)g1(η, y(θ2(η)))dη)|ds→ 0

ash→ 0, therefore we deduce thatBΩ is relatively compact.
Now, letxn → x in L1(I), andvn ∈ Bxn such thatvn → v in L1(I).
We havevn ∈ Bxn, implies that

vn(t) = gn(t,

∫ σ2(t)

0

k2(t, s)g1(s, xn(θ2(s)))ds)

wheregn(., .) ∈ G(., .) sincegn and g1 are continuous in the second variable and from the
compactness of values ofG and by the Lebesgue dominated convergence theorem we have

lim
n→+∞

vn(t) = gn(t,

∫ σ2(t)

0

lim
n→+∞

k2(t, s)g1(s, xn(θ2)(s))ds)

this implies that

v(t) = g(t,

∫ σ2(t)

0

k2(t, s)g1(s, x(θ2(s)))ds) ∈ (Bx)(t)

whereg is limit of gn, henceB is closed.
Finally lety ∈ Ax+Bx, x ∈ Br, then

|y(t)| ≤ Cc1K1

M1

‖x‖1 + ‖F (t,

∫ σ1(t)

0

k1(t, s)f1(s, 0)ds)‖Hd

+‖aG‖+ bG|K2|‖ag1‖+ bGbg1|K2|
‖x‖
M

≤ Cc1K1

M
r + ‖F (t,

∫ σ1(t)

0

k1(t, s)f1(s, 0)ds)‖Hd
+ ‖aG‖+ bG|K2|‖ag1‖+ bGbg1|K2|

r

M
< r

‖y‖1 < r

this implies thatAx+Bx ⊂ Br for all x ∈ Br, this all conditions of Theorem 2.3. are satisfied
then, problem 1.1 has integrable solutions and the set of solutions is compact inL1(I).

Example 3.1.Let the following functional inclusion

x(t) ∈ F (t, Iα 1

6
x(t)) +G(t, Iβx(t)), t ∈ I = [0, 1]

where
F : I × S −→ Pcl,cv(<),
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S = [−1, 1], F (t, x) = (t2 + x2)S henceF is 2−Lipschitz in the second variable we have
(Hd(F (t, x), F (t, y)) ≤ 2(‖x− y‖)) and is measurable in the first variable. For

G : I × R −→ P (R),

defined by

G(t, x) =

{
{0} if x = 0,

[0, 1] otherwise,

G is `⊗B(R) measurable and lower semicontinuous in the second variable, now we can apply
the preceding theorem to this example,

to see this it is sufficient to take

(1) σ1(t) = σ2(t) = θ1(t) = θ2(t) = t, M1 = M2 = 1,
(2) |K1| = 1

Γ(α+1)
, |K2| = 1

Γ(β+1)
,

(3) f1(t, x) = 1
6
x hencef1 is measurable in the first variable and1

6
−Lipschitz in the second

variable,
(4) aG = 1, bG = Const > 0, ag1 = 0, bg1 = 1,

and hence we can findr > 0 such that the conditionC8 is satisfied.
Now, we give another existence theorem for the problem 1.1, the proof is based on fixed point
theorem of Leray Schauder.

Theorem 3.2.Assume that the following conditions hold

• (C1) the functionsK1, K2 mapsL1 into itself,
• (C2) the mltivalued functionF : I × R → Pcp,cv(R) is measurable with respect to the
σ−algebraτ ⊗B(R) and for eacht ∈ T , F (t, .) is lower semicontinuous,

• (C3) there exists a functionaF ∈ L1(I,R+) andbF > 0 such that

‖F (t, x)‖ = sup{|v|, v ∈ F} ≤ aF (t) + bF |x|, a.e, t ∈ I
for all x ∈ R.

• (C4) the multivalued functionG : I × R → Pcp,cv(R) is measurable with respect to the
σ−algebraτ ⊗B(R) and for eacht ∈ T ,G(t, .) is lower semicontinuous,

• (C5) there exists a functionaG ∈ L1(I,R+) andbG > 0 such that

‖G(t, x)‖ = sup{|v|, v ∈ G} ≤ aG(t) + bG|x|, a.e, t ∈ I
for all x ∈ R.

• (C6) the functionf1 is carathéodory and there existsaf1 ∈ L1(I,R+) andbf1 > 0 such
that

‖f1(t, x)‖ ≤ af1(t) + bf1|x|, a.e, t ∈ I
for all x ∈ R.

• (C7) the functiong1 is carathéodory and there existsag1 ∈ L1(I,R+) andbg1 > 0 such
that

‖g1(t, x)‖ ≤ ag1(t) + bg1 |x|, a.e, t ∈ I
for all x ∈ R.

• (C8) σ1, σ2 : I → I are continuous functions andθ1, θ2 : (0, 1) → (0, 1) are
absolutely continuous and there exist constantsM1, M2 > 0 such thatθ′(t)1 ≥M1 and
θ′(t)2 ≥M2 ∀t ∈ (0, 1).

• (C8) suppose that there exists a real numberr > 0 such that

‖aF‖+ bF |K1|‖af1‖+ ‖aG‖+ bG|K2|‖ag1‖
1− (

bF bf1
|K1|

M1
+

bGbg1 |K2|
M2

)
< r.
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Then, problem 1.1 has an integrable solution.

Proof. We have from the conditions(C2) and (C4) there exist Carathéodory selections
functionsf, g of the multivalued mappingsF, G respectively, hence the functional inclusion
1.1 is transformed into the following functional equation

x(t) = f(t,

∫ σ1(t)

0

k1(t, s)f1(s), x(θ1(s))ds) + g(t,

∫ σ2(t)

0

k2(t, s)g1(s), x(θ2(s))ds) (2)

now we define the following operator

H : L1(I,R) → L1(I,R)

by

(Hx)(t) = f(t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds) + g(t,

∫ σ2(t)

0

k2(t, s)g1(s, x(θ2(s)))ds)

Let xn → x in L1(I,R), then

(Hxn)(t) = f(t,

∫ σ1(t)

0

k1(t, s)f1(s, xn(θ1(s)))ds) + g(t,

∫ σ2(t)

0

k2(t, s)g1(s, xn(θ2(s)))ds)

hence

lim
n→+∞

(Hxn)(t) = lim
n→+∞

[f(t,

∫ σ1(t)

0

k1(t, s)f1(s, xn(θ1(s)))ds)

+g(t,

∫ σ1(t)

0

k2(t, s)g1(s, xn(θ2(s)))ds)]

and by Lebesgue dominated theorem we get

lim
n→+∞

(Hxn)(t) = f(t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds)

+g(t,

∫ σ2(t)

0

k2(t, s)g1(s, x(θ2(s)))ds) = (Hx)(t)

thereforeH is continuous.
Now, we will show thatH is compact, letΩ be a bounded subset ofL1(I,R) we will prove that
HΩ is bounded inL1(I,R), to see this letx ∈ Ω (i.e.,∃R > 0, such that‖x‖ ≤ R)

|(Hx)(t)| ≤ |f(t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds)|+ |g(t,
∫ σ2(t)

0

k2(t, s)g1(s, x(θ2(s)))ds)|

and from the condition(C3) and(C5)− (C7), we get

|(Hx)(t)| ≤ aF (t) + bF |
∫ σ1(t)

0

k1(t, s)[af1(s) + bf1|x(θ1(s))|ds]|+

aG(t) + bG|
∫ σ2(t)

0

k2(t, s)[ag1(s) + bg1|x(θ2(s))|ds]|

hence

|(Hx)(t)| ≤ aF (t) + bF |K1|[‖af1‖+ bf1

‖x‖
M1

]|+ aG(t) + bG|K2|[‖ag1‖+ bg1

‖x‖
M2

]|

therefore

‖(Hx)(t)‖ ≤ ‖aF‖+ bF |K1|[‖af1‖+ bf1

R

M1

]|+ ‖aG‖+ bG|K2|[‖ag1‖+ bg1

R

M2

]|
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this implies thatHΩ is bounded inL1(I,R).
Now we show that(Hx)h → (Hx) in L1(I,R) ash→ 0 uniformly with respect to(Hx) ∈ Ω,
we have the following

‖(Hx)h − (Hx)‖ =

∫ 1

0

|(Hx)h(t)− (Hx)(t)|dt =

∫ 1

0

|1
h

∫ t+h

t

(Hx)(τ)dτ − (Hx)(t)|dt

=

∫ 1

0

|1
h

∫ t+h

t

((Hx)(τ)− (Hx)(t))dτ |dt

≤
∫ 1

0

1

h

∫ t+h

t

|f(τ ,

∫ σ1(τ)

0

k1(τ , s)f1(s, x(θ1(s)))ds)

−f(t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds)|dτdt

+

∫ 1

0

1

h

∫ t+h

t

|g(τ ,
∫ σ2(τ)

0

k2(τ , s)g1(s, x(θ2(s)))ds)

−g(t,
∫ σ2(t)

0

k2(t, s)g1(s, x(θ2(s)))ds)|dτdt

sincef, f1, g, g1 ∈ L1(I,<), then (cf. [23])∫ 1

0

1

h

∫ t+h

t

|f(τ ,

∫ σ1(τ)

0

k1(τ , s)f1(s, x(θ1(s)))ds)

−f(t,

∫ σ1(t)

0

k1(t, s)f1(s, x(θ1(s)))ds)|dτdt

+

∫ 1

0

1

h

∫ t+h

t

|g(τ ,
∫ σ2(τ)

0

k2(τ , s)g1(s, x(θ2(s)))ds)

−g(t,
∫ σ2(t)

0

k2(t, s)g1(s, x(θ2(s)))ds)|dτdt→ 0

as
h→ 0

therefore we deduce thatHΩ is relatively compact, that is,H is a compact operator.
SetU = Br = {x ∈ L1(I,<); ‖x‖ ≤ r} andD = X = L1(I,<). Then in the view of
assumption(C8) condition(a2) of Theorem 2.6 does not hold, Theorem 2.6 implies thatH has
a fixed point, which is solution of the problem 1.1, this completes the proof.

Example 3.2.As an application of theorem we take the following functional inclusion (we take
k1(t, s) = (t−s)α−1

Γ(α)
, k2(t, s) = (t−s)β−1

Γ(β)
andσ1(t) = σ2(t) = t)

(3.1) x(t) ∈ F (t, Iαf1(t, x(θ1(t)))) +G(t, Iβg1(t, x(θ2(t))))

which is used to get the solutions of the following differential inclusion

(3.2) x′(t) ∈ F (t,Dγx(θ1(t)) +G(t,Dδx(θ2(t)), t ∈ [0, 1]

with nonlocal condition

x(0) +
i=n∑
i=1

x(ti) = c, 0 < t1 < t2 < ... < xtn ≤ 1,

we have the following result

Theorem 3.3.Assume that the following conditions hold
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• (1)F is measurableC−Lipschitz,
• (2)G is measurable with respect toσ−algebraτ ⊗ B(R) and for eacht ∈ T , G(t, .) is

lower semicontinuous.,
• (3) there exist a functionaG ∈ L1(I,R+) andbG > 0 such that

‖G(t, x)‖ = sup{|v|, v ∈ G} ≤ aG(t) + bG|x|), a.e, t ∈ I
• (4) θ1, θ2 : (0, 1) → (0, 1) are absolutely continuous functions, and there exist
M1, M2 > 0 such thatθ′1(t) > M1 andθ′2 > M2,

• (5)∃r > 0 such that∫ 1

0
‖F (s, 0)‖Hd

ds+ |aG|1 + bG
r

Γ(α+1)M1

1− C
Γ(β+1)M2

< r.

Then the problem 3.1 has integrable solutions and the set of solutions is compact inL1.

To get the solutions of 3.2, we assume,

y(t) = x′(t),

we get

x(t) = x(0) +

∫ t

0

y(s)ds = x(0) + I1y(t)

therefore

x(θ(t)) = x(0) +

∫ θ(t)

0

y(s)ds

hence

x(θ(0)) = x(0) +

∫ θ(0)

0

y(s)ds

this implies that

x(θ(t)) = x(θ(0)) +

∫ θ(t)

θ(0)

y(s)ds

and therefore
Dγx(θ(t)) = I1−γθ′(t)y(θ(t))

hence the problem(3) is transformed into the functional inclusion problem

y(t) ∈ F (t, I1−γθ′1(t)y(θ1(t))) +G(t, I1−δθ′2(t)y(θ2(t))),

which is discussed earlier in theorem 3.1.
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