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ABSTRACT. In this paper, Jacobi elliptic function expansion method is applied to solve frac-
tional Benjamin-Bona-Mahoney-Burgers equation with conformable derivative and power law
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nonlinear evolution equations. Numerical solutions are given to illustrate the accuracy and va-
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1. INTRODUCTION

Benjamin-Bona-Mahoney-Burgers is an important nonlinear partial differential equation oc-
curring in various areas of applied mathematics, such as fluid mechanics, nonlinear acoustics,
gas dynamics and traffic flow. BBM-Burgers described unidirectional propagation of long
waves in a certain nonlinear dispersive system [11], [12]. The fractional order of the BBM-
Burgers equation is used to model the shallow water problems. The fractional BBM-Burger
(BBM) equation[[9], [12], can be written as :

(1.2) Du(x,t) + aug + byu™uy, + byt*™ g + Cligy + Ktigyy = 0

Wherea, b, by, c andk are nonzero constants. Kumar[13] used new fractional homotopy analy-
sis transform method to time fractional BBM-Burgers equation and found the series solution
of this equation. Song Fakhari et al. [16] found different type of solutions of the fractional
BBM-Burgers equation by using homotopy analysis method. A large amount of papers have
been published concerning the solution of the fractional differential equations in nonlinear phe-
nomena.They proposed several methods to solve the fractional differential equations such as the
fractional sub-equation methad [2]] [3], the first integral method [4], [7], the variational iteration
method [5], [6] and the (G’/G)-expansion method [8],/[12]. Most of these methods studied the
exact solution of fractional equations using Jumarie’s modified Riemann-Liouville derivative
and the chain rule for fractional derivative. However Chengtshi [15] gave two counterexamples
and stated the opinion that Jumarie’s modified Riemann-Liouville derivative with the two basic
formulae of derivative are incorrect. Xiaohua Liu [10] gave one counterexample to show that
formula of the chain rule is incorrect.

The aim of this work is to apply the Jacobi elliptic function expansion method for solving frac-
tional BBM-B equation with conformable derivative and power law nonlinearity.

This study is organized as follows. In section 2, we give the literature pertaining to conformable
fractional derivative. In section 3, steps of the Jacobi elliptic function expansion method are
presented. In section 4, the method is applied to solve a solution of the space-time fractional
Benjamin-Bona-Mahoney-Burgers equation. Finally, a conclusion is given in section 5.

2. BAsic TooLS
We enlist some definitions and basic results of two forms that are the most popular in the
fractional derivative. They are described in the sense of

(1) Riemann-Liouville definition. For
w € [n —1,n), theu derivative ofh is

DI'h(t) = _ /t (&daj

L(n—p) dtn t — x)p—ntl
and

(2) Caputo definition. For € [n — 1,n), theu derivative ofh is

4 B 1 Lo (o) .
DN = o5 [ = et

2.1. Conformable fractional derivative. Khalil [14] defined the fractional derivative in the
new sense of the following conformable fractional derivative.

For a given functioni : [0, co) — R, the conformable fractional derivative bivith « order is
denoted by
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It +et'™)

Cal(t) = =—

forallt > 0,a € (0,1).

This newly defined fractional derivative is capable of satisfying some well known required
properties.

2.2. Theorem[14]. leta € (0, 1], f, g a— differentiable at > 0 anda, b, ¢ € R then
(1) Culaf +bg) = aCy,(f) + bCy(g), forall a,b € R.

(2) C,(tP) = pt~—forall p € R.
(3) C.(X) =0 for all constant functiong(t) = A.

(4) Ca(fg) = fCalg) + gCalf)-
(5) O (L) = 9Calh—ICula)

g

(6) if in addition, f is differentiable, then

1- adf
Cal £)(1) = 20,

the conformable fractional derivative of some functions are listed as follows:
(1) C(e” ) = cxlfo‘ec‘”

(2) Ca(—277) = xza

(3) Cu(sinh(bx)) = bx'~“cosh(bx)
Cu(cosh(bx)) = bx'~*sinh(bx)

(4) Cy(sech(br)) = —bx'~*sech?(bx)

Cy(coth(bz)) = —bxl “csch?(br)
Conformable fractional differential operator satisfies some critical fundamental properties like
the chain rule, Taylor series expansion and Laplace transform.

2.3. Jacobi elliptic sine and cosine functiongl7]. In this section we introduce in details the
derivatives of Jacobi elliptic functions. First, we consider the second order partial deferential
equation (PDE)

0°=
Oxot

Applying the linear transformation @ = k(x — At) to the above PDE leads to the following
ordinary differential equation (ODE)

(2.1)

= asin(Z).

(2.2) ' = msm(:).
which is equivalent to
(2.3) Ly = _—O‘sm?l(z) +e.
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By forcingc = 1, 55 = —m? andv = 1(Z) we write [2.3) as

(2.4) (v)? =1 —m?*sin®v,
or

(2.5) v = V1 —m2sinv,

Separating the variables in (P.5) leads to the following integral

1
(2.6) / dv = /d,u,
1 —m2sin®v

which is known as the legendre elliptic integral of first kind ame: (0, 1) is a parameter which
is known as the modulus. Now, we define

(2.7) u = u(t)

[11

(2.8) * =

1 —m?2sin®y

(2.9) * =

t=siny 1
/ dx,
o V- - mkd)

and we propose that = f(t) = ¢t = f~!(u) = sn(u). Wheresn(u) is called the Jacobi
elliptic sine function. To define the Jacobi elliptic cosine function, we let

= 1
2.10 u(t) = / d
( ) (®) 0 \/1—m2(1—cos2y) Y
t=siny 1

2.11 = dx.
@) A VI =21 - m?)

and we set/1 — t2 = cos y to get

V1—t2=cosy 1

2.12 u(t) = / dz.
(212) ) 0 V1 —22(1 — m2a?)

Therefore,

u= f(vV1—12) = V1—* = f!(u) = cn(u) anden(u) is called the Jacobi elliptic cosine
function. Based on the above two definitions, we write the following argument

t = sn(u)
V1—1t2=cn(u)

V1 —m?t? = dn(u)
Thus, we reach the identities;?(u) = 1 — sn*(u) anddn?(u) = 1 — m?sn?(u). To know
more about these functions, we study their derivatives.
We start withsn(u),
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B / dt
T T ea e
dt

(2.13) du = NGRS

Thus,

(2.14) a _ VI = 2)(1 — m22)
du

Now we are ready to introduce the following formulas

d d
Leny= L
V(1= 2)(1 — m2t2)
= en(u)dn(u)
d
%(cn(u)) = (/1 —sn*(u))
= —sn(u)dn(u)
Ldnu) = (/T ()
= —m?sn(u)en(u)

Also, we can observe the last equation,

—(en(u)) = —sn(u)en(u)

du
— _\/1 — cnz(u)\/l — m2sn2(u)
= —/1—cen2(u)\/1 — m? + m2cn?(u)

Therefore,

/t dx
en(u) = — :
0 /(1 —22)(1 —m?+ m2a?)
On one handn(u), on the other hand this can be obtained by substituting
t = cosy in the elliptic integral

2.15 / =
(2-15) 0 /1 —m?2sin®y 0 /1—m2(1—cos?y)
Equivalently,
516 t=cosy dr

. — = f(t
(2.16) /o (v/1—22)(1 — m?+ m2z?) f@)
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Thus,u = f(t) =t = f~' = cn(u)
Also sn(u) =t = f~!(u) where

(2.17)

| i

Now, if m — 1, then the integral becomes

t dx 1
(2.19) = tanh ™' (¢).
and leads to:

sn(u) = tanh(u)
en(u) = /1 — sn?(u) = 1/1 — tanh?®(u) = sech(u)

dn(u) = v/1 — sn2(u) = 1/1 — tanh®(u) = sech(u)
3. ANALYSIS OF THE METHOD
We take into consideration the following general nonlinear FDE of the type

(3.1) R(u(x,t), Cou(x,t), Coulz,t), Conu(x,t),....) =0

whereC,u(x), C,u(t) are conformable fractional derivative af = u(z,¢) [14] in which
Cou(z) = B=%, u is an unknown functionkz is a polynomial > 0 and0 < o < 1.

Step 1 Using the traveling wave transformation:

(32) u(e,t) = U(y) v =2 — B

wheref is a constant to be determined later.
This enables us to use the following changes

S (==L, 2()=2, 2 ()=
ot \* Oy’ Oz \" Oy o2\ oy ) ) ] )
to allow us conver{ (3]2) into an ordinary differential equation of integer order in the form
(3.3) sw,u,u",u",..)=0
wherelU’ = % " = Zg, ... In order to construct more general periodic and solitary wave

solution of @.) by employlng the Jacobi elliptic function expansion method.

Step 2 Kumar and all[18] suppose thét(y) can be formulated as a finite series of Jacobi
elliptic sine and cosine functions. The initial estimate of the solution are given below

n

(3.4) Uly) =Y ajsn’(y,m),
=0
and
(3.5) Uly) =— Z §ien? (v, m
=0
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Wheren, a;(j =0,1,......,n),0;(j = 0,1, .....,n) are constants and @ < m < 1) is called a
modulus. Differentiating (3]4) anfl (3.5) with respectjtpwe obtain:
AU .
(36) E = Z]CL]’SHJ 1(77 m)cn(’y, m)dn('y, m)>
§=0

and
3.7 U 5™ jsen (3, m)sn(y. m)dn(.m)

. d’y j:O J ) 9 ’ )

wheredn(v, m) presents the Jacobi elliptic function of third kind. The value & determined
by balancing the nonlinear term and the highest derivative.

of sn(vy,m), cn(y,m), dn(v, m) to zero, we get a system of algebraic equations:faandé;
where(; =0,1,2,3,...,n).

Step 3 Substituting ) aan.S) intcm.l%) and equating the coefficients of all powers

Step 4 Solving the equations system in Step 3, and using the solutiof (3.3) we can
construct a variety of exact solutions pf (3.1).

4. APPLICATION

In this section, we apply the Jacobi elliptic function expansion method to fractional BBM-
Burger [1.1), where the fractional derivative are the conformable fractional derivative with order
o, We assume

(4.1) V() = ula, 1),y =2~ B

This last converts the BBM-Burgers (IL.1) equation with conformable derivative to an ordinary
differential equation as follows

(4.2) — BU, + aU, 4 biU"Uy + boU> Uy + cUsyy — kU, =0
By setting the value of n = 1, the above ordinary differential equation takes the form

(4.3) — BU, +aU, + b, UU, + bU*U, + cU,y — AkU., = 0
Y Y ol 8l Y Yy

Using the Jacobi sine function and considering the homogeneous balance betwarah
u,,, We obtainn = 1. Therefore, the solution of (4.3) takes the form

(4.4) U(v) = ag + arsn(vy,m)
Deriving U (~y) we find
(4.5) Uy = aren(y, m)dn(y, m)
(4.6) Uy, = —arsn(y, m)dn®(y,m) — aym®sn(y, men®(y, m)
4.7)

Uy = —aren(y,m)dn® (v, m)+daym?sn® (v, m)dn(y, m)en(y, m)—aym?en® (v, m)dn(y, m).
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Substituting the last equations .3) and collecting various powets(gf m), we get

(4.8) snlentdn' © —Ba; + aay + biagay + bgagal =0
(4.9 sntentdn! : biad + 2byagal =0
(4.10) sn®entdnt : —bya? 4 4kaym? =0

By solving the above system of equations, we can determine the values of the coefficients as:

—b1t b%74(a75)b2 4km?2
ag = TS anda; = + by

= Vb —4(a — B)by n 4km?
B 2b, by
which is an exact periodic solution of the BBM-B equation with conformable derivative. For
m — 1,

sn(y,m) — tanh(vy) and the above exact periodic solution is degenerated into a new form of
solutions that can be written as:

(412) (et = U(y) = —2= Vbi;f(“ miL \/%tanhwm ol

Fig.1 and Fig.2. show the exact solution of solitary waves, takiagl ,a = —2 ,b; = by =
1,k =2, c =1, and different values af.

(4.11)  w(z,t) =U(y) WWWWVZx_ﬁg

«=0.05 =03

Figure 1: The solitary wave solution of BBM-Bdif = “hity bgb_;(“_ﬁ)bz

Using the Jacobi cosine function, therefore the solution of (4.3) has the form

(4.13) U(y) = 6o+ 01cn(y,m)

Deriving U () we find

(4.14) U, = —61sn(y, m)dn(y, m)

(4.15) U,, = —61cn(y, m)dn®(y, m) + §ym?*en(vy, m)sn®(y, m)
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=005 =03

0 05

Figure 2: The solitary wave solution of BBM-Bdf = — 2~V bibff(“*ﬁ)b

(4.16)
U'Y’Y'Y = 618”(77 m)dn3(77 m) +461m20n2 (77 m)dn(77 m)sn(’y, m) —(5177?,28713 (77 m)dn(f% m)

Substituting the last equations [n (4.3) and collecting various powess(of m), we get

(4.17) sntenldnt : —B8; — ady — b18pdy — 625351 =0
(4.18) sntentdnt : —b167 — 2020007 =0
(4.19) snten?dnt : —byd3 + 4kdym? =0

1

By solving the above system of equations, we can determine the values of the coefficients as:

—2bs

9o

and
4km?
by

(51::|:

by /02— 4(B — a)b, N 4km?
B —2by by

(4.20)  u(w,1)=U() enfry,m), 7 =~ B

which is an exact periodic solution of the BBM-B equation with conformable derivative. For
21(7, rlr;) — sech(v) and the above exact periodic solution is degenerated into a new form of
solution that can be written as

b+ Vb —4(B — a)by 4km?

+
—2b, by

(4.21) u(z,t) = U(y) sech(y),y=x — ﬂg
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Fig.3 and Fig.4 show the exact solution of solitary waves taking 1, a = —2,b; = by =1,
k=2andc = 1.

«=0.05 =03

b1++/b2—4(B—a)ba

Figure 3: The solitary wave solution of BBM-Bi§ = =

=005 =03

1—\/b%—4([3—a)b2

Figure 4. The solitary wave solution of BBM-Bii§ = b =

5. CONCLUSION

In this paper we found new Jacobi elliptic function wave solutions of conformable fractional
Benjamin-Bona-Mahoney-Burgers equation, without use Jumaries modified Riemann-Liouville
derivative. The results show that there is a harmony between our solutions and the analytical
solutions whemr — 1.The method can be applied to solve many non nonlinear fractional
problems. This may be done in caming works.
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