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2 S. GHOSH ET AL.

1. INTRODUCTION

The concept of\/g came to reality when a French mathematician named Maurice Fréchet
[1, 2] initiated its study in the early twentieth century. Yet he did not coin the term "Metric
spaces"” though. This was done by another German mathematician named Felix Hausdorff [3]
in 1914. Since then, the study of non-linear functional analysis took a kick-start as several more
mathematicians took their signature steps into the topic.

For instance in 1922, a polish mathematician named Stefan B&anach [11] established the con-
cept of contraction, and proved a invariant point theorem which is commonly known as the
Banach fixed-point theorem. With respect to functional analysis, the fixed point or invariant
point z of a functiong is a point such thag(x) = . Many other mathematicians such as
Ravindran Kanan [12, 13] in 1968 and 1969, Ljubor@iri¢ [10] in 1974, Shoutir Kishore
Chatterjeal[b] in 1972 and Erdal Karapinar[20] in 2012, obtained motivation from Banach'’s
discovery and established their own invariant point theorems.

Simultaneously many other generalizations of the concepts given by Fréchet and Hausdorff
were established. Such as Kramaosill[14] in 1975 discovered Fuzzy metric and Stafigtical
Mustafa [43] in 2006 discovere@ — Mg, Kirisci [15] in 2020 discovered Neutrosophids,

Park [4] in 2004 discovered Intuitionistic fuzzy s, Beaulaa[16] in 2015 introduced Soft fuzzy
Mg, Das [6] in 2013 introduced Soft/g, Jeyaramari [8] in 2023 introduced Neutrosophic soft
Mg, Tian [18] in 2020 discovered Tripled fuzzy/s, Backhtin [26] in 1989 gave the idea of
b-Mg, Georgel[25] in 2015 established Rectanguldi/p; Sonam[[24] in 2023 introduced Soft
rectangular bd/s along with an invariant point result in it, and Ghosh|[27] in 2024 established
the Neutrosophic fuzzy/s along with its properties.

Combining the concepts of such new generalizations with the concepts of invariant point
theory, many other mathematicians![7, 8, 171[[20]:[23]1I[28]/[31]l[[37]-[40]] have shown their
interests in non-linear functional analysis. Notably, Branclari [32] in 2001 and Berinde [19]
in 2004 introduced the concepts of integral type contractive mapping and weak contraction
respectively, and also utilized these to deduce some invariant point results. Both of these estab-
lishments act as an important milestone in the path of research related to contraction mappings,
still to this day.

Now R — My is another generalization of Fréchet’s concept of conventidfiglwhich has
recently been introduced by Simak Khalehoghli [9] in 2020. In that research he also extended
Banach’s and Brouwer’s invariant point theorems for the newly introduced space. Since then
no other mathematician except [42] has shown interest to work on the newly established space.
Particularly in [42], authors have derived fixed point results for Kannan and Chatterjea type
mappings with respect to the said space. So undoubtedly it can be said that, the concept of
integral type contractive mapping i — Mg is novel and unique.

2. PRELIMINARIES
Definition 2.1. (R — M) [9] If (S, Z) be aMg, R is a relation for S. Then tripletS, Z, R) is
regarded as aR — Ms.

Example 2.1.Let S = R™ U {0} be endowed witt¥, the standard distance metric. Define
xRy if x +y > xy. Then,(S, Z, R) becomes alk — Mg.

Definition 2.2. (R-Sequence]9] Let {z,} be a sequence (S, 2, R). Then, itis called a
R-seq. < x,Rx, 1, Vn,m € N.

Definition 2.3. (R-Convergence)9] A R-sequence{x,} in (S, Z, R) R-converges to some
rxe SifVe>03K € Zsuch thati(z,,z) < e wheren > K.
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Definition 2.4. (R-Cauchy sequence]9] A R-sequence{x,} in (S, 2, R) is known as R-
Cauchy seq. if it is R-convergent to somee S. Thatis,Ve > 03 K € Z such that
D (T, x,) < e Wherem,n > K. As aresulty,, Rz, oOr x,, Rx,,.

Definition 2.5. (R-Continuous)[9] Let 7" : S — S be a mapping. T is proclaimed to be R-
continuous at some point sayc S, if for every R-sequencéy, } that R-convergesto € S, it
can be said thaft7'(v,,) } converges td’(v). In this context it is said that, T is R-continuous on
Sifand only if T is R-continuou§ v € S.

Remark 2.1. [9] Since every R-sequence is a sequence, it can be said that every continuous
mapping? : S — S is R-continuous. The converse is not necessarily true.

Definition 2.6. (R-Contraction) [9] Let (S, 2, R) be aR — Mg. A R-contraction is a self
mappingH : S — S whereVY v, w € S such that Rw, it can be said that,

P(H((v),Hw)) <aZ(v,w) ¥ ac (0,1)
In this context, the constantis also known as the Lipschitz contant.

Definition 2.7. (R-Preserving)[9] A self mappingT : S — S is apparently R-preserving, iff
cRy = (T(x))R(T(y))Vx,y€S.

Example 2.2. Let S = R* with it's usual standard topology andRy is defined wheny €
{z,y},sty,z €8S.
Suppose the mappirig: S — S is defined as,

T() = {ZL‘_l 1>z

1 1<z

Now, letzRy. Thusz = 1 or y = 1. Therefore, eithet'(z) = 1 or T'(y) = 1.
Implies that,(7'(z)) R(T(y)). From here itis clear thaty Ry = (T'(z))R(T(y)).
Hence it can be said that, T is R-preserving.

Definition 2.8. (Picard Operator) [41] Any self mapping on a metric space, possesing a unique
invariant point where every repeated application of the mapping converges the sequence to its
invariant point is known as a Picard operator.

Theorem 2.1.[9] Suppos€sS, Z, R) be aR — Mg which is R-complete, and € (0,1). Let

H : S — S be R-continuous, R-preserving, R-contraction with Lipschitz constatssume
Jxy € S suchthatroRy V y € H(S). Then H has an unique invariant point. And also, H is a
Picard operator.

Definition 2.9. (Integral type contraction) [32,[33, 35, 36] A mapping? : S — S where
(S, 2)is aMg is said to be an integral type contractiodlifv € [0, 1) such that/ p, q € S,

Z(Hp,Hq) 2(p9)
/ No(T0)dTo < a/ No(T0)dTo
0 0

Wheren, (1) : [0,00) — [0, 00) is a Lesbegue integrable mapping.

Definition 2.10. (Subadditivity) [34] A Lesbegue integrable mappingr) : [0, c0) — [0, 00)
is known to be subadditive on eapgh,n] C R U {0} if,

m—+n m n
/ No(T0)dTo S/ no(To)dTo+/ no(T0)dTo.
0 0 0
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3. ESTABLISHED RESULTS

The concept for integral type R-contraction and fixed point results have been established.
On the basis of Definitiopn 2.6 and Definitipn P.7, the concept of integral type R-contraction
can be defined as follows.

Definition 3.1. A mappingH : S — S where(S, 2, R) is aR — Mg is said to be an integral
type R-contraction il « € [0, 1) such that’ p, ¢ € S having the propertyRq,

2(Hp,Hq) 2(p,q)
/ No(To)dTo < Oé/ 1o(T0)dTo
0 0

Wheren(7) : [0,00) — [0, 00) is a Lesbegue integrable mapping.

Remark 3.1. Any integral type R-contractive condition can be reduced to a normal R-contractive
condition by taking, (7o) = 1.

Theorem 3.1. Suppos€S, 7, R) be a R — Mg which is R-complete and/ : S — S be
a R-preserving, R-continuous self map which is an integral type R-contraction, whére
and the Lesbegue integrable mapping considered is subadditive. AlSgdeE S such that
poRq Y q € H(S). Then H contains unique fixed point(fi, Z, R).

Proof. Let p, € S be arbitary. Define by inductio&™ : S — S by H%py = po, H'py = p1,

H?py = H(Hpy) = Hp, = ps, ... ,H"po = p, Wheren > 0. Thus an iterative sequen¢g,, }
associated with H is obtained.

Letn, m are inN and n is less than m, substitute— n = k.

We havep, RH*(po). Since His R-preservingH" (po)] R [H™ ™ (po)]. Which implies p, Rp,,.
Hence{p,} is a R-sequence. Now since H is an integral type R-contraction, it can be said that,

-@(pnvpn*kl) -@(anoan+lp0)
/ Mo(T0) dTo = / (7o) d7o
0 0
2(H" 'po,H"po)
[0 / 7’]0<T0)d70
0

) P(H" 2py,H" 1po)
(6] / 770(7_0)617—0
0

IN

IA

Continuing in this way,

D(H"po,H"T1pg) P(po,Hpo)
/ No(T0)dTo < a"/ no(T0) dTo.
0 0

As aresult, sincé < o < 1,

-@(an07Hn+1p0)
/ no(T0) dro tends tad asn — co.
0

Or,

D(H"po, H" ' py) — 0 asn — oo.
Now let,

lim sup Z(H"po, H"'py) = € > 0

Then3d v, € N, and a seq.(H™pg)ysv, : Z(H™po, H"'py) — ¢ > 0 asv — +oco and
D(H™po, H"py) > €/2V v > v.. Thus we have the following contradiction:
D(H™ po,H™+1pg)

€/2
= lim No(To) dTo > / 1o(7T0) dTo
0

vV—00 0
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Now it has to be proved thatH"p).cn IS R-Cauchy p, € S. Or,
Ve>0dv.e N:VmneNm>n>uv; Z(H"py, H'py) < €.

Letde > 0:Vv e NIm,,n, € NsuchthatZ(H" py, H*py) > € wherem, > n, > v.
Then(m,)ven, (N )ven are chosenm, is infinitesimalv v € N in the sense that,

D(H™ py, H"po) > e but Z(H"po, H" po) < eVr € {n,+1,....,m, —1}.
Now it can be written that,
e < P(H™ po, H" po)
< D(H™po, H™ ' po) + D(H™ o, H™ py)
< D(H™po, H™ 'po) + €

which tends ta+ asv tends to+oo.
Further3 i € N such that v > i (v € N) one can getZ(H™ T !py, H™1p,) < e. Actually,
if 3 (vg)neny C N Q(H™py, H™xFlpg) > ¢, it can be written that,

€ S @(Hrnmk‘i‘l]?o7 ank“l‘lpo)
< G(H™x*po, H™*po) + D(H™xpo, H"po) + D (H"* po, H™ "' py)
which tends ta ask tends to+oco.
Using the contractive condition, it can be written that,

no(T0) d7o

_@(Hmvk+1p0,ank+1p0)
/ No(T0) dTo < @

/@(Hm”’“ po,H"k po)

0 0

Takingk — +oc in each side of the above inequality, one can obtain the contradjfofti@d(fo) dry <
o [3 mo(T0) dro [ € (0,1), the integral is +ve]. So for particulare N, Z(H™Hpy, H™xHpy) <
e Vv € u. Finally it is required to prove thafl s, € (0,¢) andv. € N such that for every

v > v, (v € N), one can obtai (H™ ' py, H™xlpy) < € — s..

Now let (vy,) exist such tha® (H™ ' pg, H™x ™ py) — e— ask — oo. Then by taking: — oo

in,

Mo (TO) dTO )

P(H™ kT po, H™ kT pg)
/ No(70) dro < @

/Q(Hm”k’ po,H"k po)

0 0
One can again obtain the contradictiffvy (o) dro < a [; 19(70) dro [Since,a € (0,1) and
the integral is positive]. So, for every natural numbes v, (v. as above),

e < P(H™ po, H™ py)
< Z(H™po, H™ 'po) + D(H™ o, H" ' po) + 2(H™ ' po, H™ po)
< P(H™ py, H™ o) + (€ — 8¢) + Z(H™ py, H™py)
Which tends ta — s, asv — oo. Thuse < € — s,, which is a contradiction.
Hence( H"py)nen IS R-Cauchyy py € S.

Now by R-completeness ¢f it can be said that;p,, } R-converges to somec S. And since
H is R-continuousHp,, R-converges td/t. Therefore,

Ht=H <lim pn)

n—oo

= lim Hp,

n—oo

= lim p,1 =t
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Hencet will be fixed point onH.

Uniqueness, lef € S be a invariant point of H. As a resufiy Rt'.

Hence(H"py = p,)R(H™"t' = ')V n € W. So by the virtue of triangular inequality it can be
written that,

D(t,t) P(t,H"po) 2(t' . H™po)
/ No(T0)dTo S/ 770(70)61704'/ No(T0)dTo
0 0 0

2(H™t,H"po) Z(H™t',H"po)
S/ No(To0) dToJr/ no(To) d7o
0 0

P(t,po) 2(t',po)
< a”/ No(To) dTo + a"/ no(T0) dTo
0 0

Which tends to 0 as — oo. [Since,a < 1]
And thus,t = t’. Hence, the fixed point is unique.

Lemma 3.2. The mapping defined in Theorém|3.1 is a Picard operator.
Proof. Let p € S be arbitrary. SinceyR(Hp) and H is R-preservative, it can be written that

(H™po)R(H™p)Vn € W.
Therefore,

2(t,H"p) Z(H"t,H"p)
/ No(T0)dT0o :/ No(T0)dTo
0 0

9(H" 1 H o) 9 (H™ o, H™ (Hy))
S/ no(T0)dT0o +/ No(T0)dTo
0 0

. P(t.po) . 2 (po,Hp)
<a"" / No(T0)dTo + "~ / n0(T0)dTo
0 0

Which tends to 0 as — oo. [Since,a < 1]
Hence, lim H"p =1t

n—oo

Remark 3.2. By the application of Remark 3.1, Theor¢m|3.1 reduces to Banach fixed point
theorem for R-metric space.

Example 3.1.LetS = [0,2] and H : S — S be a mapping defined agl(z) =  Vr € S.
And suppose the relation R be definedtas y € {z,y}. Then it can be easily confirmed that
(S,d, R) is an R-completé& — Mg whered = |2* —3?|, & H is R-continuous and R-preserving.
Also it is taken thai(7) = ﬁ VvVt e Sanda = 0.98. Clearly,n(7) is Lesbegue integrable
and subadditive irb.

Then, by further calculations it can be verified that,

9(Hp,Hq) 2(p,q)
/ No(To)dTo < a/ no(T0)dT0, Vp,q € S.
0 0

Thus,H (z) & n(r) fulfills all the conitions of Theorein 3.1. And in this case- 0 is a fixed
point of the mappind{ (x), wherex € S.

Theorem 3.3. Let (S, Z, R) be aR — Mg which is R-complete, and : S — S be a R-
preserving, R-continuous self map that satisfies the integral type R-contractive condition,

9(Hp,Hq) P (Hp,p)+2(Hq,q) 2(p,q)
/ No(To)dTo < 04/ ﬁo(To)dTo+5/ No(T0)dTo
0 0 0
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Vp,q €S (p+#q), where2a + 5 < 1 andn(7) is subadditive’ [m,n] C RT U {0}. Also let
dpo € S suchthatpyRqV q € H(S). Then H has an unique fixed point(fi, Z, R).

Proof. Let p, € S be arbitrary. Define by inductiof™ : S — S by Hy = po, H'py = p1,
H?py = H(Hpy) = Hpy = po, ... ,H"py = p, Wheren > 0. Thus an iterative sequenég,, }
associated with H is obtained.

Letm,n € N andn < m, substituten —n = k.

We havep, RH* (po). Since His R-preservingH ™ (po)] R [H™ ™ (po)]. Which implies p, Rp,.
Hence{p,} is a R-sequence. Now from the R-contractive condition of H it can be said that,

D (P prt1) Z(H"po,H"1py)
/ No(T0)dTo :/ No(T0)dTo
0 0

/@(H"po,H"1po)+9(H”+1po,H"P0)

S (6] ﬁo(To)dTo

9(H" 'po,H"po)
+ ﬂ/ Mo (To)dTo
0
Z(H™po,H" 1py) P(H" L po,H™py)
< a/ No(T0)dTo + a/ Mo (70)dTo
0 0
Z(H™ 1po,H™po)
+ ﬁ/ 770(7'0>d7'o
0

D(H" 1po,H"po) D(H™po,H"1po)
<(a+p) / no(To)dro + o / 0 (7o) o
0 0

'@(an07H"+1po) a—+ ﬁ @(H”*lp(),ano)
(31) —— / no(To)dTo < |: :| / 770<To)d7'0
0 0

0

11—«

Continuing in this way,

2(H™po,H"po) 2(po,Hpo)
/ No(To)dTo < c”/ No(To)dTo
0 0

c= {a—i_ﬁ] < 1.

11—«

Where,

As aresult, sincé < c < 1,

Z(H"po, H™po)
/ No(T0)dTo — 0 asn — oo.
0

Or,

D (H"py, H" ' py) — 0 asn — oc.
Now let,

lim sup Z(H"po, H"'py) = € > 0

n—oo

Then3 v, € N and a sequence? " pg),>, Such thatZ(H™ py, H™ 'py) — € > 0 asv —
+o0 and 2 (H™ py, H™ ' py) > €/2V v > v.. Thus we have the following contradiction:

Z(H™ po,H™1pg)

€/2
0= lim No(To)dTo > / 1o(T0)dTo
0

V—00 0
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Now it has to be proved thatH"p).cn IS R-Cauchy p, € S. Or,
Ve>03v. e N:VmneNm>n>uv; Z(H"py, H'py) < €.

Let 3 ¢ > 0 such that for every € N there aren,,n, € N such thatZ(H™vpy, H"po) > €
wherem, > n, > v. Then(m,),eny and(n,).,en are chosen such that, is infinitesimal
Vv € Nin the sense that,

D(H™ po, H™po) > e but Z(H " py, H"py) < eVr € {n, +1,....m, — 1} .
Now it can be written that,
e < P(H™ po, H"po)
< Z(H™po, H™ 'po) + D(H™ "o, H™ po)
< P(H™py, H™ 'py) + €
which tends ta+ asv tends to+co.

Furtherd . € N such that’ v > u (v € N) one can geZ(H™ ™'p,, H™ 'py) < €. Actually,
if 3 (v)nen € N : D(H™xFpy, H™xTlpy) > ¢, it can be written that,

e < Q(H™rpo, H™xpy)
< G(H™x*po, H™*po) + D(H™po, H"*po) + P (H"* po, H™ ' py)
which tends ta ask tends to+oo.

Using Equation 3]1, it can be written that,

1o(T0)dTo

P(H™ "k po, H™ kT pg)
/ No(To)dTo < ¢

/_@(Hmvk po,H”vk Po)

0 0
Taking & — +oo in both sides of the above inequality, one can obtain the contradiction
Js mo(T0)dro < ¢ [ no(o)dro [ 0 < ¢ < 1 & the integral is +ve]. Therefore for a particular
pw €N, D(H™xpy, H™xTlpy) < € Vv € p. Finally it is required to prove thafl s, € (0, ¢)
andv. € N such that for every > v, (v € N), one can obtairZ(H™ M py, H™Tlp) <
€ — Se.
Now let (vy,) exist such tha@ (H™ T 1py, H™x 1 py) — e— ask — oo. Then by taking: — oo
in,

No(T0)dTo,

@(Hm“k +1p07HnUk +1p0)
/ 770(7'0>d7'0 S C

/@(Hm”k po,H"kpo)

0 0
One can again obtain the contradictig§,(7o)dro < ¢ [, no(70)dro [Since,c € (0,1) and
the integral is positive]. So, for every natural number v, (v. as above),

e < P(H™ po, H" po)
< P(H™po, H™po) + 2(H™ M pg, H™ M po) + 2(H™ ' pg, H™py)
< P(H™py, H™ ' po) + (e — s¢) + 2(H™ ' po, H™ po)

Which tends ta — s, asv — oo. Thuse < € — s,, which is a contradiction.
Hence( H"py)nen IS R-Cauchyy py € S.
Now by R-completeness df it can be said thaf{p,, } R-converges to somec S. And since
H is R-continuousHp,, R-converges td/t. Therefore,
Ht=H <lim pn)

= lim Hp,

n—oo

= lim p,1 =t
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Hencet is a fixed point ofH.

For unigueness, lgét € S be another fixed point of H. As a resuit,Rt’.

Hence(H"py = p,)R(H"t' = ')V n € W. So by the virtue of triangular inequality it can be
written that,

D) P(t,H"po) I H"po)
/ 1o(7T0)dTo S/ Tlo(To)dTo+/ No(T0)dTo
0 0 0
P(H™t,H™po) P(H™t',H"po)
S/ No(T0)dTo +/ No(T0)d7o
0 0

P(t,po) 2(t',po)
< c"/ No(T0)dTo + c"/ no(70)dTo
0 0

Which tends to 0 as — oc. [Since,c < 1]
As aresulty = t'. Hence, the fixed point is uniqus.

Lemma 3.4. The mapping defined in Theorém|3.3 is a picard operator.

Proof. Let p € S be arbitrary. SinceyR(Hp) and H is R-preservative, it can be written that
(H™po)R(H" p)Vn € W.
Therefore,

2(t,H"p) P(H™t,H™p)
/ No(T0)dTo :/ No(T0)dTo
0 0

P(H"1¢, H"1p) P(H™ 1po, H"~1(Hp))
S/ no(T0)dTo +/ no(T0)dT0o
0 0

) P(t,po) . 2(po,Hp)
" / No(To)dTo + "~ / No(T0)dTo
0 0

Which tends to 0 as — oc. [Since,c < 1]

IN

Hence, lim H"p =t
1
Remark 3.3. By puttinga = 0, Theorenj 3.3 can be reduced to Theofem 3.1.

Corollary 3.5. Let (S, 2, R) be aR — Mg which is R-complete, and : S — S be a R-
preserving, R-continuous self map that satisfies the integral type R-contractive condition,

9(Hp,Hq) 2(p,q) P(Hq,q)
/ No(To)dTo < ﬁ/ Uo(TO)dTo+’Y/ 1o(T0)dT0o
0 0 0

V p,q € Swherep # q & (+ v < 1, givenn,(ro) is subadditivey [m,n] C R™ U {0}. Also
let3 py € S such thatpyRq V¥ ¢ € H(S). Then H has an unique fixed point(i§, Z, R).

Corollary 3.6. Let (S, 2, R) be aR — Mg which is R-complete, anél : S — S be a R-
preserving, R-continuous self map that satisfies the integral type R-contractive condition,

9(Hp,Hq) 9(Hp,p) 2(p,q)
/ No(T0)dT0 < Oé/ Uo(To)dToJrﬁ/ 1o(T0)dTo
0 0 0

V' p,q € Swherep # q & a+ 3 < 1, givenn,y(7o) is subadditivey [m,n] C RT U {0}. Also
let3 py € S such thatpyRq V ¢ € H(S). Then H has an unique fixed point(i§, Z, R).
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Corollary 3.7. Let (S, 2, R) be aR — Mg which is R-complete, and : S — S be a R-
preserving, R-continuous self map that satisfies the integral type R-contractive condition,

9(Hp,Hq) 9(Hp,p)+2(Hq,q)
/ No(T0)d7o < Oé/ no(T0)dTo
0 0

V p,q € Swherep # g & a < 1/2, givenn,(ro) is subadditivev [m,n] C RT U {0}. Also let
dpo € S such thatpyRq vV ¢ € H(S). Then H has an unique fixed point(if, Z, R).

Remark 3.4. By the application of Remark 3.1, the contractive condition in Corollary 3.7
reduces to,

9(Hp,Hq) < o [P(Hp,p) + Z(Hq, q)]

vV p,q € S wherep # ¢, anda < 1/2. Which can also be recognised as a fixed point theorem
of Kannan type in R-metric space.

Example 3.2.LetS = [0,1] andH : S — S be a mapping defined a&l(z) = [$] V = € S.
Suppose the relation R be definedsas- y € {z,y}. Then it cab be easily confirmed that
(S,d, R) is an R-completd: — Mg whered = |z — y|, & H is R-continuous and R-preserving.
Also it is taken that)(7) = ﬁ Vte Sanda =049, 3 =0.01. Clearly,2a + 5 =0.99 < 1

& n(7) is Lesbegue integrable and subadditiveSin

Then, by further calculations it can be verified that,

9(Hp,Hq) P (Hp,p)+2(Hq,q) 2(p,q)
/ No(T0)dTo < a/ No(T0)dTo + ﬁ/ no(70)dT0, ¥ p,q € S.
0 0 0

Thus,H (z) & n(7) fulfills all the conitions of Theoren 3.3. And in this caser 0 is a fixed
point of the mappind{ (x), wherex € S.

Theorem 3.8.Let (S5, Z, R) be a R-metric space which is R-complete, &hd S — S be a
R-preserving, R-continuous self map that satisfies the integral type R-contractive condition, Let
(S, 2, R) be aR — Mg which is R-complete, anH : S — S be a R-preserving, R-continuous

self map that satisfies the integral type R-contractive condition,

2(Hp,Hq) 9(Hp,q)+2(Hq,p) 2(p,q)
/ No(To)dTo < ’7/ Uo(To)dTo+5/ 1o(T0)dT0o
0 0 0

Vp,q €S (p+#q), where2y + 6 < 1 andn(r) is subadditive’ [m,n] C RT U {0}. Also let
dpy € S such thappyRq V¥ q € H(S). Then H has a unique fixed point(8, 2, R).

Proof. Let p, € S be arbitary. Define by inductiol™ : S — S by Hy = po, H'py = p1,
H?py = H(Hpy) = Hpy = po, ... H"py = p, Wheren > 0. Thus an iterative sequenég,, }
associated with H is obtained.

Letm,n € Nandn < m, substituten —n = k.

We havep, RH* (po). Since His R-preservingH ™ (po)] R [H™™ (po)]. Which implies p,, Rp,,.
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Hence{p, } is a R-sequence. Now from the R-contractive condition of H it can be said that,

2(pn,Pn+1) Z(H"po,H"1py)
/ No(T0)dTo :/ No(T0)dTo
0 0

/Q(H"pmH"po)-i-@(H"Hpo7H"1po)

<7~ 770(70)6570

@(Hnilpo,ano)
+ (S/ 770(7'0>d7'0
0
P(H™po,H"po) Z(H™ 'po,H"po)
< ’Y/ Uo(TO)dToJrV/ No(T0)dT0o
0 0
@(Hnilpo,ano)
wa no(mo)dro
0

D(H™ 1po,H"po) P(H"po,H"1po)
< (v+96) / no(To)dTo + 7 / no(70)dro
0 0

@(H"p07Hn+lp0) f}/‘i‘d .@(H”*lp()?anO)
(3.2) — / No(T0)dT0 < {ﬁ}/ 10(T0)dTo
0 - 0

0

Continuing in this way,

Z(H"po,H™py) 2 (po,Hpo)
/ No(T0)d70 < C”/ No(T0)dTo
0 0

c= [7——'—6} < 1.
I—x

Where,

As aresult, sincé < c < 1,

P (H™po,H™1pg)
/ No(T0)dT9 — 0 @asn — oo.
0

Or,

D(H"py, H" ™ py) — 0 asn — oo.
Now let,

lim sup Z(H"po, H"'py) = € > 0

n—oo

Then3 v, € N and a sequendd ™ pg)y>., : Z(H™po, H"'py) — € > 0 asv — +o0 and
D(H™po, H"py) > €/2V v > v.. Thus we have the following contradiction:

Z(H™ po,H™+1pg)

€/2
0= lim No(To)dTo > / No(T0)dTo
0

v—00 0

Now it has to be proved that/{"pg).en is R-Cauchy py € S. Or,
Ve>03v. e N:VmneNm>n>uv; Z(H"py, H'py) < €.

Letde > 0:Vv e N3Im,,mn, € Nsuchthatz(H™py, H"py) > € wherem, > n, > v.
Then(m,).eny @and(n,).en are chosen so that, is infinitesimalv v € N in the sense that,

D(H™ py, H"po) > e but Z(H"po, H"'py) < eVr € {n,+1,....,m, —1}.
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Now it can be written that,

e< P(H™ py, H" py)
< D(H™po, H™ ' po) + 2(H™  'po, H" py)
< .@(Hmvpo, Hmvilpo) + €

which tends ta+ asv tends to+oo.
Further3 i € N such thaty v > i (v € N) one can getZ(H™ !py, H™1p,) < e. Actually,
if 3 (vg)nen € N Q(H™ o, H™xFlpg) > ¢, it can be written that,

e < P(H™*po, H"+'py)
< G(H™ po, H™po) + D(H™ s po, H"* po) + P (H""* po, H™" ' py)

which tends ta ask tends to+oo.
Using Equation 3]2, it can be written that,

No(T0)d7o

_@(Hmvk-ﬁ-lpoyank-ﬁ-lpo)
/ 770(7'0)61’7'0 S C

/@(Hm“kpoﬂ"“k po)

0 0

Taking & — +oo in both sides of the above inequality, one can obtain the contradiction
Js no(T0)dro < ¢ [ mo(To)dro [ 0 < ¢ < 1 & the integral is +ve]. Therefore for a particular

pw €N, Z(H™rpy, H™:tlpy) < e Vv € p. Finally it is required to prove thaf s, € (0, ¢)
andv, € N such that for every > v, (v € N), one can obtairZ(H™ M py, H™xTlpy) <

€ — Se.

Now let (vy,) exist such tha (H™ ™ pg, H™» ™ py) — e— ask — oo. Then by taking: — oo

in,

Mo (TO ) dTO )

2(H™k  po, H™E T pg)
/ No(To)dTo < C

@(Hm”kpo,H"vk’po)
| J
One can again obtain the contradictigifin,(ro)dro < ¢ [ no(to)dro [0 < ¢ < 1 & the
integral is +ve]. So, for every natural numher- v, (v. as above),
e < Y(H™ po, H" po)

< D(H™po, H™ o) + Z(H™* po, H™ ' po) + D(H™* po, H™ o)

< P(H™po, H™ o) + (€ — s¢) + D(H™ ' po, H™ po)
Which tends ta — s, asv — oo. Thuse < € — s., which is a contradiction.
Hence(H"py)nen is R-Cauchy p, € S.

Now by R-completeness df it can be said thaf{p, } R-converges to somec S. And since
H is R-continuousH p,, R-converges tdit¢. Therefore,

Ht=H (lim pn)
= lim Hp,

n—oo

= lim p,y1 =1
n—oo

Hencet is a fixed point ofH.
For uniqueness, let € S be another fixed point of H. As a resuit,Rt'.
Hence(H"py = p,)R(H™"t' = t') Vn € W. So by the virtue of triangular inequality it can be

AJMAA Vol. 22(2025), No. 2, Art. 12, 18 pp. AIMAA


https://ajmaa.org

FIXED POINT RESULTS FORINTEGRAL TYPE CONTRACTIONS INR-METRIC 13

written that,

2(t,t') 2(t,H"po) 2(t' \H™po)
/ No(T0)dTo S/ Uo(To)dTo+/ No(T0)dTo
0 0 0
.@(H"t,H"po) .@(Hnt/,H"po)
< / No(T0)dTo + / No(To)dTo
0 0

P(t,po) 2(t' ,po)
< T"/ No(T0)dTo + T"/ No(T0)dTo
0 0

Which tends to 0 as — oc. [Since,r < 1]
As aresulty = t'. Hence, the fixed point is uniqusg.

Lemma 3.9. The mapping defined in Theorém|3.8 is a picard operator.

Proof. Let p € S be arbitrary. SinceyR(Hp) and H is R-preservative, it can be written that
(H™po)R(H™ p)Vn € W.
Therefore,

2(t,H"p) 2(H™t,H™p)
/ No(T0)dT0o :/ 1o(T0)dTo
0 0

Z(H" 1, H" " 1pg) Z(H™ 1po,H"~1(Hp))
S/ no(T0)dT0o +/ No(T0)dTo
0 0

. P(t,po) ) P(po,Hp)
<r" / No(To)dTo + 1" / 1no(T0)dT0o
0 0

Which tends to 0 as — oo. [Since,r < 1]
Hence, lim H"p =1t

n—0o0

1
Remark 3.5. Puttingy = 0, Theorenj 3.8 can be reduced to Theofem 3.1.

Corollary 3.10. Let (S, 2, R) be aR — Mg which is R-complete, and : S — S be a
R-preserving, R-continuous self map that satisfies the integral type R-contractive condition,

9(Hp,Hq) 9(Hq,p) 2(p,q)
/ No(T0)dT0 < ’Y/ Uo(TO)dTo+5/ No(T0)dTo
0 0 0

V p,q € Swherep # q & 2y + § < 1, givenn(r) is subadditive’ [m,n] C R U {0}. Also let
dpo € S such thatyRq vV ¢ € H(S). Then H has an unique fixed point(if, Z, R).

Corollary 3.11. Let (S, 2, R) be a R — Mg which is R-complete, andl : S — S be a
R-preserving, R-continuous self map that satisfies the integral type R-contractive condition,

Z(Hp,Hq) 9(Hp,q)+%(Hq,p)
/ No(T0)dTo < ’Y/ 1o(T0)dTo
0 0

V' p,q € Swherep # q & v < 1/2, givenn(7) is subadditive’ [m,n] C R* U {0}. Also let
dp € S suchthatpyRqV q € H(S). Then H has an unique fixed point(fi, Z, R).

Remark 3.6. By the application of Remark 3.1, the contractive condition in Corollary|3.11
reduces to,

9(Hp,Hq) <~[2(Hp,q) + Z(Hq,p)]
V p,q € S wherep # ¢, andy < 1/2. Which can also be recognised as a fixed point theorem
of Chatterjea type in R-metric space.
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Example 3.3.LetS = [1,3] andH : S — S be a mapping defined af(z) = |\/z| Vz € S.
Suppose the relation R be definedias y € {z + 1, y + 1}. Then can be easily verified that
(S,d, R) is an R-completé — MS whered = |z* —y*|, & H is R-continuous and R-preserving.
Also it is taken that)(7) = 5527z V't € Sandy = 0.49, 6 = 0.01. Clearly,2y +§ = 0.99 < 1

& n(7) is Lesbegue integrable and subadditiveSin

Then, by further calculations it can be verified that,

9(Hp,Hq) 9(Hp,q)+2(Hq,p) 2(p,q)
/ No(T0)dTo < 7/ No(To)dTo + 5/ no(70)dT0, ¥V p,q € S.
0 0

0

Thus,H (z) & n(7) fulfills all the conitions of Theoren 3.8. And in this caser 1 is a fixed
point of the mappind{ (x), wherex € S.

4. APPLICATION TO INTEGRAL EQUATIONS
In this section, the outcomes of Therorem| 3.3 and Thegrem 3.8 are used to demonstrate the

existence and uniqueness of solution of the integral equation given below.

4.1) mmzzvrg/EMnmmmmM

wherep,x € R : k < p, n € CJr, p] (the set of all continuous real functions on the interval
[k, p]). Also z : [k, p| — [k, p] @andM : [k, p|> — [, p] are functions which are continuous.
Let S = C|[k, p| be endowed with the metric defined as,

2(n,q) = sup |n(r) —q(r)|, foranyn,q € 5.

€[k, p]

And supposeH : S — S be defined as,
4.2) / M (r, p, n(p))du, wherer € [k, pl.

So, evidently(.S, ) is a metric space which is complete. Now Jebe a relation defined i
such that the R-Metric spa¢é, 7, R) is R-complete, R-continuous and R-preserving.

It is to be noted that, the solution of Equatjon|4.1 is similar to the fixed poift mf Equation
[4.7. Accordingly, the following result has been deduced.

Theorem 4.1. The integral equatioh 4]1 has a unique solutiod j§ > 0 such that,
90 (r, 1, n(p)) — (7, 1, g ()| <

~
Hn —q|+ |Hq —n||.

gl = al =+ Ha =l

wherey is a constant in the intervdb, 1/2).

Proof. It is known that,

[Hn — Hq|

/imru, ))dpe — M7, 1, q())dpe

/ DM, o, () — IM(r, g, q ()| dpe

@_K%/HHn—qHﬂHq—M]

=[|Hn —q| + |Hq —n|].
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Therefore,

(4.3) |Hn — Hq| < ~[|Hn — q| + |Hq — nl|], wherey < 1/2.

Now taking supremum on both sides in the above equation,
P(Hn,Hq) = sup |Hn — H¢q|

T€[K,p]
< sup [y{|Hn —q|+ |Hq —nl|}]

r€([k,p]

=~ | sup |Hn—q|+ sup |Hq—n|

€[k, p] r€[k,p]
=v[Z2(Hn,q) + Z(Hg,n)].
It implies that,
P (Hn,Hq) <~v[Z(Hn,q) + Z(Hq,n)|,
which means that, the mappirfg fulfills all the requirements of Remafk 3.6. Therefore the

existence of fixed point is guaranteed. Herce(r) € Clx,p] : n(r) = Hn(r), which is a
unique solution of Equatidn 4. 4.

Theorem 4.2. The integral equatioh 4]1 has a unique solutiod j§ > 0 such that,
«
|9, p, () — DU, 1, g(p))] < =) [[Hn —n|+ [Hq — q]].

whereq is a constant in the intervdD, 1/2).

Proof. It is known that,

/Emrm Vbt — M 1, q(11) )y

< [ 900 n() = M s
< Hn—n|+|Hqg—q
< s [ UHn =l + 1Ha = gl
= of[Hn —n|+|Hq —q|].
Therefore,
(4.4) |Hn — Hq| < of|Hn —n|+ |Hq — q|], wherea < 1/2.

Now taking supremum on both sides in the above equation,
Y(Hn,Hq) = sup |Hn — Hg|

relk,p]

< 81[1p] la{[Hn —n|+|[Hq—q|}]
TER,pP.

=« | sup |Hn—n|+ sup |Hq—q|
r€[K,p) re(k,p]

=«alP(Hn,n)+ P(Hgq,q)].

It implies that,
P(Hn, Hq) < a[Z(Hn,n) + Z(Hq,q)],
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which means that, the mappirfg fulfills all the requirements of Remafk 3.4. Therefore the
existence of fixed point is guaranteed. Henace(r) € C|[k,p| : n(r) = Hn(r), which is a
unique solution of Equatign 4. 1.

5. CONCLUSION

R — Mgy is a generalization of/g and unlike metric Space it uses the concepts of relations
combined with the set and a distance me#ic

The current research fulfills the objective by establishing three invariant point results in
R — Mg, one for an integral type R-contractive condition of Banach type, and two other for in-
tegral type contractions combining Kannan and Chatterjea type with Banach type respectively.
For this purpose, some other concepts such as R-preservation, R-continuity, R-convergence, R-
sequence, R-Cauchy sequence, and R-contraction are also brought to use.

Also, some illustrations and applications have been established, in support of the results de-
duced. Notably, the obtained results can also be generalized for Adugéoft M, G-Mg and
neutrosophic fuzzy/s.
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