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1. INTRODUCTION

Ever since Zadeh [18] introduced the concept of a fuzzy set as a function fromXa set
into [0, 1]. Rosenfeld([6] formulated the concept of a fuzzy subgroup of a group. Since then a
host of researchers (see for example [1, 2] 3, 4]) are engaged in fuzzifying various subalgebras
of algebras. Swamy and Swamy [16] introduced the notion of a fuzzy prime ideal of a ring.
Further, Swamy and Raju [13,114] introduced the concept of irreducibility in algebraic fuzzy
systems and applied a general theory of algebraic fuzzy systems to fuzzy ideals of distributive
lattices.

In 1980, Swamy and Ra0 [15] introduced the concept of an Almost Distributive Lattice (ADL)
as a common abstraction of most of the existing lattice (ring) theoretic generalization of a
Boolean algebra (ring). An ADL is an algebtd, v, A, 0) satisfying the conditions : for all
a,bandc € A,

W) 0Aa=0

(2) (avb)Ac=(aNnc)V(bAc)
B)an(dve)=(anb)V(aAec)
4)aVv(andb)=a

(B) (avb)Ab=b

6) (aVb)ANa=a
(7)aVv(bVve)=(aVb)Ve.

An ADL (A, Vv, A,0) satisfies all the axioms of a distributive lattice, except the commutativity
of the operations andA and the right distributivity of/ overA. In fact, these three axioms are
equivalent in any ADL. If any one of these axioms hold, then the ADL becomes a distributive
lattice. A non-empty subseY of an ADL A is called anideal it Vb € X anda Az € X
foralla,b € X andz € A. (X] denotes the smallest ideal dfcontainingX . An equivalence
relationd on an ADL A is called a congruence relation ahif it is compatible with the binary
operationsvy andA on A. Maximal element with respect to the partial orgeion an ADL A
defined bya < biff a A b = a (equivalentlya vV b = b) is called a maximal element of.

In recent time, Swamy, Sundar Raj and Teshalé [12] have introduced the notion of a fuzzy ideal
of an ADL A as a functiom\ from A into L satisfying the conditions that(a) = 1 for some

ap € AandA(aVb) = A(a) AX(b) for anya,b € A, whereL is a complete lattice satisfying the

infinite A-distributivity ; 2 A ( \/ y) = \ (zAy) foranyz € LandS C L. Itis proved that the
yeSs yeSs
set of all fuzzy ideals of an ADL forms a complete distributive lattice under point-wise ordering.

Also, Swamy, Sundar Raj and Teshalg [7,/8, 9] have extended the notion of fuzzy ideals to filters
of ADL's and introduced the concepts of fuzzy prime ideals (filters) and fuzzy maximal ideals
(filters). Further, in[[5,_10] the authors of this paper have introduced the notions of fuzzy prime
spectrums and fuzzy initial and final segments of ADL’s. In this paper, we extend the notion
of ideal congruences of ADL's to the fuzzy ideals. Here, we introduce the concept of a fuzzy
congruence of an ADILA, and obtain a fuzzy congruenég corresponding to a fuzzy ideal

of an ADL A, which we call the fuzzy ideal congruence 4fand establish a correspondence

A — 6, (not necessarily one-to-one) between the fuzzy ideals and fuzzy congruendes of
Further, we prove that an ADU with a maximal element is a Boolean algebra if and only if
every fuzzy congruence of is a fuzzy ideal congruence.

Throughout this paperd denote an ADL(A, Vv, A, 0) with a maximal element: and L stands

for a complete lattice satisfying the infinitedistributivity.
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2. Fuzzy CONGRUENCE

A fuzzy subset) : A x A — L is called a fuzzy relation odl. Following [14], a fuzzy
relationd on A is said to be a fuzzy equivalence dfif, for any x,y,z € A, 0 satisfies the
following:

() O(z,x) =1

(i) 0(z,y) =0(y,x)

(ii)) O(z,y) A0y, 2) < O(x, 2).
A fuzzy equivalencéd of A is said to be a fuzzy congruence 4fif, for any z, z9, 41,2 € A,
the following hold:

(V) O(z1 V 29,91 V y2) > 0(x1,y1) A O(22,92)

(V) O0(z1 A a1 Aya) > 0(a1,y1) A O(12,90).

It is easy to verify that a fuzzy equivalenéef A is a fuzzy congruence of if and only if ¢
satisfies the conditions:

(iv) O(z,y) <Oz Vz,yVz)ANbO(xzAzyAz)and

(i) O(z,y) <O0(zVx,zVy) ANO(z Az, 2z A\y).

For any fuzzy relatio on A anda € L, define thex-level set off by
O ={(z,y) € AXx A : 0(x,y) > a}.
Then one can easily observe tldas a fuzzy congruence of if and only if 6, is a congruence
relation onA for eacha € L.

For any congruence relati®on A, it can be easily verified that the fuzzy subggbf A x A
defined by

(2.y) = 1 if(x,y) € 6
Xl Y =30 otherwise

is a fuzzy congruence of. It follows thaty , is a fuzzy congruence of, where(z,y) € A <
r = y. Also, x_ is a fuzzy congruence of, whereyx_(z,y) = 1.
Recall (from [17]) that, the associativity relatienon an ADL A defined by
~={(a,b) e Ax A :aANb=bandbAa=a}
is a congruence relation o. From [15], for anya € A, the relation?” defined by
0" ={(z,y) e AxA: zNa=yANa}
is a congruence relation oh Corresponding to the relatiorsandd® we shall obtain the fuzzy
congruences as given below.

Lemma 2.1. Defined : A x A — L by
~ 1 if(a,b) e~
Hla,b) = { o)

0 otherwise

Then¢ is a fuzzy congruence df.
Proof. It follows by the fact that) = y_. i
Lemma 2.2. For anya € A, definey® : A x A — L by

P(og) = {1 if (z,y) € 6°

0 otherwise

Proof. Itis clear byy® = x,,. i
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Definition 2.3. Let# and ¢ be any fuzzy congruences4f Define
0<¢e0(xy) <d(r,y)

(0N P)(x,y) = 0(z,y) Aoz, y)
forall z,y € A.

Itis easy to verify that the seft,C(A) of all fuzzy congruences of is a partially ordered set
under the point-wise ordering defined above. In whith,¢ is theg.l.b {0, ¢}. The operation
A is called the point-wise infimum.

Theorem 2.4. (F.C(A), <) is a complete lattice ; in which foranyd; : i € A} C FL.C(A).

glb{0; : ie A} = /\ 9;, the point-wise infimum @ 's
i€
andlu.b{6; : i€ A} =g.lb{0 e FC(A) : 0, <Oforalliec A}.
Proof. Proof is simple g

Note that in the above lattice the fuzzy congruengesindy are the smallest and greatest
elements respectively.

3. Fuzzy IDEAL CONGRUENCE

If 0 is a congruence relation on an AQW, v, A, 0), then the congruence class®f that
is0(0) = {a € A : (a,0) € 6} is an ideal ofA and it is the unique congruence class
corresponding t@, which is an ideal ofA. Now, given a fuzzy congruenceof A, we define
a fuzzy subseh, of A by \y(z) = 6(z,0) for all z € A. Then one can easily seen thatis a
fuzzy ideal ofA. Also, f < ¢ implies\g < )\, for any fuzzy congruencesand¢ of A.

Following U.M. Swamy and G,C. Rab [15], it is known that, for a given ideaf A.

0r = {(z,y) e AxA:aVae=aVyforsomes € I}

is a congruence relation ot and it is the smallest congruence relationArontaining/ x I.
Analogous to the congruenég, we introduce a fuzzy ideal congruenceAss follows.

Definition 3.1. For any fuzzy subsetof A, define a fuzzy relatiofy, on A by
Or(z,y) = \/ {a €L : avz=aVyforsomes € Asuchthat\(a) > a}.

Theorem 3.2.1f A is a fuzzy ideal ofi, thend,, is the smallest fuzzy congruencefo$uch that
Ao, = A

Proof. Itis clear that,(z, x) = 1 andf,(z,y) = 0,(y, x).

Considerd,(x,y) A 0,(y, z)

=V {a €L :aVvaz=aVyforsomes e Awith A\(a) > a}A

V{BeL :bvy=bVzforsomeb e Awith \(b) > 3}

=V{aAp :aVz=aVy, bVy=>bVzforsomes,bc Awith A\(a) > a andA(b) > 5}
(by the infiniteA-distributive inL).

Leta,b € Asuchthat Va = aVywith \(a) > aandbV y = bV z with \(b) > 4. Then
aAfB<Aa)ANXDb)=AaVb).Sinceavb=aVbVaaVbVz=aVbVzanditfollows
thata NG e{ve L : ¢cVa=cVzfoesome € Asuchthat\(c) > v}. This implies that
Ox(z,y) NOx(y,2) < O)(x, z). Therefore), is a fuzzy equivalence of. Again, leta € L such
thata V x = a VvV y for somea € A with A\(a) > «. Thena VvV (x Az) = (aV z) A (aV z) and
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aVzVzr=aVzVaVz=aVzVaVy=aVzVywhichimpliesd,(z,y) < O0\(zVz,yVz)
andd,(z vV z,z V y). Hence

Or(z,y) <Ox(xAz,y\Nz) ANOr(z Az,z ANy)and

Ox(z,y) <Ox(xVz,yVz)ANO\(2Vz,2VYy)

Thus#, is a fuzzy congruence of. Further, letov € L such thatt V x = a andA(a) > « for

somea € A. Then\(a) = Ma V x) = A(a) A M(xz) and hence\(a) < A(z), so thate < A(z).

It follows that Ay, < A. Also, it is clear that\ < )\,,. Hence)y, = \. Letd be a fuzzy
congruence ofl such that\, = A. By condition (vii),f, < 6. 1

We calld,, the fuzzy ideal congruence d&f corresponding to. If ¢ is a fuzzy congruence
of A, then we note that,, < 6 andd, < 0,, for any fuzzy ideal\ of A. By this fact, we have
the following.

Lemma 3.3. Letd be any fuzzy congruence4f Thend = 6, iff ¢ is a fuzzy ideal congruence
of A.

Theorem 3.4. A is a Boolean algebra iff every fuzzy congruencela$ a fuzzy ideal congru-
ence.

Proof. Suppose that every fuzzy congruencelda$ a fuzzy ideal congruence. Theris a fuzzy

ideal congruence ol. By Lemmgb =0, If z =y, thenitis clear thah;b =X, (2, ). If
r # yandleta € L suchthat vz = aVy for somea € Awith Ay > o. Thena < q~5(a, 0)=0
since(a, 0) ¢~. Hencea = 0 which impliest), (z,y) = 0 = x, (z,y). Thereforep = X, As
(xANy,y Nzx) e~ x, (x Ay,y Ax) = 1and it follows thatr Ay = y A 2. ThereforeA is a
bounded distributive lattice. Further, ketc A and consider the fuzzy relatiaff'. By Lemma
2.2, is a fuzzy congruence ofl and hence)® = 6, for some fuzzy ideah of A. Since
mAa=a,(m,a) € 0°sothaty(m,a) = 1 and hencd,(m,a) = 1. So there existé € A
suchthat Vm = bV aandA(b) = 1. Nowa Vb = bV a =m. SinceA(b) =1 and)y, = A,
we haved, (b,0) = 1 so that(b,0) € #“ which impliesa A b = b A a = 0. Thereforeb is the
complement ofi. ThusA is a Boolean algebra.

Conversely, iff is a fuzzy congruence of, then)y is a fuzzy ideal ofA and clearlyd,, < 6.
On the other hand, put= (z Ay') V (y Az'). Thena vV x = a V y. Now,
O(z,y) <O(xAy,0) A0y Az 0)
=XM(x ANy') A Xg(y A ')
=N((zAy)V(yAz))
= Ag(a)
which implies tha¥(z, y) < 6,,(z,y) for all z,y € A. Therefored < 6,,. Henced = 0,, and
thusd is a fuzzy ideal congruence cf. n

Theorem 3.5.Let A and . be fuzzy ideals ofl. Then
W A<pue0,<6,
(2) 9)\/\,u < ‘9)\ A eu
Q@) A= Xy & O =x,
A A=x,e0=x,
(5) Qx, =Xy, for any ideall of A.

Proof. Proof is simple and straight forward verificatian.
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Let 6 denotes the smallest fuzzy congruencedofjenerated by a fuzzy relatichon A.
Following [12], A is the smallest fuzzy ideal of generated by and is described by
A(0) = 1 and

=\ { A\ Ma) : z € (X], Xisafinite subset oft }
aeX
Proposition 3.6. 0, = 65 for any fuzzy subset of A.

Proof. By Theorenj 3.5(1)¢, < 5. Let¢ be a fuzzy congruence of such that, < ¢. Let
a € Lsuchthat vV x = aV yfor somea € A with A(a) > a. Then,

a=\/{/\Ab)Aa : ac(X], Xisafinite subset oft }.

beX

Puts = A A(b) A aanda € (X], whereX is a finite subset ofl. Thena = (\/ b;) A ¢ for
beX =1

someby, by, ..., b, € X andc € A. NOWa_(\/b)/\aandhence(\/b)Va_\/b As

B < A(b;) forall 1 <4 < nand by the deflnltlon o\, we have
B < O(x, biVa)andf < 0x(y, biVy)

so that
which implies that

n

< oo, V6,V ) AoV (b V). v)
< ¢(x, '\Z/lbi\/a\/ac) /\(/b(’\Zb VaVy, y)
< ¢(z,y)

and it follows that's(z,y) < ¢(x,y) for all z,y € A. Thereforedx < ¢. Thusfy, = 5. i

The fuzzy congruence, of A exhibits the properties analogous to almost all the properties
of ideal congruences on ADLs ; in particular the mapping: ¢, establishes a correspondence
(not necessarily one-to-one) between the lattice of fuzzy ideals and the lattice of fuzzy congru-
ences of an ADLA.

It can be easily verified that, for any fuzzy equivalené@sd of A,
Qop=¢pol<=0op=0V¢, thel.u.b{0, ¢} < 0o ¢isafuzzy equivalence od,
where(6 o ¢)(a,b) = \ (¢(a,c) Ab(c,b)) forall a,b € A.
ceA
Proposition 3.7. Let A and . be fuzzy ideals ofi. Then
0r00,00,=0\V0,=0,00,00,.
Proof. We observe that

(Or08,00,)(z,y) = \/ (0x(z, 2) NO,u(2,a) ABr(a,y)).

z, a€EA

It follows thatf, o 6, o 8, is anu.b {6,,0,}. Letd be a fuzzy congruence of and
6 =u.b{0,,0,}. Thendy(z,z) A0,(z,a) Abx(a,y) < 0(x,y), which implies that
(0r06,00,)(zr,y) < 60(x,y). Therefored, o0 b, 06, < 6.1
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Lemma 3.8. Let A and i be fuzzy ideals oft. Then
0V 0, =0, whered Vv = lLu.b {\ p}.

Proof. Clearly 0, < 0,,, andd, < 0,,,. Let ¢ be another fuzzy congruence dfsuch that
0r < ¢andd, < ¢. Thenly, < Mg andrg, < ;. By Theoren@Z, we get that < A\, and
i< Ay sothath v u < Ay which implies thatyy,, < 0, < ¢. Thust\ vV 0, = Oxy,- &

Theorenj 3.5(1) and Lemma 8.8 yields the following result.

Theorem 3.9. )\ — 6, is an order isomorphism of the latticE;, Z(A) of fuzzy ideals ofi onto
a V-subsemilattice of the lattic&.,C(A) of fuzzy congruences df

4. CONCLUSION

It is well known that, for any latticé L, A, V), interchanging the operationsandV again
yields a lattice(L, v, A), called as the dual af. An ideal of the dual lattic¢ L, v/, A) is called
as the filter of the latticé L, A, V). However, an ADL do not have the duality priciple; in the
same that, by interchangingandV in an ADL (A, AWV O) we do not get an ADL again, the
main reason is that the right distributive @fover A does not hold inA. This necessitates a
separate study of fuzzy filter congruence of an ADL in future work.
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