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ABSTRACT. The main objective of this study is to evaluate two master formulas expressed as
integrals over the interval from zero t/2. These integrals involve exponential functions and
trigonometric functions sine and cosine, along wiffy hypergeometric functions parameterized

by general variables and j, wherei = j = 0,4+1,+2,.... From these master formulas, we
derive twenty-six MacRobert-type integrals by evaluating them at specific valuesraf ;.

The results are expressed using Gamma functions. The findings given here are derived from
summation formulas for the serigB3 obtained recently by Choi and Rathie along with a general
result attributed to MacRobert.
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1. INTRODUCTION
Let C,N andZ, be the sets of complex numbers, positive and non-positive integers respec-
tively, andN, := N U {0}.
The generalization of the Gauss’s hypergeometric functignis called the generalized hy-
pergeometric seried’, (p, ¢ € Ny) defined by[[1, 217,18, 13]:

qu[al,.-.,% ;z] -y oy lo), 2
(1.1) By B nzzo Bu)n--- (B,), 1!

) q(ala“'aap;ﬁl)"'wgq;z)7

n

wheres, € C\Zq;j =1,...,4q.
Here(a), is the Pochhammer symbol defined (foe C ) by [1]

(@) :{1 ;(n=0)
" a(@+1)...(a+n—-1) ;(n€N)
~ Tla+n) ; _
- F((Z) ( EC\ZO>a

andI'(z) is the familiar Gamma function defined as:
(1.2) I'(2) :/ e "x* 'dx, Re(z) > 0.
0

Using the ratio test |2,/ 3] we can verify that the series is convergent fpr<ll;, converges in
|z| < 1forp = g+ 1and converges everywhere fo< ¢ + 1 and while it is divergent for all
z,(z#0)if p>q+1.

While substitutingg = 1, ¢ = 1, in (1.1) we get:
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which converges everywhere and popularly known in the literature as Kummer’s function or
confluent hypergeometric function. Both Gauss hypergeometric and Kummers hypergeometric
functions have found applications in many physical problems$[10, 11, 12].

Summation theorems play a crucial role in evaluating hypergeometric series. The traditional
summation theorems, such as Gauss, Gauss’s second, Bailey, and Kummer for thé'sands
Watson, Dixon, and Whipple for the serigh, allow scientists and mathematicians to formulate
hypergeometric series in different ways.

The classical Watson's summation theorem foyFa hypergeometric function [1] has the
following form:

a, ba ¢,

2 |10 1 p4 1), 20 1
(1.3) )T (e+3)l(Ga+50+35) 0 (c—za—3b+3)
T(gat3)T(sb+35)T(c—ga+g)T(c—350+3)

providedRe(2c —a — b) > —1.
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In 2010, Kim et all[4] provided two extensions of classical Watson’s summation theorem
(1.3), one of which is given by the following result:

2 a, b, c,d+1 '

e+ b+1), 2c41,d

g @) llets) TGatbrg) e g0 5

| F(a+3)T(0+3)T(e—ga+3)T(e— 30

WESHRCINCSINCE A I as
d I'(30)T (30) T (c—3a+1)T (c—3b+1)

2
providedRe(2c — a — b) > —1,d € C\Z, .

On substitutingl = 2¢, (1.4) reduces td (1} 3). Kim et all[4] obtained these results with the
help of generalization of Watson’s summation theorem obtained earlier by Lavoiel€t al. [5]. In
2016, Choi and Rathi¢ [6] provided thirteen summation formulas inclu@ing (1.4) for the series
+F3 with the help of results obtained by Lavoie et all [5], which are essential for our current
investigation and are presented below:

r a, b, c,d+1
O Ha+b+1), 2¢, a7

1

2

:[1+ ab }F(%)F(H%)F la+ib+ D (c—ta—1b+1)
(1.5) d2c—a—=b-=1)]T (Ga+H T Lo+ T (c—Lta+3)T(c—Lb+1)
+(g)r(%)r(w%)r(%w%m%)r )
d I'(3a)T (30) T (c—3a) T (c— 2b
=5
providedd € C\Z, andRe(2¢ —a —b) > 1.

a, b, c, d+1
4F3[%(a+7b%7—17), 2Jcr+1,d;1}
DT e+ 3T (Bat 3+ 3T (e~ da—3b+1)

(1.6) Tla+HT R0+ DT (e—La+ DT (c— 1+ 1)
+(2_c_1)r@)r(w%)r(%w%m%)r@—;a—%b@
d I'(2a) T (30) T (c—Lta+1)T (c—2b+1)

:5‘2

providedd € C\Z, andRe(2¢ —a — b) > —1.

4F3[ a, b, c, d+1 _
Ha+b+1), 2c+2,d°
_<(c—a—|—1)(c—b—|—1)+c(c+1) abc >
2(c+1) 2d(c + 1)
(L.7) LT (e+3) T (Ga+3b+5)T (c—ja—3b+3)
o DT+ T (= dat DT (= 1+ )
DI (e

1

L2Ae=d) TE)I(ets) P (satsbty)Fle—ga—3b+5)
d(c+1) I'(3a)T(30) T (c—3a+1)T (c—3b+1)
=S5
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providedd € C\Z, andRe(2¢ —a — b) > —

T(a+ ) 2¢, d’
:(1+ a(2c —a+0) )F(%)F(c%—%)f‘(%a%—%b)l“(c—%a—%b)
(18) de—a=5=2)) T(3a+ HT GO (e ja+ 5T (e )
b2c+a—b) \ T(3)T(c+3)T (3a+3b) L (c—3a—3b)
+<1+d(20—a—b—2)> I'(30)T(30+3) T (c—2a)T (c—3b+13)

=9y

providedd € C\Z, andRe(2c — a — b) > 2

a, b, c, d+1
4F3{%(a+b) 2c+1,d’ 1}
- <2c—a_b+2_bc) T(OT (c+ )T (ba+Lb)T (c— ta—Lb)
(1.9) 2c —a d) T(Ea)T(Zb+ DT (c—1a)T (c—1b+1)
+ ! (2c—a_b+%) F(H)T(c+3)T (3a+1b)T(c—Lta—1b)
2c—b d) TEa+D)TEN)T (c—ta+ )T (c—1b)
=S

providedd € C\Z, andRe(2¢ —a —b) > 0.

a, b, c, d+1 1
Ha+b+2), 2, d’

d— ) T(5)T(c+3)T(za+50+1)T (c— 50— 35b)

E )
C ()T (34 )T (e~ ) Te— 20+ 1)
)
(

(1.10) ~d

F(c+T(Ga+3b+1)T (c— 3a—1b)
I (3a+HT )T (c—2a+3)T (c— 3b)

2

[\
—~|
&
\_/\_/\_/
}1
—~
N

providedd € C\Z, andRe(2¢ —a — b) > 0.

a, b, c,d+1

B3 b 12), 2011, a0

2(2c—a+b— %) T(5)T(c+35)T(za+3b+1)T (c— 30— 3b)
@11y  @e—a)la=b) TEa)T G+ (c—La)T (c—1b+1)
2(2c+a-b—2) T(G)T(ct3) T (5a+30+1)T (c— 50— 3b)
(2c = b)(a —b) T(la+ DT (0T (c—Lta+ )T (c—Lb)
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providedd € C\Z, andRe(2¢ —a — b) > 0.

a, b, ¢, d+1

%(a—i—b—i—?) 2c+2 qi!

4F3

(1.12)

2 a
(34 Q)F(%b)F(c—%a+%)r(c—§b+1)
providedd € C\Z, andRe(2c — a — b) > 0, where
2¢(c+1) — (a —b)(c — b+ 1) — belerazbid)

1) _ d
Pl = c+ a0
e 2c(c+1)+ (a—b)(c— a+ 1) — 2ceatbt?)
D(2): clC a C a p
12 (c+1)(a—0)
a, b, c,d+1 _
s Ha+b+1), 2c— 1d’1
D(QF() (c—3)T(ga+3b+35) T (c—50—30—73)
(1.13) Tl (Ga+ ) (zb+3) M (e—ga—3)T(c—3b—3)
L pe LG T(e—5) T (st 5b+5) T'(c—ga—3b—5)
o L (30)T (30) T (c—3a) T (c = 3b)

providedd € C\Z, andRe(2c — a — b) > 3, where
ab

1

and 1 1 b—1 1
D(()?11=§(20—a—b—3)+(c a—De y ) +ele=1)
1Fs %(a+b+a2)b2§ d1+cll L
_pw DG T (=) TGatsb+5)T(e—sa—30—1)
(1.14) L T(Ga)T(gh+ )T (e—5a) T (e— 30— 3)

o DT (=T Gat 2+ )T (e~ 2+ 1)

T (et ) TEYT (e—3a—3) T (e—3b)
= S1o
providedd € C\Z, andRe(2c — a — b) > 2, where

2b(c—a—1)
2c—a—b—2— —a

1
Dg’ll - a—>b

and
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a, b, c,d+1

5l tatb-1), 2041, a7
_ pW F(1>F(c+ )F( at+ b+ )T (c—ta—1b-1)
(1.15) T (30 Go+ DT (c—Lta+ )T (c—1b+1)

+3)T
T (e D ar - Yre-to-p-1)
+ D5, D(a)T (20T (c=la+ T (e— b+ 1)

= Sll
providedd € C\Z, andRe(2¢c — a — b) > 1, where
1 2abc
DY =-(2c—a—b—1)+—""
~21 = 5(2—a P

and

1 2
D%, = Z(4c—a—b+1)(20—a—b—1)+Ec{(aﬂ)(zc—aﬂ)+(b+1)(20—b+1)—20—1}

c—=DT (3a+30)T (c—Lta—1b-2)
L(30+3)0(c—3a)0 :
F(e= T (Ga+ BT (e~ Ja—30-2)

)
LT Ra+ )T (c—ta— DT (c—Lb)

2

_ )
(1.16) A
(

= 512
providedd € C\Z, andRe(2¢c — a — b) > 4, where

D(_li_l:%(20—a+b—2)(20—a—b—4)—I—%{Qc(c—l)%—(a—b)(c—a—1)}
and
Dﬂ_lz%(2c+a—b_z)<2c—a—b—4)+%{2c(c—1)—(a—b)<c—b—1)}
a, b, c, d+1
15 %(a—kb) 2c+2,d’ i1
(c=b+14+%) TEI(ct+35)T(Ga+zh) T (c—50—3b+1)
(1.17) ctl F(3a)T(3043)T (e=50+1)T (c=3b+3)
(cma+1+%) TET(+3)T(Ga+30)T(c—g0—30+1)
ct+1 F(a+3)TEY)T (e—50+3)T(e—3b+1)
= 513

providedd € C\Z, andRe(2c — a — b) > —2.
The following integral is attributed to MacRobert [9], and will be used in proving our main
results:

s

2 w(a a—1 1 wm F(a)F(ﬁ)
(1.18) /0 et (gin )L (cos 0)71dh = e Tla+tp)

providedRe(«) > 0, Re(f) > 0 andw = v/—1.
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In the next section, we aim to produce twenty-six integrals in the form of two main formulae
involving generalised hypergeometric functions, by deploying the summation thegreins (1.5)

through [1.1J7), along with thé (1.18).

2. MACROBERT-TYPE INTEGRALS CONSISTING OF GENERALISED HYPERGEOMETRIC
FUNCTIONS

To determine our primary results, first we will establish two main formulae involving gener-
alized hypergeometric functions, asserted in the following theorems.

Theorem 2.1.For d € C\Z;, Re(c) > 0, Re(c+j) > 0andRe(2c —a —b+i+25) > 1, for
1=7=0,+£1,42,--- the following result holds.

™

(2.1) ° .
_wernz POl (e+7) a, b ¢, d+1 1
L2c+j) *° %(a+b+z+ 1), 244, d °

Theorem 2.2.For d € C\Z,, Re(c¢) > 0, Re(c+j) > 0andRe(2¢ —a —b+i+2j5) > 1, for
1=7j=0,£1,4+2 --- the following result holds.

%
w(2¢+5)0 ¢ ., c—1 ctj—1 a, b, d+1 w(@—Z) .-
/0 e (sinf)“"*(cosb) 3 {%(a%—b—m—}— 1), d ;e 2 ginf | d
_ewch(C)F(C—l—j) a, b C, d"—l 1
B r2c+j) *“° %(a+b+z+ 1), 2¢+j,d |
Proof. The process used to get the reqult|(2.1) is rather straightforward.

In order to establish (2.1), we proceed as follows:
Using the letter | to represent the left side[of {2.1), we get

(2.2)

%
_ W(2e+5)0 ( i gyCHi—1 e—1 a, b, d+1
I= / e (sind) (cosh)“ "3y [%(a Chrit1), d

et 0059] de.
0

Expressing F, as a series, we obtain

5 : . - b)n (d+ 1), (e*Ocosh)™
I = /2 €W(26+])9<5in9)c+]71(COSQ)CilZ (a)ln( )n ( + )n (€7 cos |) do.
0 ~ (3la+b+i+1)), (d)nn!
Altering the order of integration and summation, and evaluating the integral using the result
(1.18), we arrive at the following equation:

. - (a)n (b)n (d + 1)n (C)n w(c+i) F(C) (C +]>
[—ZO (3(a+b+i+1)), (d), (2¢c+ j)un! ‘ L(2c+j)

By summing up the series, we finally get
wters DO+ ) 0 b d 1
T2c+j) ° Yatbtitl), 24j d

which is the right hand side df (2.1).
This completes the proof of Theorem (2.§).

I= 1],

In exactly the same manner, we can establish thedrem (2.2).
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3. VARIOUS RESULTS IN COMPACT FORMS

In this section, we shall deduce twenty-six MacRobert type integrals by taking suitable values

for  andj in (2.1) and[(2.R), using corresponding results from|(1.5) to {1.17).
By substituting various values foand; into Theorem[(2]1), we obtain the following thirteen

results, labeled ab (3.1) through (3.13).
(a) Fori = j5 =0, we have

3
w(2¢)0 (: c—1 c—1 a, b7 d+1 . wb
/0 e (sin0)“"*(cos ) 3 Fy Ya1b+1),d ;ecost | db

wez L(OT'(¢)
T'(2c) T v
providedd € C\Z,, Re(c) > 0 andRe(2¢ —a —b) > 1
Here,S; is same as given if (1.5).

(b) Fori =0andj = 1, we have

us

(3.1)

:e

/2 et (6in 0)¢(cos 0)° 15 Fy
(3.2) 0

a, b, d+1 L wh
%(a+b+1),d ;e“Ycosl | db
w(c+1)gr(c)r(c+ ]')

F(2c+1) >
providedd € C\Z;, Re(c) > 0 andRe(2¢ — a — b) > —
Here,S, is same as given if (1.6).

(c) Fori =0 andj = 2, we have

us

2
w(2e4+2)0 (i el gye—1 a, b, d+1
e sin 6 cos0) 3k, -e“Ycosl| db
- e eos oy am |y o B
_ e LT +2) o
I'2c+2) 7
providedd € C\Z,, Re(c) > 0 andRe(2¢ —a — b) > —3.
Here,S; is same as given if (1.7).
(d) For: = —1 andj = 0, we have
/2 (299 (sin 0)°(cos )5 Fy v b, d+1 e“?cosh| db
' _ ewcg F(C)F(C) S
B I'(2c) ~*
providedd € C\Z,, Re(c) > 0 andRe(2¢ —a — b) > 2
Here,S, is same as given if (1.8).
(e) Fori = —1 andj = 1, we have
/2 e“(2e 10 (gin 9)(cos 0)° 5 Fy | ) b d+(1i e“?cosh| db
(3.5) 0 2(a+0)
_ ew(c—&—l)% F<C)F(C + 1) .
'2c+1) 7

providedd € C\Z,, Re(c) > 0 andRe(2¢ —a — b) > 0.
Here,S; is same as given if (1.9).
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(f) Fori =1andj = 0, we have

jus

? w2000 (i pe—1 -1 a, b, d+1
- e oy eosoytar |, 0 UL e teosnao
- — 6wcg F(C)F(C>S
r(2c) 7%

providedd € C\Z;, Re(c) > 0 andRe(2¢ —a — b) > 0.
Here,Ss is same as given ifn (1.]1L0).
(g) For: =1andj = 1, we have

jus

2 e D)0/ e -1 a, b, d+1
@ /0 e (sin@)“(cos 0)“ 3 Fy %(a +b42), d e“Pcosh| db
_ wernz DT (e + 1)57
I'(2c+1) 7
providedd € C\Z;, Re(c) > 0 andRe(2¢ —a — b) > —
Here,S; is same as given if (1.[11).
(h) Fori =1 andj = 2, we have
z w(2¢+2)0 ( .z c+1 c—1 a, b d +1
9 /0 e (sin @) (cos 0)¢ 3 Fy %(a +b42), d - e“?cosh | db
_ (et T(c)l(c+2) .
L'(2c+2)
providedd € C\Z;, Re(c) > 0 andRe(2c — a — b) > —4.
Here,Ss is same as given in (1.1.2).
(i) Fori =0andj = —1, we have
: =19 (5in )2 (cos 0)° 15 Fy | 4 @b d+1 ce*YcosO| db
(3.9) 0 sla+b+1),d
- w(c— 1)”F(C) (C_l)
=e 2 — 5,
I'(2¢—1)
providedd € C\Z;, Re(c) > 0 andRe(2¢ — a — b) > 3.
Here,S, is same as given in (1.1L.3).
() Fori=1andj = —1, we have
/2 ew(Qc_l)g(Sine)C_Q(COS 9)c—13F2 l(;la_f,b(i‘;)l p ;erCOSQ do
(3.10) 0 2 ’

«[(c)I'(c—1)
=135
T'(2c—1) Sto,
providedd € C\Z;, Re(c) > 0 andRe(2c — a — b) > 2
Here,S), is same as given i (1.114).
(k) Fori = —2 andj = 1, we have

:ew

jus

/2 w(2e+1) G(SIH 0)¢(cos 9)0_13F2 a b d+1
0

(a+b—1), d e“Ycosf| db

1
2

(3.11)
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providedd € C\Z,, Re(c) > 0 andRe(2¢ —a — b) > 1.
Here,S,; is same as given if (1.[15).
() Fori = —1andj = —1, we have

s

/2 2710 (sin )% (cos )¢5 Fy g’(ab’—i—%);_ il -e“?cost | db
(3.12) 0 2 ’
_ w(c71)gF(C)F(C— 1) »
I'(2c—1) ’
providedd € C\Z,, Re(c) > 0 andRe(2¢c —a — b) > 4.
Here,S), is same as given ifi (1.1L6).
(m) Fori = —1 andj = 2, we have
z w(2¢+2)0 [ : c+1 c—1 a, ba d+1 . wb
/ e (sin @) (cos 0)“ 3Ly La1b), d e““cost | db

(3.13) 0

_ e [(c)T(c+2)

T(2c+2) %

providedd € C\Z;, Re(c) > 0 andRe(2c — a — b) > —2.
Here,S;3 is same as given i (1.1L7).

Similarly, substituting various values foerandj into Theorem|[(2]2), we obtain the
following thirteen results, labeled gs (3] 14) through (B.26).
(n) Fori = j =0, we have

jus

/2 ew(zc)9<sin9)c—1(cos6)c713F2 l(zj_f’bi_'i; ; ;ew(g,%)sine do
(314) 0 2 )
wel F<C)F(C)
= e 2 —Sl7
['(2¢)

providedd € C\Z,, Re(c) > 0 andRe(2¢ —a — b) > 1.
Here,S; is same as given if (1.5).
(o) Fori =0andj = 1, we have

/2 et (gin 0)°(cos 0)°3 Fy
0

wer L) (c+ 1)
=€ 02,
I'(2c+1)
providedd € C\Z,, Re(c) > 0 andRe(2¢ —a — b) > —1.
Here,S, is same as given if (1.6).
(p) Fori = 0andj = 2, we have

a, b, d+1

L w(O0=T)
%(a+b+1),d ;e 2/ sind | do

(3.15)

s

/ e (5in 0)° (cos )7y l(a:rb’b(iﬁ)l g e’ Hsing| do
(3.16) 0 2\@ ’
T
_ e LT+ 2) o
['(2¢+2)

providedd € C\Z,, Re(c) > 0 andRe(2¢ —a — b) > —3.
Here,S; is same as given i (1.7).
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(q) For: = —1 andj = 0, we have

%
w(2¢)0 (: c—1 c—1 a, ba d+1 w(0—3)
/0 e (sin0)“ " (cos 0)“ 3% La1b), d ;e sinf | do

_ wcZ F<C)F(C)
— I'(2c¢) S
providedd € C\Z,, Re(c) > 0 andRe(2¢ —a — b) > 2
Here,S, is same as given if (1.8).
(r) Fori = —1andj = 1, we have

jus

i et (6in 0)° 1 (cos 0)°3 Fy

(3.17)

fb( bjﬁ);—; =2 sind| do

S—

3.18
G r@ret
¢ T+ 1)
providedd € C\Z;, Re(c) > 0 andRe(2¢ —a —b) > 0.
Here,S; is same as given if (1.9).
(s) Fori =1 andj = 0, we have

™

2
w(2¢)0 (: c—1 c—1 a, bu d+1 w(0—5

/0 e (sin0)“ " (cos 0)“ "3 F% Latb+2), d ;e

_ wez P(AT(0)

= T I'(2¢) 56,
providedd € C\Z;, Re(c) > 0 andRe(2¢ —a —b) > 0.
Here, S is same as given if (1.]L0).
(t) Fori =1 andj = 1, we have

jus

Dsinb| db
(3.19)

/ e sin gy os0)Fy |1 (7 L) g e Dsing) do
3.20 0 2 ’
820 s TOT e+ 1)

B r(2c+1) "

providedd € C\Z;, Re(c) > 0 andRe(2c — a — b) > —2.
Here,S; is same as given if (1.1L1).
(u) For; =1 andj = 2, we have

™

/2 6w(2c+2)9(sin9)c (COSQ)C—H F
3.21 0
(5.2 i (T +2)

~ ¢ Ter2) ¥
providedd € C\Z;, Re(c) > 0 andRe(2c — a — b) > —4.
Here,Ss is same as given in (1.1.2).
(v) Fori =0andj = —1, we have

a, b, d+1 w(g_,

Ha+b+2),d ¢ sind| do

z w(2¢—1)0 (: c—1 c—2 a, b d—l—l ) w(G—%) .
/0 e (sin @) *(cos 0)° "3 Fy %(a—l—b—i—l) g€ sinf | db
I'(e)(c — 1)5

T(2c—1) %

(3.22)

s
:6 E
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providedd € C\Z,, Re(c) > 0 andRe(2¢ —a — b) > 3.
Here,S, is same as given if (1.1L.3).
(w) Fori =1andj = —1, we have

/2 2719 (sin ) (cos )25 F
0

_ wch(C)F(C B 1)
~C e
providedd € C\Z;, Re(c) > 0 andRe(2¢ —a — b) > 2.
Here,S), is same as given iff (1.114).
(x) Fori = —2andj = 1, we have

™

2
et (in )¢ (cos 0)°5 Fy

a, b7 d+1 w(0—%

ow(0-) o
323 %(a+b+2), L 2/ s1nf| df

a, b, d+1

L o w(O—=Z) .
%(a—f—b—l),d e 2/sinf| df

S~

(3.24)
o wcgr(c)r(c + 1)5
— ¢ TT(@er1 W
providedd € C\Z;, Re(c) > 0 andRe(2¢ —a — b) > 1.
Here,S;; is same as given if (1.[15).
(y) Fori = —1andj = —1, we have

jus

/2 ew(QCfl)H(Sin 0)671(008 0)0723}72 a, b7 d+1
0

L ow(O=Z) -
%(a—i—b),d e 2/sinf| df

(3.25)
_ weh F(C)F(C - 1)5
— ¢ TT(@2e—1) 7™
providedd € C\Z;, Re(c) > 0 andRe(2¢ —a — b) > 4.
Here,S,, is same as given if (1.[16).
(z) Fori = —1 andj = 2, we have

s

/2 ew(2c+2)9(sin 9)071(COS 0)0+13F2 ?, b, d+1 ;e“’w*%)sinﬁ do
(3.26) 0 2latb). d
s F
DTt
(21 2)

providedd € C\Z;, Re(c) > 0 andRe(2¢ — a — b) > —2.
Here,S,; is same as given i (1.17).

4. SPECIAL CASES

In this section, we present interesting special cases of the rgsu]ts (3.1) fo (3.13) by substitut-
ing specific values for the parameterandb.

First, we letb = —2n and replace: by a + 2n, or we letb = —2n — 1 and replace: by
a + 2n + 1, wheren € Ny. We now observe that in both cases, one of the two terms on the
right-hand side of the resulting integral formulas [3.1) to (8.13) will vanish. Subsequently, we
derive the following twenty-four new integral formulas, valid for@k C\Z; . In constructing
the right-hand side of these formulas, we employ the summation theorems obtained by Choi
and Rathie[B].
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Throughout this section, we assume that
neNy and deC\Z,.

Under this assumption, we now present the following results:
’ 299 (5in 0)°(cos 0)° 15 Fy —2n,1 a+2n, d+1 e“?cost| db

0 E(CL + ].), d
(41) T 1 1 1
_ ez D(OT(e) (1 _ 2n(a+2n) ) (), Ga—c+3),
I'(2c) d2c—a-1)) (3a+3), (c+3),

us

2 : _ _ —2n—1,a+2n+1,d+1
w(2c)6 c—1 c—1 ) ) . wb
/0 e (sin0)“" " (cos ) "3 F [ Lat1), d ;e cos@] db

A arere () (), Ga=c+}),
T'(2c) (3a+3), (c+3),

d

2 . _ —2n, a+2n, d+1
w(2c+1)0 c c—1 3 ) . wb
/0 e (sin@)“(cos 0)“ 3 Fy [ Lt 1), d e 0039} do

T ) (), et ),
F2c+1) (za+3) (c+3),

’ etV (gin 0)¢(cos 0) ¢ g —on - 1’1 at2n+ 1, d+1 - e“?cosh | db
0 5(0/ -+ 1), d
(*4) r 1) (d—20) (3), (Ga—c+3)
ez DL D) (@20 (), Go—c+d),
[(2c+1) d(2¢+1) (3

jus

O TN+ o ()G,
[(2c+2) (c+1)(2c—a+1)(3a+3) (c+3)

: _ —2n, a+2n, d+1
w(2c+2)0 c+1 c—1 ) ) . wb
e (sinf)“"(cos 0)“ 3% { Lt 1), d e cos@] do

ST N

where
2nc(a + 2n)

a=(c—a—-2n+1)(c+2n+1)+clc+1)+ 7

z w(2¢4+2)0 (- c+1 c—1 —2n — 1, a—+2n + 17 d+1 Wb
/0 e (sin0)“"*(cos 0)“ "3, l Lat1), d ;ecost | db

4.6
(4©) _ ezl (@lc+2) d—c (3)a 1a_c+%)n‘
[(2c+2) dlc+1)(3a+3) (c+3)
/2 (9 (sin 6)°~(cos )¢ 3 [_QTL’ a1+ QZ’ d+1 ;6“90089} de
(4.7) ° 2
T _sor () mieserin) (), (a=c+1),
r(20) d2c—a=2) ) (30),(c+3),
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(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

SHWETHA S. SHETTY, SHANTHA KUMARI KURUMUJJI

n—1,a+2n+1,d+1
%a,d

_ %F( c)I'(e) (a+2n+1)(2c—a—4n —2)

B I'(2¢) (a—l—Qn) (1+ d(2c —a—2) )

G

ew(2c)9 (sin 9)071 (COS 9)0713F2 |:_2 we6089:| de

(30 —c+1)

),
(30), (¢ +3),

et (sin 0)¢(cos 0)° 15 Fy [—Qn, at2n, d+l ;

wlernz DO+ 1) (2 —a = %) (5)
F(2c+1) (2c—a—2n) (

“’90039} do

=€

us

/2 e“’(QCH)H(Sin 0)(cos )3y {_QH — L aljL il d+l §€we003‘9} dg
0 5@, d
ezl@Dc+l) a—2c+2mt+1+% (3) (Ga—c+l),

= el T(2c+1) (2c—a—4n—1)(a+2n) (;L)n (c+3),

2 . . _ —2n, a+2n, d+1
w(2¢)6 c—1 c—1 ) ’ . wb
/0 e (sin0)“ " (cos 0)“ "3, [ La+2),d ;e 0059} do

DD afd+20) (3), (e =+ 1),
[(20) do+in) (ja), (1),

H e o[-l a2 41, d+1
w(2¢)6 c—1 c—1 ) ) . wb
/0 e (sin#)“" " (cosh) 3F2{ La+2),d 0059} do
ez L(OT() (d—a—2n-1)(5), (e —c+1),

:e

N =N

[(2c) dla+4n+2) (2a+1) (c+1) "

/’2’ —2n, a+2n, d+1
0 3(a+2),d

g N ) a 2o a—dn+ 5) (1), (Ja—c+ 1),
['(2c+1) (2c—a—2n)(a+4n) (3a) (c+3),

6w(2c+1)9(sin Q)C(COS 0)6_13F2 |: ; ewe0080:| do

_ ew(c—i—l)”F(

I'(2
L B),(
( a+

—2n—1,a+2n+1,d+1

Ha+2),d
(c+1)(2c+a+4n+2—%(a+2n+1))
c+1) (2c+2n+1)(a+4n+2)

a—c+l),
)( 2

@D (sin 0)“(cos )15 Fy [ “’ecos@} df

or
g
1

DO [N
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™

2 —
/ ew(26+2)9<sin 6)c+1 (COS e)cflsFQ 2n, a—+ 27”L, d+1 .
0

%(a +2),d

wernz DO +2) £ (), Ge=9),
T(2c12) (2c—a)(c+ D)(a+4n) (a '

”90059} db
(4.15)

:e

where
B:=a (20(0+1) —(a+4n)(c+2n+1) +%(20+a+4n+2)) :

jus

2 . _ —2n—1,a+2n+1, d+1
w(2c+2)0 c+1 c—1 I ) ) .owl
/0 e (sin @) (cos 0)° 3 Fy La12), d pe cos@] do

sz IOT(e +2) ) (3,0,
['2c+2) (a—2¢)(c+1)(a+4n+2) (%a+1)n(c+g)n.

(4.16)

=€

where

v = §(a+2n+1)(20—4n—a)—20(c~|—1)—(a+4n+2)(c—a—2n).

2 _ . _ _ —2n, a+2n, d+1
w(2c¢—1)0 c—2 c—1 ) ) . wb
/0 e (sin @)™ *(cos 0)° 3 Fy [ Y1), d pe 0039] do

e (;_ inta+20) ) G lo e+ ),
['(2c—1) d(2¢c —a — 3) (%a—l—%)n (c—%)n'

z - . B 3 —2n—1,a+2n+1,d+1
w(2c¢—1)6 c—2 e—1 1 7 ;
/ e (sin ) (cos ) 317 [ a+1),d

(e)0(c—1) 0 (), Ga=ct3),

P2c—1) d2c—1)2c—a—3) (3a+1) (c+1)

(4.17)

E
2

:ew

”9005(9] df
(4.18)

E
—= 2

where
d:=d(a—2c+3)—2{c(c—=1)+ (c+2n)(c—a—2n—2)}.

us

2 - : _ _ —2n, a+2n, d+1
w(2¢—1)6 c—2 c—1 ) ) . wb
/0 e (sin @) *(cos ) 3 Fy [ Lia+2). d pe cos@} do

heD(@P(c=1) a dn(c—a—2n-1)\ (3), Ga—c+1),
T(2c—1) a+4n(1+ d(2c—a—2) > R

2 _ . _ _ —2n—1,a+2n+1,d+1
w(2c—1)0 c—2 c—1 ) ) . wb
/0 e (sin0)“ *(cos 0)“ 3 F% [ Lat2), d pe 0039] db

w(e-1)T Mel(c—1)2c—a—2— %(c +2n)(a+2n+1)
2c—1) (2¢c —1)(a+4n +2)

(4.19)

:ew

4200 =e
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—2n, a+2n, d+1

/2 2710 (sin )% (cos )¢5 F. 1, 4 e“?cosh | db
(4.21) ’ N N
_ el D)E T(e)l(c—1e(3), (a—c+2)
F2e=1)  (3a),(c=3),
where
i 2n{d(2c —a+4)+4c(c—1)+2(a+4n)(c—a—2n—1)}
= d(2c —a—4)(2c —a —4n — 2) '
/2 2719 (sin )2 (cos )¢5 Fy —n -1 a1+ 22 +1d+1 ce*Ycosf| db
(422) " 2
— ew(c—l)g _F(C)F(C B 1)6 (g)n (%a —ct 2)n )
[(2c—1)ad(2c—1+2n)2c—a—4) (za+1) (c—3),
where
=d2c+a+4n)2c—a—4) +2(a+2n+ 1){2¢(c — 1) — (a+4n+2)(c + 2n)}.
’ 220 (sin ) (cos ) 5 Fy —2n, a1+ 2n, d+1 -e“?cosh| db
0 5&, d
(423) 2nc 1 1
— ¥ c-l—2)7r F(C) (C + 2) (C + 2n + 1—- T) (i)n (§a - C)n
'(2c +2) (c+1) (30), (c+3),
/2 ew(2c+2)t9(sin Q)C—H(COS 9)0—13F2 |:—2?7, - 17 CL1+ 2n + 17 d+1 . e“ecosﬁ] do
0 5&, d
F(20+2) a(c+1)

(), Ga=¢),
(za+1),(c+3),
Similarly special cases fofr (3.14) {o (3]26) can be obtained.

5. CONCLUSION

Our research has produced a set of twenty-six MacRobert type integrals involving general-
ized hypergeometric functions of serigh, interms of gamma functions. We look forward to
explore these results in more detail in our upcoming work.Further research and study in this
area have the potential to lead to advancement across diverse disciplines, as well as deepen our
understanding of mathematical analysis and its practical implications.
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