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ABSTRACT. In this paper we investigate the saturation of norm convergence issues for regular
matrix transform means in case of Walsh-Paley system.
The main result is the observation of equality

lo7 () = 7], = ofan)

wherea,, sequence of positive numbers tends to zero and there exists constantwhich
t1n > ca, for everyn € P.
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2 I. BLAHOTA

1. DEFINITIONS AND NOTATIONS

Let P be the set of positive natural numbers aad= P U {0}. Denote the discrete cyclic
group of order2 by Z,. The group operation is the moduboaddition. Let every subset be
open. The normalized Haar measyren Z, is given byu({0}) = w({1}) = 1/2. That

is, the measure of a singleton ig2. G := % Z, and G is called the dyadic group. The
k=0

elements of the dyadic grouf are the sequencés1. Thatis,z = (zg,z1, ..., g, ...) With

x € {0,1} (k € N). The group operation o is the coordinate-wise addition (moduto
denoted byt), the normalized Haar measutés the product measure, and the topology is the
product topology. For an other topology on the dyadic group seelé.g. [9]. The dyadic intervals
are defined in the usual way

]O(x) = G7 In(x) = {y € G Y= ($07 "'rrn—l)ynvyn-i-l“')}
for x € G,n € P. They form a base for the neighbourhood<-of
Let L,(G) with 1 < p < oo denote the usual Lebesgue spaces dwith the corresponding
normj.|,).
Next, we define the modulus of continuity in,(G), 1 < p < oo, of a functionf € L,(G)
by
wp(f,0) = sup [|[F(-+1) = fF()llp, >0,

[t|<é
with the notation

o0

Lk
o =) gy forallz e G,
k=0

The Lipschitz classes in,(G) (for all « > 0) are defined as
Lip(a,p.G) == {f € L,(G) : w,(f.8) = O(6%) asd — 0}.

We now introduce some concepts of Walsh-Fourier analysis. The Rademacher functions are
defined as

ro(z) == (=1)" (zr € G,n €N).
The sequence of the Walsh-Paley functions is the product system of the Rademacher functions.

Namely, every natural numbercan be uniquely expressed in the baseimber system in the
form

n= anQk, ni € {0,1} (k € N),
k=0

where only a finite number of;, is nonzero. Denote the orderwfe P by |n| := max{k € N :
ni # 0}. It meang2l”! < n < 2"+, The Walsh-Paley functions ate := 1 and forn € P

[n]

wn(w) = [T ri () = (—1)=e=ome.

It is known [18] that the Walsh-Paley system,,, n € N} is the character system ¢f7, +).
The jth Fourier-coefficient, théth rectangular partial sum of the Fourier series, the Fejér
mean, and theth Dirichlet kernel are defined by

k—1 n
2o | B . —l
1= [ Fustis S5)i= 32 Gy onts) = 328540
n—1
D, =) wy, Do:=0
k=0
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Let{q; : k € N} be a sequence of nonnegative numbers. ritheNorlund mean is defined by
1 n
" k=1

whereQ),, := ZZ;& qx (n € P). Itis always assumed thag > 0 and

lim @, = oo.
In this case, the summability method generated gy n € N} is regular (see [35]) if and only
If . Gn—1
lim

n—oo

=0.

n

LetT := (tk,n)Zf’n:O be a doubly infinite matrix of real numbers. It is always supposed that
matrix 7" is upper triangular. It means, that lgt, := 0, if n < k. Let us define theth matrix
transform mean (or linear mean) determined by the mdtrix

o (f) ==Y tknSi(f),
k=1

where{t;, : 1 < k <n, k € P} be afinite sequence of non-negative numbers for eaelP.
Thenth matrix transform kernel is defined by

Kg = i tkka
k=1

It is easily seen that
ot(fi) = [ SR+ 2dutw)
G

wherez, u € G. This equality (and its analogous versions for special means) shows us the need
to observe kernel functions.

2. HISTORICAL OVERVIEW

Matrix transform means are common generalizations of several well-known summation meth-
ods. It follows from simple consideration that Fejér (or tbe1)), Cesaro (or théC, a)), Riesz,
Norlund and weighted means are special cases of the matrix transform summation method in-
troduced above.

For matrix transform means for the trigonometric system see e.g. results of Chandra [10] and
Leindler [22], for the Walsh system, see paper of Blyumin [8].

In the classical book by Schipp, Wade, Simon and[Pél [28], on p. 191. we read inequality

s—1
(2.1) loas (f) = fllx Swx (f527°) + ZQk_SWX (f;27%),
k=0

whereo is the Fejér mean operatoX, is a homogeneous Banach space (for example, an arbi-
trary L,(G) space withl < p < oo and the space of continuous functiofiy andwx is the
modulus of continuity for functions itX’, using norm ofX.

Méricz and Siddigi observed this result [25] using the Walsh-Norlund summation method,
and Moricz and Rhoades [24] using the Walsh weighted mean method. Mdricz and Siddiqi
[25], and later Méricz and Rhoades [24] in these papers proved their generalized results in an
analogous form to inequality (2.1).

As special cases, Moéricz and Siddigi obtained the earlier results of Yano [34], Jastrebova
[20] and Skvortsovi[29] on the rate of the approximation by Walsh-Cesaro means. A common
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generalization of the two results of Moricz and Siddiqil[25] and Méricz and Rhoades [24] was
given by Nagy and the author in the pager [4].

In 2008, Fridli, Manchanda and Siddigi generalized Mdricz and Siddigi’s result to homoge-
neous Banach spaces and dyadic Hardy spaceés [12]. These results were generalized by Nagy,
Salim and the author in[5].

Recently, Baramidze, Gat, Goginava, Nagy, MerRiersson, Salim, Tephnadze, Wall and the
author presented some results on the Norlund and matrix transform means![1, [2,!5, 7, 17, 23].
See also[31, 33].

We mention that lofina and Volosivets obtained similar results on Vilenkin systems (which
are generalizations of the Walsh-Paley system) with similar assumptions and different methods
(independently form technics of Méricz, Rhoades, Siddiqi, Fridli and others) for the matrix
transform means in [19].

For Marcinkiewicz means and other two-dimensional results on Walsh-Paley system, see e.g.
[3,16,126, 27], ford-dimensional ones see [13,/14] 15} (16,30, 32].

In their paper[[25] Mdricz and Siddigi proved the following, among other things.{let
k € P} be a nondecreasing sequence non-negative numbers such that conglifiQn = O(1)
is satisfied. Iff € Lip(a,p, G) anda > 1, then

It = =0 (%)

After that they formulated the problem: "How can one characterize those fungtiens, such
that

lowr) =7l =0 (%)

for somel < p < o0?" The answer was given by Fridli [11]. Fridli[11] and Jo61[21] also
discussed inequality in their works

1
@2 o) = =0 ().
In this paper we deal with the generalization of inequality](2.2) to matrix transform means.

3. RESULTS

Lemma 3.1. Let f € L,(G), wherel < p < oco. Foreveryn € P, {t;,,: 1 <k <n} bea
finite sequence of non-negative numbers such that

(3.1) D tin=1
k=1

is satisfied. Then for anyn € P

5

j
> tia < [l (5) = £,
k=1
Proof. Since
n n k—1
k=1 k=1 i=0
andf =32, fows a.e. forvf e L,(G), wherel < p < oo, we get for anyj € P, that

n k—1 0
/ (Z lken Z ﬁ‘wi - Z fsws> widp| =: ().
G \k=1 =0 5=0

/g(af(f>—-f)U@du‘==
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If j < n,then
n j
() =1 D tenfi = Fi| = |F5] D_ thms
k=j+1 k=1
if 7 > n, then
() = =5 = |4l

because of orthonormality of Walsh-Paley system and of Cond][tioh (3.1).
If 1/p+1/q = 1, then Holder’s inequality yields

‘/ (7 =1) wﬂu‘ <o) = £1], ol

so Lemma 311 is proved

Remark 3.1. We mention that assumption ¢f (8.1) is natural, because many well-known (see
e.g. Fejér, Cesaro, Norlund, weighted, Riesz) means satisfy it, and this equality is part of the
regularity conditions [35, page 74.]

Corollary 3.2. Let f € L,(G), wherel < p < co. Foreveryn € P, {t;, : 1 <k <n}bea
finite sequence of non-negative numbers such that

(3.2) > tin=1
k=1

is satisfied. If» < j, then

5

< lon ()= I, -

specially,

Proof. Sincet,,,, = 0 if n < k, using Lemma 3]1 and Condition (B.2) we obtain the statement
of Corollary[3.2 immediately

Remark 3.2. The Riemann-Lebesgue Lemma says, thtdf L,(G), thenfn — 0 ([28], page
24), so Corollary 3J2 does not contradict our expectations with respect to norm convergence.

Remark 3.3. It is known, that Walsh-Fejér mean (as a special case of matrix transform means)
tends to everyf € L;(G) functions in norm, so Corollafy 3.2 implies the Riemann-Lebesgue
Lemma.

Lemma 3.3.Foreveryn € P, {t,, : 1 <k < n} be afinite sequence of non-negative numbers
such that

(3.3) > i =1
k=1

is satisfied. Iff is a constant function, then
on(f)=f

for everyn € P.

AJMAA Vol. 22(2025), No. 1, Art. 4, 8 pp. AIMAA


https://ajmaa.org

6 I. BLAHOTA

Proof. Using the simple fact, that

1, ifi=0
/Gw (t)du(t) {0, otherwise

assumingf(z) := f (Vo € G) is a constant function, using Conditidn (3.3) we get, that

oy (fix) :itk,né (/G fwi(t)d#(t)> wi()
=f zi:tkm =/,

SO we are ready

Theorem 3.4.Let f € L,(G), wherel < p < co. Foreveryn € P, {t;,: 1 <k <n}bea
finite sequence of non-negative numbers such that

n
Dt =1
k=1

is satisfied. Leti,, any sequence of positive numbers tends to zero. If there @xistsabsolute
constant, that

(34) tl,n 2 Canu
for vn € P, then
o (f) = £, = o(an)

holds if and only iff is a constant function.

Proof. Let f is a constant function. This part is implied by Lemmd 3.3.
On the other hand, if

o5 () = £]], = olan),
then Lemmé 3]1 yields

1, Zj 1
Oéa fi kzltk,nga_n“ag(f)_f”p_)o’
SO
L
o |5 2tk =0,

k=1
asn — oo. But based on Conditiof (3.4) we get foj € P, that

1 s 1.
—|f; Ztk,n >— il tin
an kzl an
10 .
>—|fjlcan, = c|f;| > 0.
n
Summarising our results,

Vj € P. It means, that onl)fo can be differ from0, but fj = 0 for V5 € P. In this case
f(z) = fowo(z) = fo, hencef is a constant functiors
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Corollary 3.5. Let f € L,(G), wherel < p < oo. If sequence of non-negative numbers
{txn : 1 < k < n} is non-increasing for every fixede P such that

(3.5) > tin=1
k=1

is satisfied. Then

1
T — p—
||Un(f) - pr =0 (n)
holds if and only iff is a constant function.

Proof. The "if" case is trivial based on Lemra B.3.
If sequencgt,,, : 1 < k < n} is non-increasing for every fixed € P, using condition[(3]5)
we get
tl,n —
n

so choosing., = 1/n andc = 1 in Theorenj 3.6 we are ready.
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