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ABSTRACT. Leth(u) > 0 be a smooth monotonically growing functidiv,, . h(u)|u| =t =
+00, f(z) > 0is bounded. Consider a nonlinear elliptic probledhu = h(u)+ f in D C R3,
D is a bounded domain with a smooth bound&ry. = 0 on.S. We prove the existence of a
solution to this problem.
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2 ALEXANDER G. RAMM

1. INTRODUCTION

Let D C R3 be a bounded domain with a smooth connected bounglaGonsider a nonlin-
ear elliptic problem:

(1.1) —Au=h(u)+ f, in D, wu|s=0,
where

(1.2) h(u) >0, h'(u) >0,

h(u) is a smooth function,

(1.3) lim Ah(u)|u| ™' = +oo,

U—00

so thath(u) = b(u)u whenu — oo, lim,, ., b(u) = oo, and

(1.4) fy) >0,

wheref(y) € C(D).

We want to find out if problen] (I}1) has a solution. There is a large literature on the subject,
see, for example| [2]/ [3], and on the Leray-Schauder method, but the estimates we use seem
new.

Theorem 1. Problem(Z.7)) has a solution under our assumptions.

2. PROOFS

Since D is a bounded domain with a smooth boundary, there exists the Green’s funcion
G(z,y):

(2.1) — AG =9(z —y),
(2.2) Gls =0,
whereG(z,y) = G(y, =), and
1

: < S
(2.3) 0<G(x,y) < yp—
Therefore, problenj (111) is equivalent to the integral equation:
(2.4 u(e) = [ Glaghtuty)dy+ [ Gla.o)fwi.

D D

To prove the existence of a solution to equat[on|(2.4), we use the Leray-Schauder principle (see
[1], pp. 205-207).
Proposition 1. Consider the equation in a Banach spacg’:

(2.5) u=AAu), 0<A<1,
where A is a compact nonlinear operator inX. If
(2.6) sup [lu(A)] < ¢,

0<A<1

where ||u|| is the norm in X of a solution to equation(2.5)and ¢ > 0 is a constant indepen-
dent of \, then equationu = A(u) has a solution inX.
ChooseC'(D), the space of continuous functionsiinwith the standard norm a¥. Let us
check that conditiorj (2]6) is satisfied for equation](2.4)/if= cc.
Let
D,:={x e D,M —y < |u()]},

AJMAA Vol. 22(2025), No. 1, Art. 11, 3 pp. AIMAA


https://ajmaa.org

NONLINEAR ELLIPTIC PROBLEMS 3

wheren > 0 is a small number)! = sup,¢p |u(z)| := |lu

Aw) = [ Glayhtuly)dy+ [ Glo.)f)dy.
D D
Consider the following estimate for thewhich satisfies equatiof (2.4):

@) Mz [ Gdymin () +or> [ Gy huty)

yeD,

|, and

where
cp = min/ G(z,y)dy min f(y) > 0.
Dn

z€Dy y€Dy

We have assumed that> 0 and we know that/(x, ) > 0. Therefore:, := min,cp, fDn G(z,y)dy >
0, and.

(2.8) M > ¢, min h(u(y)).

yeDy,

Using assumption (1.2), one gét&:) > h(M — n), and from equatiorf (2.8) one derives the
inequality:

(2.9) M > ¢, mjijn h(u(y)) > c,h(M —n).
yely

Let us take into account that by assumptijon](1.2) one has:

(2.10) M 2 b(M —n)(M —n).

Sincelim, .o b(u) = co andlimy .« 377, = 1, we have a contradiction in inequalify (2}10) if
M = oo. Therefore M < oo.

Theorem 1 is proved. O
Example 1.Consider equation
(2.11) —Au=u'"+ €l ulg=0.

The domainD is a ballD = {z : |z| < 1}. The assumptions of Theorem 1 are satisfied.
Therefore, problenj (2.11) has a solution.

3. CONCLUSION

Sufficient conditions are given for the nonlinear elliptic boundary value problem in a bounded
domainD C R? with a smooth boundary, —Au = h(u) + f, u|s = 0, to have a solution.
We assume that(u) > 0, A'(u) > 0, is a smooth function and(z) € C(D), f > 0. Under
these assumptions the existence of a solution is proved.
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