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2 P. PATEL AND R. SHUKLA

1. I NTRODUCTION

In 1976, Rockafellar [16] studied the inclusion problem of finding

(1.1) η† ∈ Υ−1(0),

whereΥ is a maximal monotone set-valued mapping, the author has devised a method called
the proximal point method to tackle the inclusion problem (1.1) in a Hilbert spaceΣ. Over the
years, due to its practical uses in various fields such as science, engineering, management, and
social sciences, the inclusion problem has been extended and generalized in many ways, as
seen in references [3, 4, 15, 17, 11, 2, 1, 18, 12, 14, 13]. SupposeΣ1 andΣ2 be two real Hilbert
spaces, and letχ1 : Σ1 → 2Σ1 andχ2 : Σ2 → 2Σ2 be maximal monotone mappings. Then the
split variational inclusion problem is to find a pointµ ∈ Σ1 in such a way that

0 ∈ χ1(µ) and0 ∈ χ2Υ(µ),

whereΥ : Σ1 → Σ2 is a bounded linear mapping.
There are a number of iterative algorithms available to for finding the solution of split varia-

tion inclusion problem. In2012, Byrneet. al introduced a one step algorithm as

ζn+1 = J
χ1
λ [ζn + εΥ∗ (J

χ2
λ − I) Υ(ζn)] ,

whereε ∈
(
0, 2
‖Υ∗Υ‖

)
and proves some convergence results to solve split variational inclusion

problem. In the context of a Hilbert space, Kazmi and Rizvi [5] presented a two-step algorithm
aimed at discovering a shared solution for both the split variational inclusion problem and the
fixed point of nonexpansive mappings, as follows:{

ξn = J
χ1
λ [ζn + εΥ∗ (J

χ2
λ − I) Υ(ζn)] ,

ζn+1 = δnΓ(ζn) + (1− δn)Λ(ξn).

WhereΥ : Σ1 → Σ2 is a bounded linear mapping,Λ : Σ1 → Σ1 a nonexpansive mapping and
Γ : Σ1 → Σ1 is a contraction mapping. In2023, Pan and Wang [10] introduced general split
variational inclusion problem for finding a pointζ ∈ Σ1 in such a way that

ζ ∈
N⋂

i=1

χ−1
i (0), andΥ(ζ) ∈

N⋂
i=1

Ξ−1
i (0),

whereχi : Σ1 → Σ1, Ξi : Σ2 → Σ2, i = 1, 2, . . . N are two families of maximal monotone
mappings. They introduced an inertial viscosity iterative approach for addressing the general
split variational inclusion problem and the fixed point problem associated with nonexpansive
mappings. More recently, in the year 2023, Mehraet.al [9] introduced a new mapping termed
theξ-demimetric mapping, defined as follows:

Definition 1.1. A mappingΛ : Σ1 → Σ1 is said to beξ-demimetric with respect toM -norm,
whereξ ∈ (−∞, 1) if F (Λ) 6= ∅ such that

〈ζ − ζ†, (I − Λ)ζ〉M ≥ 1

2
(1− ξ)‖(I − Λ)ζ‖2

M ,∀ζ ∈ Σ1, ζ
† ∈ F (Λ).

Building upon the research conducted in [5, 9, 10], we introduce an algorithm and establish
the strong convergence of the generated sequence to a common solution for the general split
variational inclusion problem and the set of fixed points associated with a finite family ofξ-
demimetric mappings.
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2. PRELIMINARIES

Let E be a nonempty closed convex subset of a real Hilbert space(Σ, 〈., .〉) andΛ : E → E
a mapping. A pointζ† ∈ E is said to be a fixed point ofΛ if Λ(ζ†) = ζ†. The set of all fixed
points ofΛ will be denoted byF (Λ).

Lemma 2.1. [8] Letχ : Σ1 → 2Σ1 be a set valued maximal monotone mapping andβ > 0, the
following hold:

(i) for eachβ > 0, the resolvent mappingJχ
β is a single valued and firmly nonexpansive

mapping;
(ii) D(Jχ

β ) = Σ1, F (Jχ
β ) = χ−1(0) = {ζ ∈ D(χ), 0 ∈ χ(ζ)};

(iii) (I − Jχ
β ) is a firmly nonexpansive mapping;

(iv) suppose thatχ−1(0) 6= ∅, then for allζ ∈ Σ1, η ∈ χ−1(0) and
∥∥Jχ

β (ζ)− η
∥∥2 ≤ ‖ζ −

η‖2 −
∥∥Jχ

β (ζ)− ζ
∥∥2

;
(v) suppose thatχ−1(0) 6= ∅, then for allζ ∈ Σ1, η ∈ χ−1(0) and

〈
ζ − Jχ

β (ζ), Jχ
β (ζ)− η

〉
≥

0.

Lemma 2.2. [10] Assume thatΣ1 and Σ2 are two Hilbert spaces. LetΥ : Σ1 → Σ2 be
a linear and bounded mapping with its adjointΥ∗. let χi : Σ1 → Σ1, Ξi : Σ2 → Σ2,
i = 1, 2, . . . N are two families of maximal monotone mappings. LetJ

χi
βi

and JΞi
βi

be the re-
solvent mappings ofχi andΞi, respectively. Suppose thatΘ 6= ∅ andβi > 0, λi > 0. Then
for any η ∈ Σ1, η is a solution of general split variational inclusion problem if and only if

J
χi
βi

[
η − λiΥ

∗
(
I − JΞi

βi

)
Υ(η)

]
= η.

Lemma 2.3. [9] Let Λ : Σ1 → Σ1 is ξ-demimetric mapping with respect toM -norm, where
ξ ∈ (−∞, 1) andF (Λ) 6= ∅. LetP = (1− γ)I + γΛ, whereγ ∈ (−∞,∞) with γ ∈ (0, 1− ξ],
thenP : Σ1 → Σ1 is a quasi nonexpansive mapping.

Lemma 2.4. [20]. Let{Πn} be a sequence of nonnegative real numbers such that

Πn+1 ≤ (1− δn)Πn + δnΨn

where{δn} ⊆ (0, 1), {Ψn} is sequence inR such that

(a)
∞∑

n=1

δn = ∞;

(b) lim sup
n→∞

Ψn ≤ 0.

ThenΠn → 0.

Lemma 2.5. [7]. Suppose{Γn} be a sequence of real numbers that does not decrease at infinity,
in the sense that there exists a subsequence{Γnj

} of {Γn} which satisfiesΓnj
< Γnj+1 for all

j ≥ 0. Also consider the sequence of integers{τ(n)} defined by

τ(n) = max{k ≤ n : Γk < Γk+1}.
Then{τ(n)} is a nondecreasing sequence verifyinglim

n→∞
τ(n) = ∞ and, for all n ≥ n0, it

holds thatΓτ(n) ≤ Γτ(n)+1 and we haveΓn ≤ Γτ(n)+1.

Lemma 2.6. [19] Let{ζn} and{ηn} be bounded sequences in a Banach spaceE such that

ζn+1 = (1− βn)ηn + βnζn ∀n ≥ 1,

where{βn} is a real sequence in(0, 1) with0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1. If lim sup
n→∞

(‖ηn+1−

ηn‖ − ‖ζn+1 − ζn‖) ≤ 0, then lim
n→∞

‖ηn − ζn‖ = 0.
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4 P. PATEL AND R. SHUKLA

Lemma 2.7. [6] Suppose that the{τn} is a sequence of nonnegative real numbers satisfying
τni

< τni+1 ∀ i ∈ N, where{nj} is a subsequence of{n}. Then,∃ a nondecreasing sequence
{lj} ⊂ N in such a way thatlj →∞, j ∈ N, we have

τ lj < τ lj+1 andτ j < τ lj+1.

In fact, lj = max{k ≤ j : τ k < τ k+1}.

Lemma 2.8. [10] Assume thatΣ1 andΣ2 are two real Hilbert spaces. SupposeΥ : Σ1 → Σ2

be a linear and bounded operator with its adjointΥ∗. Let χi : Σ1 → Σ1, Ξi : Σ2 → Σ2,
i = 1, 2, . . . , N are two families of maximal monotone mappings. SupposeJ

χi
βi

andJΞi
βi

be the
resolvent mapping ofχi andΞi, respectively. Suppose that the solution setΘ is nonempty and
βi > 0, λi > 0. Then for anyζ† ∈ Σ1, ζ† is a solution of general split variational inclusion

problem if and only ifJχi
βi

[
ζ† − λiΥ

∗
(
I − JΞi

βi

)
Υ(ζ†)

]
= ζ†.

3. M AIN RESULT

Now, we consider the following general split variational inclusion problem of finding a point
ζ ∈ Σ1 such that

ζ ∈
N⋂

i=1

χ−1
i (0), andΥ(ζ) ∈

N⋂
i=1

Ξ−1
i (0),

whereχi : Σ1 → Σ1 andΞi : Σ2 → Σ2, i = 1, 2, . . . N are two families of maximal monotone
mappings. We denote the solution set of general split variational inclusion problem byΘ.

Theorem 3.1. Let Σ1, Σ2 be Hilbert spaces andΥ : Σ1 → Σ1 a bounded linear mapping
with its adjoint Υ∗. Supposeχi : Σ1 → Σ1 and Ξi : Σ2 → Σ2, i = 1, 2, . . . N are two
families of maximal monotone mappings. LetJ

χi
βi

and JΞi
βi

be the resolvent mappings ofχi

andΞi, respectively. Letz : Σ1 → Σ1 be a contraction mapping with coefficientρ ∈ (0, 1)
and Λi : Σ1 → Σ1 a finite family ofξ-demimetric mappings withξ ∈ (−∞, 1) such that

I − Λi is demiclosed at origin for alli = 1, 2, . . . N and
n⋂

i=1

F (Λi)
⋂

Θ 6= ∅. Suppose{αn},

{δn}, {γi,n} ⊂ (0, 1) and{βi,n}, {λi,n} are sequences of positive real numbers. For any given
ζ0, ζ1 ∈ Σ1 we define sequence as follows

(3.1)


ηn = ζn + θn(ζn − ζn−1),

$n =
n∑

i=1

γi,nJ
χi
βi,n

[
ηn − λi,nΥ∗

(
I − JΞi

βi,n

)
Υ(ηn)

]
,

ζn+1 = αnz(ζn) + (1− αn)[δn($n) + (1− δn)Λn($n)].

where,Λn = 1
N

N∑
i=1

(1 − qn)I + qnΛi. If the sequence defined by(3.1) satisfying the following

conditions:

(i) Let the parameterθn chosen as

θn =

{
min

{
θ, εn

‖ζn−ζn−1‖

}
if ζn 6= ζn−1,

θ otherwise,

whereθ > 0, εn is a positive real sequence such thatεn = o(αn);

(ii) lim
n→∞

αn = 0,
∞∑

n=0

αn = ∞, δn ⊂ [a, b] ⊂ (0, 1);
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(iii)
∞∑

n=0

γi,n = 1, γi,n ⊂ [c, d] ⊂ (0, 1), λi,n ∈
(
0, 2
‖Υ‖2

)
,

then the sequence{ζn} converges strongly to an elementζ† ∈
n⋂

i=1

F (Λi)
⋂

Θ, whereζ† =

P nT

i=1
F (Λi)

T
Θ
z(ζ†).

Proof. Let ζ† ∈
n⋂

i=1

F (Λi)
⋂

Θ, then we haveζ† = J
χi
βi,n

(ζ†), Υ(ζ†) = JΞi
βi,n

Υ(ζ†) andΛi(ζ
†) =

ζ†. Now

‖$n − ζ†‖ =

∥∥∥∥∥
N∑

i=1

γi,nJ
χi
βi,n

[
ηn − λi,nΥ∗

(
I − JΞi

βi,n

)
Υ(ηn)

]
− ζ†

∥∥∥∥∥
2

≤
N∑

i=1

γi,n

∥∥∥Jχi
βi,n

[
ηn − λi,nΥ∗

(
I − JΞi

βi,n

)
Υ(ηn)

]
− ζ†

∥∥∥2

.(3.2)

From Lemma 2.1 we can say thatJ
χi
βi,n

[
I − λi,nΥ∗

(
I − JΞi

βi,n

)
Υ
]

is nonexpansive, and hence

∥∥∥Jχi
βi,n

[ηn − λi,n Υ∗
(
I − JΞi

βi,n

)
Υ(ηn)

]
− ζ†

∥∥∥2

≤
∥∥∥ηn − λi,nΥ∗

(
I − JΞi

βi,n

)
Υ(ηn)− ζ†

∥∥∥2

= ‖ηn − ζ†‖2 + λ2
i,n

∥∥∥Υ∗
(
I − JΞi

βi,n

)
Υ(ηn)

∥∥∥2

+ 2λi,n

〈
ηn − ζ†, Υ∗

(
JΞi

βi,n
− I
)

Υ(ηn)
〉

= ‖ηn − ζ†‖2 + λ2
i,n

〈(
JΞi

βi,n
− I
)

Υ(ηn), ΥΥ∗
(
JΞi

βi,n
− I
)

Υ(ηn)
〉

+ 2λi,n

〈
Υ(ηn − ζ†),

(
JΞi

βi,n
− I
)

Υ(ηn)
〉

∥∥∥Jχi
βi,n

[ηn − λi,n Υ∗
(
I − JΞi

βi,n

)
Υ(ηn)

]
− ζ†

∥∥∥2

≤ ‖ηn − ζ†‖2 + λ2
i,n‖Υ‖2

∥∥∥(JΞi
βi,n

− I
)

Υ(ηn)
∥∥∥2

+ 2λi,n

〈
Υ(ηn − ζ†) +

(
JΞi

βi,n
− I
)

Υ(ηn)−
(
JΞi

βi,n
− I
)

Υ(ηn),(
JΞi

βi,n
− I
)

Υ(ηn)
〉

= ‖ηn − ζ†‖2 + λ2
i,n‖Υ‖2

∥∥∥(JΞi
βi,n

− I
)

Υ(ηn)
∥∥∥2

− 2λi,n

∥∥∥(JΞi
βi,n

− I
)

Υ(ηn)
∥∥∥2

+ 2λi,n

〈
JΞi

βi,n
Υ(ηn)−Υ(ζ†),

(
JΞi

βi,n
− I
)

Υ(ηn)
〉

≤ ‖ηn − ζ†‖2 −
(
2λi,n − λ2

i,n‖Υ‖2
) ∥∥∥(JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥2

= ‖ηn − ζ†‖2 + λi,n

(
λi,n‖Υ‖2 − 2

) ∥∥∥(JΞi
βi,n

− I
)

Υ(ηn)
∥∥∥2

.
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Now

‖$n − ζ†‖2 ≤
N∑

i=1

γi,n

∥∥∥Jχi
βi,n

[
ηn − λi,nΥ∗

(
I − JΞi

βi,n

)
Υ(ηn)

]
− ζ†

∥∥∥2

≤ ‖ηn − ζ†‖2 +
N∑

i=1

γi,nλi,n

(
λi,n‖Υ‖2 − 2

) ∥∥∥(JΞi
βi,n

− I
)

Υ(ηn)
∥∥∥2

.(3.3)

‖ηn − ζ†‖ = ‖ζn + θn(ζn − ζn−1)− ζ†‖
≤ ‖ζn − ζ†‖+ θn‖ζn − ζn−1‖

= ‖ζn − ζ†‖+ αn
θn

αn

‖ζn − ζn−1‖

≤ ‖ζn − ζ†‖+ αnC,

whereC is a constant andC > 0. Now defineϑn = δn$n + (1− δn)Λn($n), then we have

‖ϑn − ζ†‖ ≤ δn‖$n − ζ†‖+ (1− δn)‖Λn($n)− ζ†‖
≤ δn‖$n − ζ†‖+ (1− δn)‖$n − ζ†‖ = ‖$n − ζ†‖.(3.4)

Now

‖ζn+1 − ζ†‖ = ‖αnz(ζn) + (1− αn)ϑn − ζ†‖
≤ αn‖z(ζn)− ζ†‖+ (1− αn)‖ϑn − ζ†‖
≤ αnρ‖ζn − ζ†‖+ (1− αn)‖$n − ζ†‖
= αnρ‖ζn − ζ†‖+ (1− αn)‖ηn − ζ†‖
≤ αnρ‖ζn − ζ†‖+ (1− αn){‖ζn − ζ†‖+ αnC}
≤ [1− αn(1− ρ)]‖ζn − ζ†‖+ αnC

≤ max

{
‖ζn − ζ†‖, C

1− ρ

}
≤ · · · ≤ max

{
‖ζ0 − ζ†‖, C

1− ρ

}
.

It implies the sequence{ζn} is bounded and hence the sequences{Λn($n)}, {ϑn}, {ηn}, {$n}
are bounded as well. Since the sequence{ζn} is bounded and‖ηn − ζ†‖ ≤ ‖ζn − ζ†‖ + αnC,
there exists a constantC1, such that

(3.5) ‖ηn − ζ†‖2 ≤ ‖ζn − ζ†‖2 + αnC1.

Now, using (3.3), we get

‖$n − ζ†‖2 ≤ ‖ηn − ζ†‖2 +
N∑

i=1

γi,nλi,n(λi,n‖Υ‖2 − 2)
∥∥∥(JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥2

≤ ‖ζn − ζ†‖2 +
N∑

i=1

γi,nλi,n(λi,n‖Υ‖2 − 2)
∥∥∥(JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥2

+ αnC1.(3.6)
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Now

∥∥∥Jχi
βi,n

[
ηn − λi,nΥ∗

(
I − JΞi

βi,n

)
Υ(ηn)

]
− ζ†

∥∥∥2

≤
∥∥∥ηn − λi,nΥ∗

(
I − JΞi

βi,n

)
Υ(ηn)− ζ†

∥∥∥2

≤
〈
$n − ζ†, ηn + λi,nΥ∗

(
JΞi

βi,n
− I
)

Υ(ηn)− ζ†
〉

=
1

2

∥∥∥ηn + λi,nΥ∗
(
JΞi

βi,n
− I
)

Υ(ηn)− ζ†
∥∥∥2

+
1

2
‖$n − ζ†‖2

− 1

2

∥∥∥$n − ζ† − ηn − λi,nΥ∗
(
JΞi

βi,n
− I
)

Υ(ηn) + ζ†
∥∥∥2

=
1

2

∥∥∥ηn − ζ† + λi,nΥ∗
(
JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥2

+
1

2
‖$n − ζ†‖2

− 1

2

∥∥∥$n − ηn − λi,nΥ∗
(
JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥2

=
1

2
‖$n − ζ†‖2 +

1

2
‖ηn − ζ†‖2 +

1

2
λ2

i,n

∥∥∥Υ∗
(
JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥2

+
〈
ηn − ζ†, λi,nΥ∗

(
JΞi

βi,n
− I
)

Υ(ηn)
〉
− 1

2
‖$n − ηn‖2

− 1

2
λ2

i,n

∥∥∥Υ∗
(
JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥2

+
〈
$n − ηn, λi,nΥ∗

(
JΞi

βi,n
− I
)

Υ(ηn)
〉

=
1

2
‖$n − ζ†‖2 +

1

2
‖ηn − ζ†‖2 − 1

2
‖$n − ηn‖2 +

〈
$n − ζ†, λi,nΥ∗

(
JΞi

βi,n
− I
)

Υ(ηn)
〉

≤ 1

2
‖$n − ζ†‖2 +

1

2
‖ηn − ζ†‖2 − 1

2
‖$n − ηn‖2 + λi,n‖$n − ζ†‖

∥∥∥Υ∗
(
JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥ .

Now we get

‖$n − ζ†‖2 ≤
N∑

i=1

γi,n

∥∥∥Jχi
βi,n

[
ηn − λi,nΥ∗

(
I − JΞi

βi,n

)
Υ(ηn)

]
− ζ†

∥∥∥2

≤ 1

2
‖$n − ζ†‖2 +

1

2
‖ηn − ζ†‖2 − 1

2
‖$n − ηn‖2

+
N∑

i=1

γi,nλi,n‖$n − ζ†‖
∥∥∥Υ∗

(
JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥ .

Simplifying above equation and applying (3.5) we get

‖$n − ζ†‖2 ≤ ‖ζn − ζ†‖2 − ‖$n − ηn‖2

+ 2
N∑

i=1

γi,nλi,n‖$n − ζ†‖
∥∥∥Υ∗

(
JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥+ αnC1.(3.7)
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Further

‖ϑn − ζ†‖2 ≤ ‖δn$n + (1− δn)Λn($n)− ζ†‖2

= 〈ϑn − ζ†, δn$n + (1− δn)Λn($n)− ζ†〉

=
1

2

∥∥δn$n + (1− δn)Λn($n)− ζ†
∥∥2

+
1

2
‖ϑn − ζ†‖2

− 1

2
‖ϑn − ζ† − δn$n + (1− δn)Λn($n) + ζ†‖2

=
1

2
‖δn($n − ζ†) + (1− δn)(Λn($n)− ζ†)‖2 +

1

2
‖ϑn − ζ†‖2

− 1

2
‖δn(ϑn −$n) + (1− δn)(ϑn − Λn($n))‖2

=
1

2
δ2

n‖$n − ζ†‖2 +
1

2
(1− δn)2‖Λn($n)− ζ†‖2

+ δn(1− δn)〈$n − ζ†, Λn($n)− ζ†〉+
1

2
‖ϑn − ζ†‖2 − 1

2
δ2

n‖ϑn −$n‖2

− 1

2
(1− δn)2‖ϑn − Λn($n)‖2 − δn(1− δn)〈ϑn −$n, ϑn − Λn($n)〉

‖ϑn − ζ†‖2 ≤ 1

2
δ2

n‖$n − ζ†‖2 +
1

2
(1− δn)2‖$n − ζ†‖2 + δn(1− δn)‖$n − ζ†‖2

+
1

2
‖ϑn − ζ†‖2 − 1

2
δ2

n‖ϑn −$n‖2 − 1

2
(1− δn)2‖ϑn − Λn($n)‖2

=
1

2
‖ϑn − ζ†‖2 +

1

2
‖$n − ζ†‖2 − 1

2
δ2

n‖ϑn −$n‖2 − 1

2
(1− δn)2‖ϑn − Λn($n)‖2.

It implies

(3.8) ‖ϑn − ζ†‖2 ≤ ‖$n − ζ†‖2 − δ2
n‖ϑn −$n‖2 − (1− δn)2‖ϑn − Λn($n)‖2.

Also

‖ηn − ζ†‖2 = ‖ζn + θn(ζn − ζn−1)− ζ†‖2

= ‖ζn − ζ† + θn(ζn − ζn−1)‖2

= ‖ζn − ζ†‖2 + θ2
n‖ζn − ζn−1‖2 + 2θn〈ζn − ζ†, ζn − ζn−1〉

≤ ‖ζn − ζ†‖2 + θ2
n‖ζn − ζn−1‖2 + 2θn‖ζn − ζ†‖‖ζn − ζn−1‖

= ‖ζn − ζ†‖2 + θn‖ζn − ζn−1‖(θn‖ζn − ζn−1 + 2‖ζn − ζ†‖)
≤ ‖ζn − ζ†‖2 + θn‖ζn − ζn−1‖C2,(3.9)

for someC2.
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Now we have

‖ζn+1 − ζ†‖2 = ‖αnz(ζn) + (1− αn)ϑn − ζ†‖2

≤ 〈αnz(ζn) + (1− αn)ϑn − ζ†, ζn+1 − ζ†〉
= (1− αn)〈ϑn − ζ†, ζn+1 − ζ†〉+ αn〈z(ζn)−z(ζ†), ζn+1 − ζ†〉
+ αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉

≤ 1− αn

2
[‖ϑn − ζ†‖2 + ‖ζn+1 − ζ†‖2] +

αn

2
[ρ2‖ζn − ζ†‖2 + ‖ζn+1 − ζ†‖2]

+ αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉

≤ 1

2
‖ζn+1 − ζ†‖2 +

1− αn

2
‖ϑn − ζ†‖2 +

αn

2
ρ2‖ζn − ζ†‖2

+ αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉.

After simplifying the above equation and applying (3.3), (3.8) and (3.9) we get

‖ζn+1 − ζ†‖2 ≤ (1− αn)‖ϑn − ζ†‖2 + αnρ
2‖ζn − ζ†‖2 + 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉

≤ (1− αn)(‖ζn − ζ†‖2 + θn‖ζn − ζn−1‖C2) + αnρ
2‖ζn − ζ†‖2

+ 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉
= [1− αn(1− ρ2)]‖ζn − ζ†‖2 + 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉

+ αn(1− αn)
θn

αn

‖ζn − ζn−1‖C2.(3.10)

Further, using (3.4) and (3.6) we also have

‖ζn+1 − ζ†‖2 ≤ (1− αn)‖ϑn − ζ†‖2 + αnρ
2‖ζn − ζ†‖2 + 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉

≤ (1− αn)

(
‖ζn − ζ†‖2 +

N∑
i=1

γi,nλi,n(λi,n‖Υ‖2 − 2)‖(Jβi,n
− I)Υ(ηn)‖2 + αnC1

)
+ αnρ

2‖ζn − ζ†‖2 + 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉
= [1− αn(1− ρ2)]‖ζn − ζ†‖2 + 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉

+ (1− αn)αnC1 + (1− αn)
N∑

i=1

γi,nλi,n

(
λi,n‖Υ‖2 − 2

) ∥∥∥(JΞi
βi,n

− I
)

Υ(ηn)
∥∥∥2

(3.11)

Using (3.4) and (3.7) we can have

‖ζn+1 − ζ†‖2 ≤ (1− αn)‖ϑn − ζ†‖2 + αnρ
2‖ζn − ζ†‖2 + 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉

≤ (1− αn)

(
‖ζn − ζ†‖2 − ‖$n − ηn‖2 + 2

N∑
i=1

γi,nλi,n‖$n − ζ†‖
∥∥∥Υ∗

(
JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥

+αnC1) + αnρ
2‖ζn − ζ†‖2 + 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉

= [1− αn(1− ρ2)]‖ζn − ζ†‖2 + 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉+ (1− αn)αnC1

− (1− αn)‖$n − ηn‖2 + 2(1− αn)
N∑

i=1

γi,nλi,n‖$n − ζ†‖
∥∥∥Υ∗

(
JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥ .

(3.12)
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Using (3.8) and (3.3) and we get

‖ζn+1 − ζ†‖2 ≤ (1− αn)‖ϑn − ζ†‖2 + αnρ
2‖ζn − ζ†‖2 + 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉

≤ (1− αn)(‖$n − ζ†‖2 − δ2
n‖ϑn −$n‖2) + αnρ

2‖ζn − ζ†‖2

+ 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉
≤ (1− αn)(‖ζn − ζ†‖2 + αnC1 − δ2

n‖ϑn −$n‖2) + αnρ
2‖ζn − ζ†‖2

+ 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉
= [1− αn(1− ρ2)]‖ζn − ζ†‖2 + 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉+ (1− αn)αnC1

− (1− αn)δ2
n‖ϑn −$n‖2,(3.13)

and

‖ζn+1 − ζ†‖2 ≤ (1− αn)‖ϑn − ζ†‖2 + αnρ
2‖ζn − ζ†‖2 + 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉

≤ (1− αn)(‖$n − ζ†‖2 − (1− δn)2‖ϑn − Λn($n)‖2)

+ αnρ
2‖ζn − ζ†‖2 + 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉

≤ (1− αn)(‖ζn − ζ†‖2 + αnC1 − (1− δn)2‖ϑn − Λn($n)‖2) + αnρ
2‖ζn − ζ†‖2

+ 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉
= [1− αn(1− ρ2)]‖ζn − ζ†‖2 + 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉+ (1− αn)αnC1

− (1− αn)(1− δn)2‖ϑn − Λn($n)‖2.(3.14)

Now to prove that the sequence{ζn} converges toζ† we split the proof in the following two
cases.

Case 1:There exists an0 such that‖ζn+1 − ζ†‖ ≤ ‖ζn − ζ†‖ ∀ n ≥ n0. This shows that the
sequence{‖ζn − ζ†‖} is convergent. Using condition (ii) on (3.11), (3.13), (3.14) we
get

(1− αn)
N∑

i=1

γi,nλi,n(2− λi,n‖Υ‖2)
∥∥∥(JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥2

≤ [1− αn(1− ρ2)]‖ζn − ζ†‖2 − ‖ζn+1 − ζ†‖2

+ 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉+ (1− αn)αnC1 → 0,

(1− αn)δ2
n‖ϑn −$n‖2 = [1− αn(1− ρ2)]‖ζn − ζ†‖2 − ‖ζn+1 − ζ†‖2

+ 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉+ (1− αn)αnC1 → 0,

(1− αn)(1− δn)2‖ϑn − Λn($n)‖2 = [1− αn(1− ρ2)]‖ζn − ζ†‖2 − ‖ζn+1 − ζ†‖2

+ 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉+ (1− αn)αnC1 → 0.

And we get

(3.15)
∥∥∥(JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥→ 0, ‖ϑn −$n‖ → 0, ‖ϑn − Λn($n)‖ → 0.
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From (3.12) we get

(1− αn)‖$n − ηn‖2 ≤ [1− αn(1− ρ2)]‖ζn − ζ†‖2 − ‖ζn+1 − ζ†‖2

+ 2αn〈z(ζ†)− ζ†, ζn+1 − ζ†〉+ (1− αn)αnC1

+ 2(1− αn)
N∑

i=1

γi,nλi,n‖$n − ζ†‖
∥∥∥Υ∗

(
JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥→ 0.

And we get

(3.16) ‖$n − ηn‖ → 0.

We also have

(3.17) ‖ζn − ηn‖ = θn‖ζn − ζn−1‖ ≤ αnC → 0.

From (3.15) and (3.16) we have

‖ζn −$n‖ ≤ ‖ζn − ηn‖+ ‖ηn −$n‖ → 0

‖ζn − ϑn‖ ≤ ‖ζn −$n‖+ ‖$n − ϑn‖ → 0

‖Λn($n)−$n‖ ≤ ‖Λn($n)− ϑn‖+ ‖ϑn −$n‖ → 0.(3.18)

Now using condition (ii) and (3.17) we have

‖ζn+1 − ζn‖ ≤ ‖ζn+1 − ϑn‖+ ϑn − ζn‖
= ‖αnz(ζn) + (1− αn)ϑn − ϑn‖+ ‖ϑn − ζn‖
= αn‖z(ζn)− ϑn‖+ ‖ϑn − ζn‖ → 0.(3.19)

Suppose the sequence{ζn} has a subsequence{ζnj
} such thatζnj

⇀ ζ†. From (3.17)

and (3.18) there exists a subsequence of{ηn} and {$n} satisfyingηnj
⇀ ζ† and

$nj
⇀ ζ†, respectively. Since the mappingΥ is bounded and linear, thenΥ(ηn) ⇀

Υ(ζ†). Moreover we know that
∥∥∥(JΞi

βi,n
− I
)

Υ(ηn)
∥∥∥→ 0, which implies thatΥ(ζ†) =

JΞi
βi,n

Υ(ζ†), using Lemma 2.8, we getζ† ∈ F (Λi). Henceζ† ∈ F (Λi) ∩ Θ. Then it
follows that

lim sup
n→∞

〈z(ζ†)− ζ†, ζn+1 − ζ†〉 = lim sup
j→∞

〈z(ζ†)− ζ†, ζnj+1 − ζ†〉

= 〈z(ζ†)− ζ†, ζ∗ − ζ†〉 ≤ 0.

Now applying Lemma 2.4 to (3.10) we getζn → ζ† = P nT

i=1
F (Λi)

T
Θ
z(ζ†).

Case 2: If the sequence{‖ζn+1 − ζ†‖} is not monotonically decreasing. Then there exists a
subsequencenj such that∥∥∥ζnj

− ζ†
∥∥∥2

≤
∥∥∥ζnj+1 − ζ†

∥∥∥2

, for all j ∈ N.

By Lemma 2.7, there exists a nondecreasing sequence{mi} ⊂ N such thatmi →∞
(3.20) ‖ζmi

− ζ†‖2 ≤ ‖ζmi+1 − ζ†‖2, ‖ζ i − ζ†‖2 ≤ ‖ζmi+1 − ζ†‖2.

If we follow similarly the proof in Case (1), we get

‖ζmi+1 − ζ†‖2 ≤ [1− αmi
(1− ρ2)]‖ζmi

− ζ†‖2 + 2αmi
〈z(ζ†)− ζ†, ζmi+1 − ζ†〉

+ αmi
(1− αmi

)
θmi

αmi

‖ζmi
− ζmi−1‖C2,
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and
lim sup

n→∞
〈z(ζ†)− ζ†, ζmi+1 − ζ†〉 ≤ 0,

which gives

0 ≤ ‖ζmi+1 − ζ†‖2 − ‖ζmi
− ζ†‖2

= [1− αmi
(1− ρ2)]‖ζmi

− ζ†‖2 + 2αmi
〈z(ζ†)− ζ†, ζmi+1 − ζ†〉

+ αmi
(1− αmi

)
θmi

αmi

‖ζmi
− ζmi−1‖C2 − ‖ζmi

− ζ†‖2,

using lim
n→∞

θn

αn
‖ζn − ζn−1‖ → 0, we get

‖ζmi
− ζ†‖2 ≤ 2

1− ρ2
〈z(ζ†)− ζ†, ζmi+1 − ζ†〉+

1− αmi

1− ρ2

θmi

αmi

‖ζmi
− ζmi−1‖C2 → 0.

By (3.20) we get‖ζmi+1 − ζ†‖ → 0. It follows from ‖ζ i − ζ†‖2 ≤ ‖ζmi+1 − ζ†‖2 for
all i ∈ N that‖ζ i − ζ†‖2 → 0, applying Lemma 2.7 we getζ i → ζ†. Hence sequence
ζn → ζ†, n →∞. It completes the proof.
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