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ABSTRACT. Consider the map of the Banach algebr® in ‘B, if there exists a derivatiof of

B in B so that for every,y € B, p(zy) = ¢(z)y+xd(y) . ¢ is called a generalized derivation

of %B.In [9], Bresar introduced the concept of generalized derivations.

We prove several results about the automatic continuity of generalized derivations on certain

Banach algebras.
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1. INTRODUCTION

In this paper, the algebras considered are assumed complex, commutative, and not necessarily
unitary. In all that follows,% can be a Banach algebré;(®8) denotes the Jacobson radical
of 8. The symbolsspm(y) and p(y) represent spectrum and the spectral radiug ef 3,
respectively. If for every, y € 9B, §(zy) = d(z)y + z4(y) thend is an additive map frorB to
8. This map is called a derivation.
Let’s briefly discuss the history of our investigation. Singer-Wermer [7] shown in 1955 that
if B is commutative and is continuous, thed(8) C Jr(*B). In particular,d = 0 when‘B
is semisimple. In[[8] Bresar and al. showed th&®B) C Jr(*B) if there ise > 0 so that
p(6(x)) < ep(z) for everyz € 8.

2. PRELIMINARIES

It's convenient to begin by recalling some definitions and known results. A Banach afgebra
is considered prime for eaahy € B if, for any 2By = 0, it implies that eitherr = 0 ory =
0.By a derivation o3, we mean a linear mapping : 8 — B, which satisfies)(zy) =
d(z)y + zo(y) for all z and y inB.An additive mapping : 8 — B is called a left (resp. right)
centralizer ofB if 7(zy) = 7(x)y (resp.7(zy) = z7(y)) for all z,y € B.Bresar introduced
the concept of generalized derivation in [7].He defines a generalized derivation as follows: If
there is a derivation d o such thatp(zy) = p(x)y + 2xd(y) for all z, y € B, then an additive
mapping F is referred to as a generalized derivation.

Lemma 2.1. Let*B represent an algebra. Thenis a generalized derivation @ determined
by derivationd if and only ifo = § + 7, wherer is B’s left centralizer and is 23’s derivation.

Given a subsek of an algebraB. The set defined b§#(E£) = {a € B/aE = {0} } is known
as the left annihilator of E.In a similar manner, the right annihilator is the sétdéfined by
D(E) ={a € B/FEa={0}}. We note Ann(E) = G(E) N D (E).

If 8 does not have a unit, then we can adjoin one as follows:

Proposition 2.2. A normed algebra without a unit can be embedded into a unital normed alge-
bra B8# as an ideal of codimension one.

Proof. Let B# = B @ C Direct sum ofB andC(field of complex numbers).
B# represents a vector space under the usual operations :
4 B x BF — BF
((a, @), (b,9)) — (a+b,a+ )
(¢ x BT — B
(A, (a, @) — (Ab, Aav)
In addition to, B is an algebra when defining a multiplicationBv* by :
o : B x BF. — BH

(@, @), (b, B)) — (a,@) © (b, )
(a,) © (b, 0) := (a, Oé)(b f3) = (ab+ fa + ab,af)

The operatior® is closed or3#, and(B#, +, ., ®) is algebra with unit elemerfb, 1).
Now, define the functior - || onB# by :
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-1 : 8% — R*

(a,7) — ll(a, V)l = llall + ]

then @7 ,]| - ||) constitutes a normed algebra.
Let B = {(a,0) : a € A}, and

Identify :

p:A— B

a — (a,0)
|(a,0)|| = ||a|| + |0 |= ||a|] henceyp is isometric isomorphe.
We write (a, ) = (a,0) + A\(0, 1), sinceB is an ideal inA x C of codimension 1.

|
Now, define the spectrum and the spectral radius:
Let*B be an algebra :
(1) If B is unital with uniteg then the spectrum and the spectral radius afe defined by:

(2.1) spmg(z) :={A € C: ey — x ¢ InvB}

(2.2) pe(x) :=sup {[A] : X € spmy(x)}
where InvB is the set of invertible elements of.
(2) If B is nonunital, we define the quasi-producin 5 by
ry=x+y—xy (r,y€B)
An element x ofB is called quasi-invertible if there ig € B such that: . y = 0 and
x .y = 0. The set of all quasi-invertible elementsBfis denoted by — Inv®8.
Let B8# the Banach algebra obtained by adjoining a un®Btccalled the unitization of

B.
We define spectrum in non-unital Banach algebra :

spig(2) = {0}u{u eC\{0}: Lo g g Inv%} and it's clearspma () = spas ((z,0))
andp,(r) = pay((z,0))

Lemma 2.3.[10]
If 7 is a left centralizer on a Banach algeb#, thenr is both linear and continuous.

Definition 2.1. The intersection of all maximal left (right) ideals in an algef#¥as its (Jacob-
son) radical, represented By(*B).
If Jr(®B) = 0, then algebra&B is considered semisimple.

Definition 2.2. An involution x into B is a mapping: : 8 — 9 that fulfills these conditions:

(a+b)" =a* + " (pa)” = fia*
(ab)* =b*a’
with involution x , 98 is known as the--algebra.

Remark 2.1. In the case tha® is involutive, define an involution o # as follows: (a, p)* :=
(a*, 1), ¥(a, n) € BF

Given J a non-zert-ideal of 8. Then,* induces an involution on the quotient algefaJ,
denoted as,defined by:(a + J)* = (a)* + J, for everya € B.
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Recalling thats is said to as--semi-simple ifJr,(8) = (0), and we obtain
Jr.(B/J) =N {M : M represents — maximum ideal irf3 }

=N{M : represents — maximum ideal ir5}

= Jr,(B) = Jr.(B)/J
An *-ideal J of 8 is an ideal which is closed under involution; thatlis= {a* € B :a € J} C
J.

Proposition 2.4. [11] Let2( be an *-simple algebra, ifl is not simple. Then there exists a
unitary simple subalgebra J &f such thatd = J ¢ J*

Lemma 2.5. [[4], Corollary 3.2.10]
Let B be a Banach algebray € B, and suppose thai(yx) = 0 for all y € 8. Then
x € Jr(*B).

Recall the concept of separating space of a linear operato® lahd®5 be two Banach
algebras, and given : %6 — ‘B a linear mapping. The separating space>ao$ determined
by :

S(y) = {0 € B : there existg,,),, in B such thaty,,, — 0 andy) (a,,) — G}

We know that&(v)) is a closed linear subspace Bf. By the closed graph theorem, is

continuous if and only if5(y) = {0} [2, 5.1.2]

Lemma 2.6. [5] Letil, U, and2J be Banach spaces, T be a linear operator fidnmto ‘U, and
S be a continuous operator froffi into 25. Then :

(1) ST is continuous if and iIE&(T") = {0}.

(2) S&(T) = &(ST)

Lemma 2.7. [4]
Let B be a Banach algebra such thay = yz. Thenp(z + y) < p(z) + p(y) and p(zy) <
p(x)p(y) forall z,y € B

Lemma 2.8. [Singer and Werme}7]]
Let®B be a commutative Banach algebra andddte a continuous derivation dB thend(x) €
Jr(B)(z € B)

3. MAIN RESULT

Proposition 3.1. Assume thap is a generalized derivation of a Banach algela If 9B is
semi-simple and commutative must be continuous.

Proof. Giveny € &(y) there is a sequencey,) in 8B such that
a, — 0inB andy (a,) — yin B.
As p(7(an)) < play) andp(d(ay,)) < ep(a,) for somee > 0
we havep (2(a)) = p (3(c) + (7)) < p(3(a)) + p (7)), andp (a,) — 0
Thenp(p(an)) < (e + 1)p(an) — 0.

However, in contrastp(¢(a,)) — p(y). Thereforep(y) = 0 becauses(p) is an ideal inB.
Thus for every z inB, yz € &(p) we conclude thap(yz) = 0

since we concludg € Jr(%B).ThereforeS(p) C Jr'B .

Since®s is semi-simpleS(p) = 0 consequently is continuous.

|

Theorem 3.2. All generalized derivations on a Banach *-algeb® which is *-simple are
continuous.
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Proof. Let 5 be an algebra simple, there exists simple unital subalgebraf 8 such that

A = J @ J* (Propositior] 2.4); following algebraic isomorphisni:~ B / J*, therefore,
J represents the maximal ideal . From where/ (resp;.J*) is closed inB. Consequently,
the algebraB/.J (resp;B/J* ) is a simple Banack-algebra. Sincée represents an ideal &,
then so isp(J) + J; thereforep(J) + J/J represents an ideal & /.J. SinceB/.J constitutes
simple algebra, so

o(J)+ J/J ={0}orp(J)+ J/J =B/J. Sincel represents a

maximal ideal inB, sincep(J) + J = J, sop(J) C J. Think about the functio® on‘B/.J,
which is given by:

ola+J) = pla) + J. N

We show thatp represents a generalized derivation determined by a derivatiom /.J.
Note that it is easy to show is linear operator. Moreover, far,b € B, p(a + J)(b+ J)) =
o(ab+J)) = p(ab)+J = p(a)b+ad(b)+J. Butthenp(a+J)(b+J)+(a+J)o(b+J) = (a+
J)(O(b)+J)+(0(a)+J)(b+JT) = (¢(a)+J)(b+J)+(a+J)(0(b)+J) = ad(b)+d(a)b+J. SO
¢ is a generalized derivation on the simple Banach alg&ht#, theny is continuous. Now,we
show thaty is continuous,we consider the canonical surjectio® — B/.J;a — a-+J which
is continuous. To show thatis continuous, first we observe thaipy = por because for every
ac B, we haverop(a) = m(p(a)) = p(a) + J andpor(a) = p(a + J) = ¢(a) + J. Since
por is continuous, then; we haw®(p o 7) = {0}, And 7S (p) = S(p o) = {0} (Lemma
[2.6) and this implied tha® () C J. Following the same steps, we show tl#gty) C J*, then
S(p) C J N J* ={0}. Thereforep is continuous &

Theorem 3.3.Let‘B be a *-prime Banach *-algebra . Then all generalized derivatijoon 2B
is continuous.

Proof. Since®s is a *-prime algebra, there is a minimal prime nonzBreuch thaPNP* = {0}
andP = Ann(P*), P* = Ann (P) .

Let &(¢) be the ideal separating IB. SupposeS(yp) ¢ P, thenP is a closed ideal . On the
other hand, i is a nonzero element &f, thenpS(p) = S(y¢) . Thereforep&S(p) C P, then
pS(p) = &(p) € P = P. Which contradicts the assumption. Followiggdy) C P. By the
same reasoning, we show th@éaty) C P*. Which gives,S(¢) C P N P* = {0}. Thereforey

iS continuous 1

REFERENCES

[1] B. AUPETIT, Caracterisation spectrale des algebres de Banach commut&aefic Math. J.63
(1976), pp. 23-35.

[2] H. G. DALES, Banach algebras and automatic continuitgnd. Math. Soc24 (2000).

[3] P. G. DIXON, Automatic continuity of positive functionals on topological involution algeldad,
Aust. Math. So23(1981).

[4] B. AUPETIT, A Primer on Spectral TheorySpringer 1990.
[5] A. M. SINCLAIR, Automatic continuity of linear operatorepnd. Math. Soc21 (1976).

[6] B. E. JOHNSON, The uniqueness of the (complete) norm topolBgyl, Amer. Math. Soc.73
(1967), pp. 537-539.

[7] 1. M. SINGER and J. WERMER, Derivations on commutative normed algeiMa#f). Ann, 129
(1955), pp. 260-264.

AJMAA Vol. 21(2024), No. 2, Art. 7, 6 pp. AIMAA


https://ajmaa.org

6 M. ABOULEKHLEF, Y. TIDLI AND M. BELAM

[8] M. BRESAR and M. MATHIEU, Derivations mapping into the radical 1. Funct. Anal, 133
(1995), pp. 21-29.

[9] M. BRESAR, On the distance of the composition of two derivations to the generalized derivations,
Comm. Glasgow Math. J33(1991), pp. 89-93.

[10] B. E JOHSONContinuity of Centralizers on Banach Algebr#$966).

[11] Y. TIDLI and L. OUKHTITE and A. TAJMOUATI, On automatic continuity of derivations for
Banach algebras with involutiogur. J. Math. Compu. Sciem,(2017).

AJMAA Vol. 21(2024), No. 2, Art. 7, 6 pp. AIMAA


https://ajmaa.org

	1. Introduction
	2. Preliminaries
	3. Main result
	References

