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ABSTRACT. Consider the mapϕ of the Banach algebraB in B, if there exists a derivationδ of
B in B so that for everyx, y ∈ B , ϕ(xy) = ϕ(x)y+xδ(y) . ϕ is called a generalized derivation
of B.In [9], Bresar introduced the concept of generalized derivations.
We prove several results about the automatic continuity of generalized derivations on certain
Banach algebras.
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1. I NTRODUCTION

In this paper, the algebras considered are assumed complex, commutative, and not necessarily
unitary. In all that follows,B can be a Banach algebra,Jr(B) denotes the Jacobson radical
of B. The symbolsspm(y) andρ(y) represent spectrum and the spectral radius ofy ∈ B,
respectively. If for everyx, y ∈ B, δ(xy) = δ(x)y+ xδ(y) thenδ is an additive map fromB to
B. This map is called a derivation.

Let’s briefly discuss the history of our investigation. Singer-Wermer [7] shown in 1955 that
if B is commutative andδ is continuous, thenδ(B) ⊆ Jr(B). In particular,δ = 0 whenB
is semisimple. In [8] Bresar and al. showed thatδ(B) ⊆ Jr(B) if there is ε ≥ 0 so that
ρ(δ(x)) ≤ ερ(x) for everyx ∈ B.

2. PRELIMINARIES

It’s convenient to begin by recalling some definitions and known results. A Banach algebraB
is considered prime for eachx, y ∈ B if, for anyxBy = 0, it implies that eitherx = 0 ory =
0.By a derivation onB, we mean a linear mappingδ : B → B, which satisfiesδ(xy) =
δ(x)y+xδ(y) for all x and y inB.An additive mappingτ : B → B is called a left (resp. right)
centralizer ofB if τ(xy) = τ(x)y (resp. τ(xy) = xτ(y)) for all x, y ∈ B.Bresar introduced
the concept of generalized derivation in [7].He defines a generalized derivation as follows: If
there is a derivation d onB such thatϕ(xy) = ϕ(x)y+ xδ(y) for all x, y ∈ B, then an additive
mapping F is referred to as a generalized derivation.

Lemma 2.1. Let B represent an algebra. Thenϕ is a generalized derivation ofB determined
by derivationδ if and only ifϕ = δ + τ , whereτ is B’s left centralizer andδ is B’s derivation.

Given a subsetE of an algebraB. The set defined byG(E) = {a ∈ B/aE = {0}} is known
as the left annihilator of E.In a similar manner, the right annihilator is the set ofE defined by
D(E) = {a ∈ B/Ea = {0}}. We note Ann(E) = G(E) ∩D (E).
If B does not have a unit, then we can adjoin one as follows:

Proposition 2.2. A normed algebra without a unit can be embedded into a unital normed alge-
bra B# as an ideal of codimension one.

Proof. Let B# = B⊕ C Direct sum ofB andC(field of complex numbers).
B# represents a vector space under the usual operations :
+ : B# ×B# −→ B#

((a, α), (b, β)) −→ (a+ b, α+ β)

. : C×B# −→ B#

(λ, (a, α)) → (λb, λα)

In addition to,B# is an algebra when defining a multiplication inB# by :
� : B# ×B#. −→ B#

(a, α), (b, β)) −→ (a, α)� (b, β)
(a, α)� (b, β) := (a, α)(b, β) := (ab+ βa+ αb, αβ)

The operation� is closed onB#, and
(
B#,+, .,�

)
is algebra with unit element(0, 1).

Now, define the function‖ · ‖ onB# by :
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‖ · ‖ : B# −→ R+

(a, γ) −→ ‖(a, γ)‖ = ‖a‖+ |γ|
then (B#,‖ · ‖) constitutes a normed algebra.
LetB = {(a, 0) : a ∈ A}, and
Identify :
φ : A→ B

a→ (a, 0)
‖(a, 0)‖ = ‖a‖+ |0 |= ‖a‖ henceφ is isometric isomorphe.
We write(a, λ) = (a, 0) + λ(0, 1), sinceB is an ideal inA× C of codimension 1.

Now, define the spectrum and the spectral radius:
Let B be an algebra :

(1) If B is unital with uniteB then the spectrum and the spectral radius ofx are defined by:

(2.1) spmB(x) := {λ ∈ C : λeB − x /∈ Inv B}

ρB(x) := sup {|λ| : λ ∈ spmB(x)}(2.2)

where InvB is the set of invertible elements ofB.
(2) If B is nonunital, we define the quasi-product� onB by

x � y = x+ y − xy (x, y ∈ B)

An element x ofB is called quasi-invertible if there isy ∈ B such thatx � y = 0 and
x � y = 0. The set of all quasi-invertible elements ofB is denoted byq − InvB.
Let B# the Banach algebra obtained by adjoining a unit toB, called the unitization of
B.
We define spectrum in non-unital Banach algebra :

spmB(x) = {0}∪
{
µ ∈ C\{0} : 1

µ
x /∈ q − Inv B

}
and it’s clearspmB(x) = spB#((x, 0))

andρA(x) = ρA#((x, 0))

Lemma 2.3. [10]
If τ is a left centralizer on a Banach algebraB, thenτ is both linear and continuous.

Definition 2.1. The intersection of all maximal left (right) ideals in an algebraB is its (Jacob-
son) radical, represented byJr(B).
If Jr(B) = 0, then algebraB is considered semisimple.

Definition 2.2. An involution∗ into B is a mapping∗ : B → B that fulfills these conditions:

(a+ b)∗ = a∗ + b∗ (µa)∗ = µ̄a∗

(ab)∗ = b∗a∗

with involution∗ , B is known as the∗-algebra.

Remark 2.1. In the case thatB is involutive, define an involution onB# as follows:(a, µ)∗ :=
(a∗, µ̄) ,∀(a, µ) ∈ B#

Given J a non-zero∗-ideal ofB. Then,∗ induces an involution on the quotient algebraB/J,
denoted as∗,defined by:(a+ J)∗ = (a)∗ + J , for everya ∈ B.
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Recalling thatB is said to as∗-semi-simple ifJr∗(B) = (0), and we obtain
Jr∗(B/J) = ∩

{
M̄ : M represents∗ − maximum ideal inB

}
= ∩{M : represents∗ − maximum ideal inB}
= Jr∗(B) = Jr∗(B)/J

An ∗-idealJ of B is an ideal which is closed under involution; that isJ∗ = {a∗ ∈ B : a ∈ J} ⊆
J .

Proposition 2.4. [11] Let A be an *-simple algebra, ifA is not simple. Then there exists a
unitary simple subalgebra J ofA such thatA = J ⊕ J∗

Lemma 2.5. [ [4], Corollary 3.2.10]
Let B be a Banach algebra,x ∈ B, and suppose thatρ (yx) = 0 for all y ∈ B. Then

x ∈ Jr(B).

Recall the concept of separating space of a linear operator, letB and B be two Banach
algebras, and givenψ : B −→ B a linear mapping. The separating space ofψ is determined
by :

S(ψ) = {β ∈ B : there exists(αm)m in B such thatαm → 0 andψ (αm) → β}
We know thatS(ψ) is a closed linear subspace ofB. By the closed graph theorem,ψ is

continuous if and only ifS(ψ) = {0} [2, 5.1.2]

Lemma 2.6. [5] LetU, V, andW be Banach spaces, T be a linear operator fromU into V, and
S be a continuous operator fromV into W. Then :

(1) ST is continuous if and ifSS(T ) = {0}.

(2) SS(T ) = S(ST )

Lemma 2.7. [4]
Let B be a Banach algebra such thatxy = yx. Thenρ(x + y) ≤ ρ(x) + ρ(y) andρ(xy) ≤
ρ(x)ρ(y) for all x, y ∈ B

Lemma 2.8. [Singer and Wermer[7]]
LetB be a commutative Banach algebra and letδ be a continuous derivation onB thend(x) ∈
Jr(B)(x ∈ B)

3. M AIN RESULT

Proposition 3.1. Assume thatϕ is a generalized derivation of a Banach algebraB. If B is
semi-simple and commutative,ϕ must be continuous.

Proof. Giveny ∈ S(ϕ) there is a sequence(αn) in B such that
αn → 0 in B andϕ (αn) → y in B.
As ρ(τ(αn)) 6 ρ(αn) andρ(δ(αn)) ≤ ερ(αn) for someε ≥ 0
we haveρ (ϕ(αn)) = ρ (δ(αn) + (τ(αn)) ≤ ρ (δ(αn)) + ρ (τ(αn)), andρ (αn) → 0
Thenρ(ϕ(αn)) 6 (ε+ 1)ρ(αn) → 0.
However, in contrast..ρ(ϕ(αn)) → ρ(y). Thereforeρ(y) = 0 becauseS(ϕ) is an ideal inB.
Thus for every z inB, yz ∈ S(ϕ) we conclude thatρ(yz) = 0
since we concludey ∈ Jr(B).Therefore,S(ϕ) ⊆ Jr B .
SinceB is semi-simple,S(ϕ) = 0 consequentlyϕ is continuous.

Theorem 3.2. All generalized derivations on a Banach *-algebraB which is *-simple are
continuous.
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Proof. Let B be an algebra∗ simple, there exists simple unital subalgebraJ of B such that
: A = J ⊕ J∗ (Proposition 2.4); following algebraic isomorphism:J ≈ B / J∗, therefore,
J represents the maximal ideal inB. From whereJ (resp;J∗) is closed inB. Consequently,
the algebraB/J (resp;B/J∗ ) is a simple Banach∗-algebra. SinceJ represents an ideal ofB,
then so isϕ(J) + J ; thereforeϕ(J) + J/J represents an ideal ofB/J . SinceB/J constitutes
simple algebra, so

ϕ(J) + J/J = {0} or ϕ(J) + J/J = B/J . SinceJ represents a

maximal ideal inB, sinceϕ(J) + J = J , soϕ(J) ⊆ J . Think about the functioñϕ on B/J ,
which is given by:
ϕ̃(a+ J) = ϕ(a) + J .
We show that̃ϕ represents a generalized derivation determined by a derivationδ̃ on B/J .

Note that it is easy to show̃ϕ is linear operator. Moreover, fora, b ∈ B, ϕ̃(a + J)(b + J)) =

ϕ̃(ab+J)) = ϕ(ab)+J = ϕ(a)b+aδ(b)+J . But then,̃ϕ(a+J)(b+J)+(a+J)δ̃(b+J) = (a+
J)(δ(b)+J)+(δ(a)+J)(b+J) = (ϕ(a)+J)(b+J)+(a+J)(δ(b)+J) = aδ(b)+δ(a)b+J . So
ϕ̃ is a generalized derivation on the simple Banach algebraB/J , thenϕ̃ is continuous. Now,we
show thatϕ is continuous,we consider the canonical surjectionπ : B → B/J ; a→ a+J which
is continuous. To show thatϕ is continuous, first we observe thatπoϕ = ϕ̃oπ because for every
a∈ B, we haveπoϕ(a) = π(ϕ(a)) = ϕ(a) + J andϕ̃oπ(a) = ϕ̃(a + J) = ϕ(a) + J . Since
ϕ̃oπ is continuous, then; we haveS(ϕ̃ ◦ π) = {0}, And πS(ϕ) = S(ϕ̃ ◦ π) = {0} (Lemma
2.6) and this implied thatS(ϕ) ⊂ J . Following the same steps, we show thatS(ϕ) ⊂ J∗, then
S(ϕ) ⊂ J ∩ J∗ = {0}. Thereforeϕ is continuous .

Theorem 3.3.LetB be a *-prime Banach *-algebra . Then all generalized derivationϕ onB
is continuous.

Proof. SinceB is a *-prime algebra, there is a minimal prime nonzeroP such thatP∩P∗ = {0}
andP = Ann(P∗),P∗ = Ann (P) .
Let S(ϕ) be the ideal separating inB. SupposeS(ϕ) 6⊂ P, thenP is a closed ideal . On the
other hand, ifp is a nonzero element ofP, thenpS(ϕ) = S(ϕ) . Therefore:pS(ϕ) ⊆ P , then
pS(ϕ) = S(ϕ) ⊆ P̄ = P . Which contradicts the assumption. FollowingS(ϕ) ⊆ P. By the
same reasoning, we show thatS(ϕ) ⊆ P∗. Which gives,S(ϕ) ⊆ P ∩ P∗ = {0}. Therefore,ϕ
is continuous .
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