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ABSTRACT. In the theory of hypergeometric and generalized hypergeometric series, classical
summation theorems such as those of Gauss, Gauss second, Bailey and Kummer for the series
o F1; Watson, Dixon, Whipple and Saalshitz play a key role. Applications of the above men-
tioned summation theorems are well known for the sey#és In our present investigation, we

aim to evaluate twenty five new class of integrals involving generalized hypergeometric function

in the form of a single integral of the form:

™

2 2wel [ : c—1 c—1 a, bv C+% .
/O eI cosO) s | 1 g i 1) 20t ]
fori,j =0,£1, 2 withw = /—1.

The results are established with the help of the generalizations of the classical Watson’s sum-
mation theorem obtained earlier by Lavoie et al.. Fifty interesting integrals in the form of two
integrals (twenty five each) have also been given as special cases of our main findings.

dwe*? sinf cos | db.
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1. INTRODUCTION

The natural generalization of the Gauss’s hypergeometric fungtipis called the general-
ized hypergeometric functiof¥,, wherep, ¢ € Ny, defined by([1] 5]

ar, o ap ] =@ (ap)n 2"
w1 et N

where(a), is the well known Pochhammer symbol (or the raised factorial or the shifted factorial
since(1),, = n!) defined for any complex € C by

(@) = % (a € C\Zy)
(1.2) ~Jala+1)...(a+n-1), (n €N)
T, (n=0)

wherel is the well-known Gamma function.

For a detailed study about hypergeometric and generalized hypergeometric functions, we
refer the standard texts|[1, 6].

In the theory of hypergeometric and generalized hypergeometric functions, classical summa-
tion theorems such as those of Gauss, Gauss second, Kummer and Bailey for theF$eries
Watson, Dixon, Whipple and Saalschiitz for the seyigésplay a key role.

Later, the above mentioned classical summation theorems have been generalized by Lavoie
etal. [2,3]4].

However, in our present investigation, we are interested in the following classical Watson’s
summation theorem[1].

a,b,c 1| =
Has b .20 T

provided®R(2¢ — a — b) > —1,
and its following generalization due to Lavoie et al. [2]

(13) oF, {

(1.4)

a, b, c .
sk { sla+b+i+1),2c+j " 1}

20T (Ja+ b+ i+ g) D+ [B]+5) Tle—glatbtlit+jl—j—1)

=i DL T (@) 0)
e (bt 10— 1) T
YT e—Tat 1+ [ -1 = (1)) T =D+ I+ @)
o (o314 (-19) T (30 ) }
YT (c—ga+ B+ 5(-1) (1= (=1))) T (c— 30+ [Z£])
—Q (let)

fori, j =0, £1, 2.

Fori = j = 0, the result[(1.4) reduces to classical Watson’s summation theprem (1.3).
Here,[z] denotes the greatest integer less than or equaktad the modulus is denoted byj.
Also, the coefficients4, ;, B; ; andC;; are given in the Table 3.1, Talle B.2 and T4blg 3.3, at
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the end of the paper.
In addition to this, we shall also require the following well-known and useful integral due to
MacRobert[[5]

jus

2 . B _ wra F(OC>F(6)
15 wat8)? (gip g)*—! PHY = e ———
(1.5) /0 e (sinf)* " (cos )"~ dh = e o+ 0)

providedR(a) > 0 andR(5) > 0 with w = /—1.
The aim of this paper is to evaluate twenty five integrals involving generalized hypergeometric
function in the form of a single integral of the form

us

: eche(sinﬁ)c’l(cos 9)671 F. a, b, C+% - —4we*?sin 6 cos 6| db
; 2 Ya+b+i+1), 2045

The results are derived with the help of generalized Watson’s summation theorem on the sum
of a3z F5 given by (1.4). Fifty interesting integrals in the form of two integrals (twenty five each)
have also been given as special cases of our main findings.

2. MAIN INTEGRALS

The twenty five integrals in the form of a single integral to be evaluated in this paper is given
in the following theorem.

Theorem 2.1.Forw = v/—1,R(c) > 0andR(2c—a—b+i+2j+1) > 0,fori,j =0, £1, £2,
the following integral formula holds true.

™

: 2wel (i e-1 c—1 a, b7 C+% . 2wl -
o1 /0 e (sin ) (cos 0) 3 Fy Ya+b+itl), 2+ 4we*? sinf cos | db

[(c) ()
['(2¢)
where(2 is the same as given {{i.4).

w

™
:efc

Q

Proof. The proof of our theorem is quite straight forward. For this, we proceed as follows.
Denoting the left hand side df (2.1) by we have

z . - B b, c+ 2
I — 2wch 9)¢ 1 0)¢ lF a, ) 2 -
/O e (sin0)“ (cos ) 3 Fy %(a+b+l+1)7 2e+7 "7

Now expressingF, as a series, changing the order of integration and summation, which is
easily seen to be justified due to the uniform convergence of the series in the iftefvaiwe
have

_ N (@ O (e 4 3)n (Z1)" ()22
]_;% (%(a‘f‘b—i—i—f—l))n (2¢ 4 j)n /0

Evaluating the integral using (1.5),
we have, after some simplification

4we*? sinf cos @ | db

INIE]

2 () (sin §)+" " (cos 0) T dh

o ewgcr(0> ['(c) S (a)n (b)n (¢)n
= ['(2c¢) nz% (2(a+b+1)) (2c+j),n!

Now summing up the series, we have

=.I'(c) T'(c) a, b, ¢
[=e52 29 0 o1
“’ IF(2c) *?| sla+b+i+1),2c+j5"

n
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We now observe that thg", appearing can be evaluated with the help of known result (1.4) and
we easily arrive at the right hand side pf (2.1).
This completes the proof of the theorem.

3. SPECIAL CASES

In this section, we shall mention a large number of very interesting special cases of our main
findings.

For this, we observe here that, if jn (R.1), wellet —2n and replace: by a + 2n or we let
b= —2n — 1 and replace by a + 2n + 1. In each case, one of the two terms appearing on the
right-hand side of] (2]1) will vanish and we get fifty interesting special cases(twenty five each)
given below in the form of two corollaries.

Corollary 3.1. Forw = /-1 andi, j = 0, &1, £2, the following twenty five results hold true.

/72r —2n, a+ 2n, c+—_
0

2wel (: c—1 c—1
e sin) (eon) 3y | 0TS

—4we*? sin 6 cos 9] df

3. 1 1 -1 1, .1 i
e T(e)T(¢) (2)n (za—CJr'—%— (37 + 5 (1+(=1) )})

['(2) (ct+3+[3]), (Ga+i(+(=1)),
where the coefficient®; ; are given in the Table 3.4.

n

Corollary 3.2. Forw = v/—1 andi, j = 0, =1, £2, the following twenty five results hold true.

3.2)
e o 2n—1 a+2n+1, c+— o -
/0 2 (sin ) (cos 0) 13 Fy [ (a+z +1), 26+ 2 —4we*? sin 0 cos 9] db

P 1) (B, (o—ct i+ G = [+ i0+-0)))
o) e I [, Ger -,
where the coefficients; ; are given in the Table 3|.5.

wT
:Ez‘,je 2¢ n

In particular, in[(3.1), if we take = j = 0, we get the following interesting result.

s

2 2wc€ c—1 _2n7 a+ 2”7 C+% . 2w _:
/0 (sin 8)“*(cos #) 3F2{ Latbil), 2 4dwe™? sinf cos @ | dx

(3.3)
_ sl L) (3), Ga—c+3),
P(2c)  (c+ ) (30 + 2)n
Similarly, in (3.2), if we take = j = 0, we get the following elegant result.
(3.4)
/02 e (sin 0)° " (cos ) 3 Fy [ —an - (1a —iz_inl)—i_ Loets ; —4we*? sin 6 cos 6} dd =0

Similarly, we can obtain other results. We, however, prefer to omit the details.
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[+ (€ —q-2-22)(1-2)(1+q-2)(1—9-7) -
e+ (T+9a—(1+v)p—(1-9+2)(1-2%)c—2)(1—2)g=2"2y

o+ (T+q—2—98)(1+2)(1+q—2)(T—9—p)—

(1T-9)9—(1—2)p— (T —q+0)(1+20)(1 +2)g =y
T+.09-2)—(T—q+0)(1—-2)g=""72y

“1a04 o|qeL :T'€ 9|qeL

(1+92) (1—92)z
4 4 T T — Z-
(1+2) (1—2)
Z 4 4 T T T-
(1+92)g (1—2)e
-1 T T T T 0
(@=r)(1+2)z (9=7)g (9—0) (9=7) (9=2)(1—2) I
T T T T T
(T+9-2)(1—9-2)(1+2)8 | (1+9—2)(1—9-2)% | (1+9—2)(1—9—-2)% | (1+9—2)(1—9—2)g | (1+9—2)(1—9—2)(1—2)g
T T T T T [4
Z 1 0 1- z- [\ 1

AJMAA

AJIMAA Vol. 21 (2024), No. 2, Art. 6, 10 pp.


https://ajmaa.org

MADHAV P. FOUDEL AND DONGKYU LIM AND NARAYAN P. FAHARI AND ARJUNK. RATHIE

T+449-02) —(1—q+0)(1-2)g=""2g

: {or+(€—q-r—-2g)1-2)}1+q-0)(1—9—7) -
{e+(0+9e—(1+v)p—(1-9+0)(1-22)}(c—2)(1—-2)g=2"2"g

A+ (1+q-r-2)T+2)}(T+q-2)(1-q9-7) -

{T=99— (0 —0)p— (1 —q+0)(1+2¢)} (1 +2)2g = ¢2g

“repoy s|qel :z's ajoeL

T-)-2) -1 —q+0p 1—q+2| 1+9g—(9-9g)q+ (v —2g)» etg g | T
1+q—2 T T| ¢—q+v—-9¢|(1—9—2)(q-»)—(—2)(1-2)c | T-

(t—2)1
(T+2p+ (1 +q=2)(1+v—-2) T T T|-2+0-9-2)(1-»-9) 0
(T+9-2)(@@—?) = (1+2)% q+v—9g T T I—9—>2 T
aeg T+:@—2)—(T—q+0)g| T+9¢—(9—2g)q+ (v —og) 1—q9+7 | g+(1+9(1+2)—(1—9+0) z
Z T 0 T- z- | I\
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L—=2(q=0) = (L+q+0)(1—2)g— 28 =172

170y s|0eL (€' B|0eL

v [+q—v—2% 8 =) (6—q—v+2g)(e—q+v—20)F z

I+2-92 T T| ¢—9-v+2g| (1-2-2)(q-2)+(¢—2)(1-2)g 1-

- T- 0 T v 0

[(t+2—=2)(q—7p)+ (1 +2)2¢]- (9—n+0g)— 1- 1- (T—-2-2)- T
(T+9+2 =) (1+9—2+22)7— | [T+ ,Q—2) — (1 —q+71)2g — 28]— 8- | (e—q—p—o7)— v 4
Z T 0 T- | I\
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(¢—7—22)(e —»—2g)(1 — »)(1 —?)

(u+D)up9 — [(8 — D —9¢)oF — 1T — DY — ;PG| u¥ — (¢ — © —9g)(L — D +929)ung
(1—up+2)(1+up+2)(1 —2—9g)(1 +v—2g)(1 +2)

—1=2%"C(q

[(u4D)gup9 + (7 + 0 —9€)oF — ¢ — D + ;0G) uf + (T + 0 —92)(§ + v +99)uvg — (1 =2 —2g)(I + 0 —2g)(T +2)(1 —2)[(T +»

“'cpoy a|eL ¥°E 9|qeL

= 2%
)

(1=2)(1+2)

(1—=p—=2g)(1=?) _

(e=p—2g)(1=?) _

(ug+v)ug +1 T (ug+o)uy 1 (ug+v)ug 1 e NIQ A
+o —D—0D (y—v—0og)(1—2)
G+ T 1 e - G ToroniE L T
(1+v—2g)(1+2) (g—r—og)(1—2) _

DA T T T (uzFo)ug 1 0

(up+v)(p—0og)(1+2) (up+v)(v—0o7g) up+n0 up—+0 (up+o)(1—2)
[(z+up+o+og)ug—(v—og)(1+2)]» (up—p—07)D D D (1—ug+o)» 1
eeq (1—up+0) (1+up+)(1—-P—2g) (1—up+0) (1+up+0)(1—-r—2g) (1—up+0) (1+up+0) (1+up+2) (1—up+0)(1—2) Z

[(ug+o)ug—(1—2—22) (1—2)[(1+?) [(ug+v)uy—(1—0—2g)(1-2)](1+7) (1—2)(1+») [(ug+v)ug+(1—2)(1—2)](1+2)
4 T 0 T- z M\
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(F—o—0og)(1—2)p

[(9 + uy +9g — vg)ug — (F — v —2g) (v +2

(¢ = —2g)(1 —2g)(1 — )

I

[(g+ug+o)ug—(g—o—2og)(1—0+o%
(1 —» —9g)(1 +2g)(€ + up + »)(1 + uy + )

¢

oo

e+ug+r)ug—(1—p—9g)(g+0+op)(T+7

“'7p0) 8|0l :G'E a|0eL

— H,Nm
)

(1+2)(1—2) (1+22)(1—7) (1-o) —g— (§—=p—2g)(1—2)(1—=")
(T+vp—o7)— (T+p—o%)— [ e (g—up—0—2og) (I—up+0+2g)— <
(1+2)v (1+2g)v v (1—og)v -

lwg—0-2)~ (== = O crtal T

(1+2) (1+22) (1—22) (1—2)
T T O - - O

(z+up+v)(r—2g) (1+2) (z+uy+0)(1+28) ztup+o (1—22) (g+up+n») (g+uyp+0)(1—2)
(z+up+og—vg)ug—(v—og)(g+r+2) (z+up+v+07) T ¢—D—9g (g—ug—p—0) 1

(g+up+v)(1+up+r)(1—r—2g)(1+2) 1c (g+up+o)(1+up+v) (1—2¢) (g+up+v)(1+up+v) (g+uy+o)(1+up+v)(1-2)
(1—up—p—og)(g+up+v+07)(1+7) o (1+7)z (¢—p—o7)(1+0) (g—p—2og)(1+p) 4
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4. CONCLUSIONS

In this paper, we have evaluated twenty five interesting integrals involving generalized hyper-
geometric function in the form of a single integral. The results are established with the help of
generalization of classical Watson’s summation theorem obtained earlier by Lavoie et al. Fifty
interesting integrals in the form of two integrals (twenty five each) have also been evaluated as
special cases of our main findings. We conclude this paper by remarking that the interesting ap-
plications of the integrals obtained in this paper are under investigations and will be published

soon.
REFERENCES

[1] W. N. BAILEY, Generalized Hypergeometric Seri€ambridge Tracts in Mathematics and Math-
ematical Physics, No. 32, Stechert-Hafner, New York, USA, 1964.

[2] J. L. LAVOIE, F. GRONDIN and A. K. RATHIE, Generalizations of Watson's theorem on the sum
of a3 Fy, Indian J. Math, 34 (1992), No. 2, pp. 23-32.

[3] J.L.LAVOIE, F. GRONDIN, A. K. RATHIE and K. ARORA, Generalizations of Dixon’s theorem
on the sum of g F», Math. Comput.62 (1994), pp. 267-276.

[4] J. L. LAVOIE, F. GRONDIN, and A. K. RATHIE, Generalizations of Whipple’s theorem on the
sum of ag F5, J. Comput. Appl. Math72 (1996), pp. 293-300.

[5] T. M. MACROBERT, Beta function formulae and integrals involving E-functiddsth. Annalen
142(1961), No. 5, pp. 450-452.

[6] E. D. RAINVILLE, Special FunctionsMacmillan Company, New York, 1960; Reprinted by
Chelsea Publishing Company, Bronx, New York, 1971.

AJMAA Vol. 21(2024), No. 2, Art. 6, 10 pp. AIMAA


https://ajmaa.org

	1. Introduction
	2. Main Integrals
	3. Special Cases
	4. Conclusions
	References

