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ABSTRACT. In the theory of hypergeometric and generalized hypergeometric series, classical
summation theorems such as those of Gauss, Gauss second, Bailey and Kummer for the series
2F1; Watson, Dixon, Whipple and Saalshütz play a key role. Applications of the above men-
tioned summation theorems are well known for the series3F2. In our present investigation, we
aim to evaluate twenty five new class of integrals involving generalized hypergeometric function
in the form of a single integral of the form:∫ π
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3F2
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2
1
2 (a + b + i + 1), 2c + j

;−4ωe2ωθ sin θ cos θ

]
dθ.

for i, j = 0,±1,±2 with ω =
√
−1.

The results are established with the help of the generalizations of the classical Watson’s sum-
mation theorem obtained earlier by Lavoie et al.. Fifty interesting integrals in the form of two
integrals (twenty five each) have also been given as special cases of our main findings.
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1. I NTRODUCTION

The natural generalization of the Gauss’s hypergeometric function2F1 is called the general-
ized hypergeometric functionpFq, wherep, q ∈ N0 defined by [1, 6]

pFq

[
a1, . . . , ap

b1, . . . , bq
; z

]
=

∞∑
n=0

(a1)n . . . (ap)n

(b1)n . . . (bq)n

zn

n!
(1.1)

where(a)n is the well known Pochhammer symbol (or the raised factorial or the shifted factorial
since(1)n = n!) defined for any complexa ∈ C by

(1.2)

(a)n =
Γ(a + n)

Γ(a)
,

(
a ∈ C\Z−0

)
=

{
a(a + 1) . . . (a + n− 1), (n ∈ N)

1, (n = 0)

whereΓ is the well-known Gamma function.
For a detailed study about hypergeometric and generalized hypergeometric functions, we

refer the standard texts [1, 6].
In the theory of hypergeometric and generalized hypergeometric functions, classical summa-

tion theorems such as those of Gauss, Gauss second, Kummer and Bailey for the series2F1;
Watson, Dixon, Whipple and Saalschütz for the series3F2 play a key role.

Later, the above mentioned classical summation theorems have been generalized by Lavoie
et al. [2, 3, 4].

However, in our present investigation, we are interested in the following classical Watson’s
summation theorem [1].

3F2

[
a, b, c

1
2
(a + b + 1), 2c

; 1

]
=

Γ
(

1
2

)
Γ

(
c + 1

2

)
Γ

(
1
2
a + 1

2
b + 1

2

)
Γ

(
c− 1

2
a− 1

2
b + 1

2

)
Γ

(
1
2
a + 1

2

)
Γ

(
1
2
b + 1

2

)
Γ

(
c− 1

2
a + 1

2

)
Γ

(
c− 1

2
b + 1

2

)(1.3)

provided<(2c− a− b) > −1,
and its following generalization due to Lavoie et al. [2]

3F2

[
a, b, c

1
2
(a + b + i + 1), 2c + j

; 1

](1.4)

=Ai,j

2a+b+i−2 Γ
(

1
2
a + 1

2
b + 1

2
i + 1

2

)
Γ

(
c +

[
j
2

]
+ 1

2

)
Γ

(
c− 1

2
(a + b + |i + j| − j − 1)

)
Γ

(
1
2

)
Γ (a) Γ (b)

×

{
Bi,j

Γ
(

1
2
a + 1

4
(1− (−1)i)

)
Γ

(
1
2
b
)

Γ
(
c− 1

2
a + 1

2
+

[
j
2

]
− 1

4
(−1)j (1− (−1)i)

)
Γ

(
c− 1

2
b + 1

2
+

[
j
2

])
+Ci,j

Γ
(

1
2
a + 1

4
(1 + (−1)i)

)
Γ

(
1
2
b + 1

2

)
Γ

(
c− 1

2
a +

[
j+1
2

]
+ 1

4
(−1)j (1− (−1)i)

)
Γ

(
c− 1

2
b +

[
j+1
2

])}
=Ω (let)

for i, j = 0, ±1, ±2.
For i = j = 0, the result (1.4) reduces to classical Watson’s summation theorem (1.3).
Here,[x] denotes the greatest integer less than or equal tox and the modulus is denoted by|x|.
Also, the coefficientsAi,j, Bi,j andCi,j are given in the Table 3.1, Table 3.2 and Table 3.3, at
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the end of the paper.
In addition to this, we shall also require the following well-known and useful integral due to
MacRobert [5]

(1.5)
∫ π

2

0

eω(α+β)θ(sin θ)α−1(cos θ)β−1dθ = e
ωπα

2
Γ(α)Γ(β)

Γ(α + β)

provided<(α) > 0 and<(β) > 0 with ω =
√
−1.

The aim of this paper is to evaluate twenty five integrals involving generalized hypergeometric
function in the form of a single integral of the form∫ π

2

0

e2ωcθ(sin θ)c−1(cos θ)c−1
3F2

[
a, b, c + 1

2
1
2
(a + b + i + 1), 2c + j

;−4ωe2ωθ sin θ cos θ

]
dθ

The results are derived with the help of generalized Watson’s summation theorem on the sum
of a 3F2 given by (1.4). Fifty interesting integrals in the form of two integrals (twenty five each)
have also been given as special cases of our main findings.

2. M AIN I NTEGRALS

The twenty five integrals in the form of a single integral to be evaluated in this paper is given
in the following theorem.

Theorem 2.1.For ω =
√
−1,<(c) > 0 and<(2c−a−b+i+2j+1) > 0, for i, j = 0,±1,±2,

the following integral formula holds true.

(2.1)

∫ π
2

0

e2ωcθ(sin θ)c−1(cos θ)c−1
3F2

[
a, b, c + 1

2
1
2
(a + b + i + 1), 2c + j

;−4ωe2ωθ sin θ cos θ

]
dθ

= eω π
2
c Γ(c) Γ(c)

Γ(2c)
Ω

whereΩ is the same as given in(1.4).

Proof. The proof of our theorem is quite straight forward. For this, we proceed as follows.
Denoting the left hand side of (2.1) byI, we have

I =

∫ π
2

0

e2ωcθ(sin θ)c−1(cos θ)c−1
3F2

[
a, b, c + 1

2
1
2
(a + b + i + 1), 2c + j

;−4ωe2ωθ sin θ cos θ

]
dθ

Now expressing3F2 as a series, changing the order of integration and summation, which is
easily seen to be justified due to the uniform convergence of the series in the interval(0, π

2
), we

have

I =
∞∑

n=0

(a)n (b)n (c + 1
2
)n (−1)n(ω)n22n(

1
2
(a + b + i + 1)

)
n

(2c + j)n!

∫ π
2

0

eω π
2
(c+n)(sin θ)c+n−1(cos θ)c+n−1dθ

Evaluating the integral using (1.5),
we have, after some simplification

I = eω π
2
c Γ(c) Γ(c)

Γ(2c)

∞∑
n=0

(a)n (b)n (c)n(
1
2
(a + b + 1)

)
n

(2c + j)n n!

Now summing up the series, we have

I = eω π
2
c Γ(c) Γ(c)

Γ(2c)
3F2

[
a, b, c

1
2
(a + b + i + 1), 2c + j

; 1

]

AJMAA, Vol. 21 (2024), No. 2, Art. 6, 10 pp. AJMAA

https://ajmaa.org


4 MADHAV P. POUDEL AND DONGKYU L IM AND NARAYAN P. PAHARI AND ARJUN K. RATHIE

We now observe that the3F2 appearing can be evaluated with the help of known result (1.4) and
we easily arrive at the right hand side of (2.1).

This completes the proof of the theorem.

3. SPECIAL CASES

In this section, we shall mention a large number of very interesting special cases of our main
findings.

For this, we observe here that, if in (2.1), we letb = −2n and replacea by a + 2n or we let
b = −2n− 1 and replacea by a + 2n + 1. In each case, one of the two terms appearing on the
right-hand side of (2.1) will vanish and we get fifty interesting special cases(twenty five each)
given below in the form of two corollaries.

Corollary 3.1. For ω =
√
−1 andi, j = 0,±1,±2, the following twenty five results hold true.

(3.1)

∫ π
2

0

e2ωcθ(sin θ)c−1(cos θ)c−1
3F2

[
−2n, a + 2n, c + 1

2
1
2
(a + i + 1), 2c + j

;−4ωe2ωθ sin θ cos θ

]
dθ

= Di,j eω π
2
c Γ(c) Γ(c)

Γ(2c)

(
1
2

)
n

(
1
2
a− c + 3

4
− (−1)i

4
−

[
1
2
j + 1

4
(1 + (−1)i)

])
n(

c + 1
2

+
[

j
2

])
n

(
1
2
a + 1

4
(1 + (−1)i)

)
n

where the coefficientsDi,j are given in the Table 3.4.

Corollary 3.2. For ω =
√
−1 andi, j = 0,±1,±2, the following twenty five results hold true.

(3.2)∫ π
2

0

e2ωcθ(sin θ)c−1(cos θ)c−1
3F2

[
−2n− 1, a + 2n + 1, c + 1

2
1
2
(a + i + 1), 2c + j

;−4ωe2ωθ sin θ cos θ

]
dθ

= Ei,j eω π
2
c Γ(c) Γ(c)

Γ(2c)

(
3
2

)
n

(
1
2
a− c + 5

4
+ (−1)i

4
−

[
1
2
j + 1

4
(1 + (−1)i)

])
n(

c + 1
2

+
[

j+1
2

])
n

(
1
2
a + 1

4
(3− (−1)i)

)
n

where the coefficientsEi,j are given in the Table 3.5.

In particular, in (3.1), if we takei = j = 0, we get the following interesting result.

(3.3)

∫ π
2

0

e2ωcθ(sin θ)c−1(cos θ)c−1
3F2

[
−2n, a + 2n, c + 1

2
1
2
(a + b + 1), 2c

;−4ωe2ωθ sin θ cos θ

]
dx

= eω π
2
c Γ(c) Γ(c)

Γ(2c)

(
1
2

)
n

(
1
2
a− c + 1

2

)
n(

c + 1
2

)
n

(
1
2
a + 1

2

)
n

Similarly, in (3.2), if we takei = j = 0, we get the following elegant result.
(3.4)∫ π

2

0

e2ωcθ(sin θ)c−1(cos θ)c−1
3F2

[
−2n− 1, a + 2n + 1, c + 1

2
1
2
(a + b + 1), 2c

;−4ωe2ωθ sin θ cos θ

]
dθ = 0

Similarly, we can obtain other results. We, however, prefer to omit the details.
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i\
j

-2
-1

0
1

2

2
1

2
(c
−

1
)(

a
−

b
−

1
)(

a
−

b
+

1
)

1
2
(a
−

b
−

1
)(

a
−

b
+

1
)

1
4
(a
−

b
−

1
)(

a
−

b
+

1
)

1
4
(a
−

b
−

1
)(

a
−

b
+

1
)

1
8
(c

+
1
)(

a
−

b
−

1
)(

a
−

b
+

1
)

1
1

(c
−

1
)(

a
−

b
)

1
(a
−

b
)

1
(a
−

b
)

1
2
(a
−

b
)

1
2
(c

+
1
)(

a
−

b
)

0
1

2
(c
−

1
)

1
1

1
1

2
(c

+
1
)

-1
1

(c
−

1
)

1
2

2
2

(c
+

1
)

-2
1

2
(c
−

1
)

1
1

2
2

(c
+

1
)

Ta
b

le
3

.1
:

Ta
b

le
fo

rA
i,

j

A
−

2
,−

1
=

2(
c
−

1)
(a

+
b
−

1)
−

(a
−

b)
2

+
1

A
2
,2

=
2c

(c
+

1)
[(

2c
+

1)
(a

+
b
−

1)
−

a
(a
−

1)
−

b(
b
−

1)
]

−
(a
−

b
−

1)
(a
−

b
+

1)
[(

c
+

1)
(2

c
−

a
−

b
+

1)
+

a
b]

A
−

2
,−

2
=

2(
c
−

1)
(c
−

2)
[(

2c
−

1)
(a

+
b
−

1)
−

a
(a

+
1)
−

b(
b
+

1)
+

2]

−
(a
−

b
−

1)
(a
−

b
+

1)
[(

c
−

1)
(2

c
−

a
−

b
−

3)
+

a
b]
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i\
j

-2
-1

0
1

2

2
c(

a
+

b
−

1)
−

(a
+

1)
(b

+
1)

+
2

a
+

b
−

1
a
(2

c
−

a
)
+

b(
2c
−

b)
−

2c
+

1
2c

(a
+

b
−

1)
−

(a
−

b)
2

+
1

B
2
,2

1
c
−

b
−

1
1

1
2c
−

a
+

b
2c

(c
+

1)
−

(a
−

b)
(c
−

b
+

1)

0
(c
−

a
−

1)
(c
−

b
−

1)
+

(c
−

1)
(c
−

2)
1

1
1

(c
−

a
+

1)
(c
−

b
+

1)
+

c(
c
+

1)

-1
2(

c−
1)

(c
−

2)
−

(a
−

b)
(c
−

b−
1)

2c
−

a
+

b
−

2
1

1
c
−

b
+

1

-2
B
−

2
,−

2
B
−

2
,−

1
a
(2

c
−

a
)
+

b(
2c
−

b)
−

2c
+

1
a

+
b
−

1
c(

a
+

b
−

1)
−

(a
−

1)
(b
−

1)

Ta
b

le
3

.2
:

Ta
b

le
fo

rB
i,

j

B 2
,2

=
2c

(c
+

1)
{(

2c
+

1)
(a

+
b
−

1)
−

a
(a
−

1)
−

b(
b
−

1)
}

−
(a
−

b
−

1)
(a
−

b
+

1)
{(

c
+

1)
(2

c
−

a
−

b
+

1)
+

a
b}

;

B −
2
,−

2
=

2(
c
−

1)
(c
−

2)
{(

2c
−

1)
(a

+
b
−

1)
−

a
(a

+
1)
−

b(
b
+

1)
+

2}
−

(a
−

b
−

1)
(a
−

b
+

1)
{(

c
−

1)
(2

c
−

a
−

b
−

3)
+

a
b}

;

B −
2
,−

1
=

2(
c
−

1)
(a

+
b
−

1)
−

(a
−

b)
2

+
1;
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i\
j

-2
-1

0
1

2

2
-4

−
(4

c
−

a
−

b
−

3)
-8

−
[8

c2
−

2c
(a

+
b
−

1)
−

(a
−

b)
2

+
1]

−
4(

2c
+

a
−

b
+

1)
(2

c
−

a
+

b
+

1)

1
−

(c
−

a
−

1)
-1

-1
−

(2
c
+

a
−

b)
−

[2
c(

c
+

1)
+

(a
−

b)
(c
−

a
+

1)
]

0
4

1
0

-1
-4

-1
2(

c
−

1)
(c
−

2)
+

(a
−

b)
(c
−

a
−

1)
2c

+
a
−

b
−

2
1

1
c
−

a
+

1

-2
4(

2c
−

a
+

b
−

3)
(2

c
+

a
−

b
−

3)
C
−

2
,−

1
8

4c
−

a
−

b
+

1
4

Ta
b

le
3

.3
:

Ta
b

le
fo

rC
i,

j

C
−

2
,−

1
=

8c
2
−

2(
c
−

1)
(a

+
b
+

7)
−

(a
−

b)
2
−

7
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i\
j

-2
-1

0
1

2

2
(a

+
1
)[

(c
−

1
)(

a
−

1
)+

2
n
(a

+
2
n
)]

(c
−

1
)(

a
+

4
n
−

1
)(

a
+

4
n
+

1
)

(a
+

1
)(

a
−

1
)

(a
+

4
n
+

1
)(

a
+

4
n
−

1
)

(a
+

1
)[

(a
−

1
)(

2
c
−

a
−

1
)−

4
n
(a

+
2
n
)]

(2
c
−

a
−

1
)(

a
+

4
n
+

1
)(

a
+

4
n
−

1
)

(a
+

1
)[

(a
−

1
)(

2
c
−

a
−

1
)−

8
n
(a

+
2
n
)]

(2
c
−

a
−

1
)(

a
+

4
n
+

1
)(

a
+

4
n
−

1
)

D
2
,2

1
a
(c

+
2
n
−

1
)

(c
−

1
)(

a
+

4
n
)

a
a
+

4
n

a
a
+

4
n

a
(2

c
−

a
−

4
n
)

(2
c
−

a
)(

a
+

4
n
)

a
[(

c
+

1
)(

2
c
−

a
)−

2
n
(2

c
+

a
+

4
n
+

2
)]

(c
+

1
)(

2
c
−

a
)(

a
+

4
n
)

0
1
−

2
n
(a

+
2
n
)

(c
−

1
)(

2
c
−

a
−

3
)

1
1

1
1
−

2
n
(a

+
2
n
)

(c
+

1
)(

2
c
−

a
+

1
)

-1
1
−

2
n
(2

c
+

a
+

4
n
−

2
)

(c
−

1
)(

2
c
−

a
−

4
)

1
−

4
n

(2
c
−

a
−

2
)

1
1

1
+

2
n

(c
+

1
)

-2
D
−

2
,−

2
1
−

8
n
(a

+
2
n
)

(a
−

1
)(

2
c
−

a
−

3
)

1
−

4
n
(a

+
2
n
)

(a
−

1
)(

2
c
−

a
−

1
)

1
1

+
2
n
(a

+
2
n
)

(c
+

1
)(

a
−

1
)

Ta
b
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+
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+
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−

2
a
n
(6

c
+
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+
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+
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+
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−
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+
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n
)]

(c
+
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+
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−
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−
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−
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−
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−
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+
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4. CONCLUSIONS

In this paper, we have evaluated twenty five interesting integrals involving generalized hyper-
geometric function in the form of a single integral. The results are established with the help of
generalization of classical Watson’s summation theorem obtained earlier by Lavoie et al. Fifty
interesting integrals in the form of two integrals (twenty five each) have also been evaluated as
special cases of our main findings. We conclude this paper by remarking that the interesting ap-
plications of the integrals obtained in this paper are under investigations and will be published
soon.
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