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ABSTRACT. We present in this paper some inequalities for the generalized Riesz potential on
the generalized Morrey spaces over commutative hypergroups. The results can be found by
employing the maximal operator.
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1. INTRODUCTION

Riesz potential, also known as fractional integral operdtoffor 0 < o < n), is defined by

I (x) = /R Wy,

n o — gyl

When = l , 1 < p < q < oo, [8] and [21] proved thaf,, satisfies the strong type
Hardy- thtlewood Sobolev inequality

Hafllze < Cllfller-

For this strong type inequality, people often say thats bounded from the Lebesgue spaces
(over the Euclidean space) to L?. The strong type Hardy-Littlewood-Sobolev inequality has
been extended in some other spaces (see for examples!| [3]./[6], [9],[15],[[17], [18],119], [20])
and for the generalized Riesz potential (see for example [11], [13], [14], [15], [16]). The strong
type inequality for the generalized Riesz potential

p(lz—yl)
T,f(x) = / —=f(y) dy
P ( ) Rn ‘x_y‘n ( )
on the generalized Morrey spaces over Eucidean spaces has been established by [2] and [5].
Later on, for a non negative almost increasing function,(0, co) — (0, o), [7] proved that
the generalized Riesz potential on hypergroup version

rata) = [0 (MDY ) gy — [ HASDTIOD) g

p(e’y)n & y>

also satisfied the strong type inequalities in Lebesgue spaces and Orlicz spaces over commu-
tative hypergroups. Here, denotes the identity of the comutative hypergroup, @ridfor
x € K) denotes the generalized translation operators, in which

T (y) = f (8, % 6,) :/de(am*ay).

A hypergroup( K, ) is a locally compact Hausdorff spaééequipped with a bilinear, associa-
tive, and weakly continuous convolutienon M°(K) (i.e. the set of bounded Radon measure
on K) satisfying the following properties:

(1) Forallz,y € K, the convolution, * ¢, of the point measures is a probability measure
with compact support;

(2) The mappingz,y) — Supgd, * d¢,) of K x K into the space of nonempty compact
support subsets df is continuous with respect to the Michael topology;

(3) There is an identity € K such that, x 6, = 0, x ., = 6, forall z € K;

(4) There is a continuous involution(i.e. a homeomorphism+— z~ of K onto itself with
the property(z~)~ = z for all z € K) such that,~ x §,~ = (0, * ,)™;

(5) Forz,y € K, we havee € supfd, * d,) ifonly if z = y™.

We could find the definition of hypergroups In [1] and[10].5}f« §,, = J,, * J, for everyz,y

in K, then the hypergroufk, ) is a commutative hypergroup. For the simplicity, in the rest
of the paper, we will write the comutative hypergrops «) as K only. According [4], every
commutative hypergroup posseses a Haar measure (denotggtbgt isy satisfies

//fé*édu /f ) duly

for everyz € K and everyf € C.(K) .
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For the generalized Riesz potentigl, in this paper, we will extend the inequalities estab-
lished by [2] and([5] into the generalized Morrey spaces over hypergroups. Here, the generalized
Morrey spaceM??(K) for 1 < p < oo consists of function ill? (K in which

I lmene = su 1 i TGO diy)
MPo(K) = B:B&n) ¢ (u (B (e,2r))) (B (e, 2r))

is finite. We assume throughout this paper that(0,o00) — (0,00) is an almost decreasing
function.

2. MAIN RESULTS
In this section, we employ the condition of upper Ahlfarseguler by identity, that is
(2.1) w(Ble,r)) < Cr"

for some constant’ > 1. This cosnstant is independentof- 0. Furthermore, based on the
result of [12] and the result on the maximal operator

1
Mf(x) =su —/
f( ) 7‘>%) MB(672T> B(e,r)

given by [7], we find that the maximal operator is a bounded operator on the generalized Morrey
spaces over commutative hypergroupl?(K),1 < p < oo, that is

(2.2) 1M fll g i) < ClF g ()
if

T f(y™)]d\(y)

for Cy,t,7 > 0andg : t — t", ®(t) = ¢(g(t)). This enables us to find the following theorem.

Theorem 2.1. Suppose thap : (0, 00) — (0, 00) is an almost decreasing function apd ¢ —
t", () = ¢(g(t)), U(t) = 1(g(t)) for positivet. If 1 < p < oo, [ 2 < C10(r)” and

q)(r)/ @ dt+/ w dt < Cy(r)
0 T
for C, Cy > 0, then the inequality
| B fllawe ey < Clfllpme iy
holds.

Proof. We firstly write the generalized Riesz potentfg) into

_ h(ple,y) T f(y~) h(p(e,y) T f(y~)
Buf(z) = /B(e,r) ple, y)" duly) + /K\B(e,r) ple, y)" 4ly)
= Ay(x) + As(x).
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Then, we will estimatéA; (x)| and|As(z)|. The estimate fofA; (z)| is given by

-1

Azl < Z /Qj <p(e,y)<2it1 h(p(ej))T:f(yN) )

e,y)

j=—o0

-1

<C Z ?2(]2:)72 /B ooy T O d0()

s¢ Z 2]+2 /6%1” T f(y™)| dly).

The condition of upper Ahlfora-reguler by identity
1 (B (e, 2j+2r)) <C (2j+27‘)n

gives us

237" . N
@) <0 Z ey [ Ty

< CMf(x Zh (27r)

_]_700

If 29r <t < 20t thenh (277) < h(t) < h (27T1r). As a result

2it1y
h(2r) < C/ @ dt.
2

Jr

The last inquality give us

A4(a)] < CMf(z Z [
< CMf(z) /0@ dt
< CMf(x)gEg
< cwu)%
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Now, we could state the estimate fot,(z)|, that is

PEE | Mo NI 4

=0 J29r<p(e, y)<2itir p(e7y)n

23—1—1

SOSG ), T 0

IN

h ‘r) el
G Ly Tty

(2
h(2j+1r) ) N
B (e, 2772r)) /B(QZJ.HT)T 1f (™) duly)

[fB(e,2j+1r) T f (y~) [Pdp(y ]

IA

C i
Jj=0
ey
§=0

p(

<CY h(2tr)

7=0
By applying the condition of upper Ahlfors-reguler by identity and the almost decreasing
assumption ob, we find that

[Aa(2)] < C Y h(27r) 6 (1 (B (.27720))) 1 lawmscac

J=0

(B (e,2712r)) (B (e,27%2r))

fB 20+17) d/‘( )]

< C|| fll mws (¢ Zh 27%r) ¢ (Cy (29772r)")

< O fllmpo Zh (27Fr) @ (Cy (27717))

237"
e Z /

* h(t)d
< CHf”MM(K)/ M

t
< Ol fll pmo iy (1)
< Ol fllmps ey ("

)

for C3,Cy > 0.
From the estimate df4, (z)| and equatior{ (2]2), we get

! P
Y (u(B(e,2r)))Pu(B(e, 2r)) /B(e,r) |[Av(@)|? dp(z) < OHMfHMw K)
< ey

Meanwhile, from the estimate ¢fi;(x)|, we get

[As(2) [P dpu() < ClF gm0 i)

b(u(Ble, 2 ))) p(B(e,2r)) /B(e,r)
As R, f(x) = Ai(z) + As(x), we find that

1 p
(B, 20)))7(B(e, 21)) /BW) [Ruf @) du) < Ol g
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This leads us to

HRthMW(K) < CHfHMp@(K),

which is our desired strong type inequalily.

Another inequality regarding the generalized Riesz poteRjak presented in the following
theorem.

Theorem 2.2. Suppose thay : t — ", ®(t) = ¢(g(t)), V(t) = ¥(g(t)) fort > 0 and P is
surjective. Ifl < p < ¢ < o0, f"o‘“)p<0<1>() nd

d(r) /0 h(t)f“) dt + /Oo Mo < Cy®(r)e

t

for C1,Cs > 0, then

2.3) Ruf(@)] < C(MF@) 10

Proof. For anyr > 0 andf € MP?(K), wherel < p < co, we decomposé;, into

- h(ple,y)) T f(y~) h(ple,y)) T f(y~)
Buf(@) = /B(e,r) ple,y)" duly) + /K\B(e ) ple,y)" 4(y)

By applying equatior] (2]1), we find the estimate ffd (z)|, that is

-1

|Ai(z)| < _Z /2”@(e <2y h(p(&pg(;e)’);;:f(y~) du(y)

-1

h(2r)
T f(y™)| d
3 By fo o T

< CMf(x Z h(277)
T 2i+1y h

< CMf(x Z/
j=—o00

< CMf(x)/T@dt
< CM f(z)®(r)s ",
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Meanwhile, the estimate for,(x)| is provided by

REEN | h ol NTIW) 4 )

=0 ir<p(ey)<2itir p(@, y)n

2J+1

< OS BY fyyeny THO 0

J+1 fB(e,QJ'—O—l,,,) T f(y™)|Pdpu(y) 1
@ [ w(B (e, 29t2r)) ]

1—1
fB(e,2j+1r) d'u(y) !
1 (B (e, 2772r))

j=0

< Ol fll e Zh (2%r) ¢ (G2 (2r)")

S C||f||Mp,¢(K) Z h (2j+17") P (03 (2j+17"))

< O lwmoi Z /

2ir

< CHfHMw(K)/ w

2]7"

t
D
q

< Ol fllmwo(rey®(r) 2.
Having surjectived, we take
Mf(z)
1 Lveee iy
Therefore, the estimatel; (x)| and|Ay(x)| give us

(Rif(@)] < C (@) T MF@) + | fllwecr) ((R))

<C (M)‘ M f(@) 4[| Fll peoo ) (M)
1F w26 oo

2 1-&
=C(Mf(z))e |‘f’|/\4:¢,(1{)'
Hence, the desired inequality is provad.

O(r) =

Q3

From Theorem 2|2, we can derive the following theorem.

Theorem 2.3. Suppose that positiiewe havey : ¢ — ", ®(t) = ¢(g(t)), V(t) = ¥ (g(t)) for
t>0.1f1 <p<q< oo, dissurjetive and satisfies

(1) /O w dt + /OO MO g < ()

and
Tt
for positiveC; andC, > 0, then we have
HRhf”Mq,dﬂ?/q(K) < C”f||MPv¢(K)-
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Proof. Equation|[(2.B) gives us

1 1 . Ve
o (1 (Ble. zr)))f’/q [ (Be.r)) /Bm B f ()" dy (x)}
1/q
< [y o, (TP VI ]

c 1 ) 1/p]P/a
< CHf”M L6 (K) [ ( ( (6, 27“))) [ (B(e,r)) /B(e,r) (Mf<x)> d:u(x):| ]

< Ol o IMFIELE
Furthermore,

1 1 . 1/q
¢ (1 (Ble, 2T)>>p/q LA(B(@ ) /]B(G’T)|Rhf($)| dlld(x)}

< Il a1 o e
< Ol fllawe (i)
as the maximal operatdi is bounded on\»?(K). §

3. CONCLUDING REMARKS

If o(t) = tr (2 — 1), the spaces\**(K) is reduced to Morrey spaces over commutative
hypergroups.»*(K). So, our results in Theorem 2[1, P.2, and 2.3 work in Morrey spaces over
commutative hypergroups by takidt) = th (% — 1) and some other conditions.
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