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1. I NTRODUCTION

Riesz potential, also known as fractional integral operator,Iα (for 0 < α < n), is defined by

Iαf(x) :=

∫
Rn

f(y)

|x− y|n−α
dy.

When 1
q

= 1
p
− α

n
, 1 < p < q < ∞, [8] and [21] proved thatIα satisfies the strong type

Hardy-Littlewood-Sobolev inequality

‖Iαf‖Lq ≤ C‖f‖Lp .

For this strong type inequality, people often say thatIα is bounded from the Lebesgue spaces
(over the Euclidean spaces)Lp toLq. The strong type Hardy-Littlewood-Sobolev inequality has
been extended in some other spaces (see for examples [3], [6], [9], [15], [17], [18], [19], [20])
and for the generalized Riesz potential (see for example [11], [13], [14], [15], [16]). The strong
type inequality for the generalized Riesz potential

Tρf(x) :=

∫
Rn

ρ (|x− y|)
|x− y|n

f(y) dy

on the generalized Morrey spaces over Eucidean spaces has been established by [2] and [5].
Later on, for a non negative almost increasing function,h : (0,∞) → (0,∞), [7] proved that
the generalized Riesz potential on hypergroup version

Rhf(x) :=

∫
K

T x

(
h (ρ(e, y))

ρ(e, y)n

)
f(y∼) dµ(y) =

∫
K

h (ρ(e, y))T xf(y∼)

ρ(e, y)n
dµ(y)

also satisfied the strong type inequalities in Lebesgue spaces and Orlicz spaces over commu-
tative hypergroups. Here,e denotes the identity of the comutative hypergroup, andT x (for
x ∈ K) denotes the generalized translation operators, in which

T xf(y) := f (δx ∗ δy) =

∫
K

f d (δx ∗ δy) .

A hypergroup(K, ∗) is a locally compact Hausdorff spaceK equipped with a bilinear, associa-
tive, and weakly continuous convolution∗ onM b(K) (i.e. the set of bounded Radon measure
onK) satisfying the following properties:

(1) For allx, y ∈ K, the convolutionδx ∗ δy of the point measures is a probability measure
with compact support;

(2) The mapping(x, y) 7→ supp(δx ∗ δy) of K × K into the space of nonempty compact
support subsets ofK is continuous with respect to the Michael topology;

(3) There is an identitye ∈ K such thatδe ∗ δx = δx ∗ δe = δx for all x ∈ K;
(4) There is a continuous involution∗ (i.e. a homeomorphismx 7→ x∼ ofK onto itself with

the property(x∼)∼ = x for all x ∈ K) such thatδx∼ ∗ δy∼ = (δx ∗ δy)
∼;

(5) Forx, y ∈ K, we havee ∈ supp(δx ∗ δy) if only if x = y∼.

We could find the definition of hypergroups in [1] and [10]. Ifδx ∗ δy = δy ∗ δx for everyx, y
in K, then the hypergroup(K, ∗) is a commutative hypergroup. For the simplicity, in the rest
of the paper, we will write the comutative hypergroups(K, ∗) asK only. According [4], every
commutative hypergroup posseses a Haar measure (denoted byµ), that isµ satisfies∫

K

∫
K

f (δx ∗ δy) dµ(y) =

∫
K

f(y) dµ(y)

for everyx ∈ K and everyf ∈ Cc(K) .
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For the generalized Riesz potentialRh, in this paper, we will extend the inequalities estab-
lished by [2] and [5] into the generalized Morrey spaces over hypergroups. Here, the generalized
Morrey spaceMp,φ(K) for 1 < p <∞ consists of function inLp

loc(K) in which

‖f‖Mp,φ(K) := sup
B=B(e,r)

1

φ (µ (B (e, 2r)))

(∫
B(e,r)

T x|f(y∼)|p dµ(y)

µ (B (e, 2r))

) 1
p

is finite. We assume throughout this paper thatφ : (0,∞) → (0,∞) is an almost decreasing
function.

2. M AIN RESULTS

In this section, we employ the condition of upper Ahlforsn-reguler by identity, that is

(2.1) µ(B(e, r)) ≤ Crn

for some constantC > 1. This cosnstant is independent ofr > 0. Furthermore, based on the
result of [12] and the result on the maximal operator

Mf(x) = sup
r>0

1

µB(e, 2r)

∫
B(e,r)

T x|f(y∼)|dλ(y)

given by [7], we find that the maximal operator is a bounded operator on the generalized Morrey
spaces over commutative hypergroupsMp,φ(K), 1 < p <∞, that is

(2.2) ‖Mf‖Mp,φ(K) ≤ C‖f‖Mp,φ(K),

if ∫ ∞

r

Φ(t)p

t
≤ C1Φ(r)p

for C1, t, r > 0 andg : t→ tn,Φ(t) = φ(g(t)). This enables us to find the following theorem.

Theorem 2.1.Suppose thatψ : (0,∞) → (0,∞) is an almost decreasing function andg : t→
tn,Φ(t) = φ(g(t)),Ψ(t) = ψ(g(t)) for positivet. If 1 < p <∞,

∫∞
r

Φ(t)p

t
≤ C1Φ(r)p and

Φ(r)

∫ r

0

h(t)

t
dt+

∫ ∞

r

h(t)Φ(t)

t
dt ≤ C2Ψ(r)

for C1, C2 > 0, then the inequality

‖Rhf‖Mp,ψ(K) ≤ C‖f‖Mp,φ(K),

holds.

Proof. We firstly write the generalized Riesz potentialRh into

Rhf(x) =

∫
B(e,r)

h (ρ(e, y))T xf(y∼)

ρ(e, y)n
dµ(y) +

∫
K\B(e,r)

h (ρ(e, y))T xf(y∼)

ρ(e, y)n
dµ(y)

= A1(x) + A2(x).
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Then, we will estimate|A1(x)| and|A2(x)|. The estimate for|A1(x)| is given by

|A1(x)| ≤
−1∑

j=−∞

∫
2jr≤ρ(e,y)<2j+1r

h (ρ(e, y))T xf(y∼)

ρ(e, y)n
dµ(y)

≤ C

−1∑
j=−∞

h (2jr)

(2jr)n

∫
B(e,2j+1r)

T x|f(y∼)| dµ(y)

≤ C
−1∑

j=−∞

h (2jr)

(2j+2r)n

∫
B(e,2j+1r)

T x|f(y∼)| dµ(y).

The condition of upper Ahlforsn-reguler by identity

µ
(
B
(
e, 2j+2r

))
≤ C

(
2j+2r

)n
gives us

|A1(x)| ≤ C
−1∑

j=−∞

h (2jr)

µ (B (e, 2j+2r))

∫
B(e,2j+1r)

T x|f(y∼)| dµ(y)

≤ CMf(x)
−1∑

j=−∞

h
(
2jr
)
.

If 2jr < t < 2j+1r, thenh (2jr) < h(t) < h (2j+1r). As a result

h
(
2jr
)
≤ C

∫ 2j+1r

2jr

h(t)

t
dt.

The last inquality give us

|A1(x)| ≤ CMf(x)
−1∑

j=−∞

∫ 2j+1r

2jr

h(t)

t
dt

≤ CMf(x)

∫ r

0

h(t)

t
dt

≤ CMf(x)
Ψ(r)

Φ(r)

≤ CMf(x)
ψ((r)n)

φ(rn)
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Now, we could state the estimate for|A2(x)|, that is

|A2(x)| ≤
∞∑

j=0

∫
2jr≤ρ(e,y)<2j+1r

h (ρ(e, y))T xf(y∼)

ρ(e, y)n
dµ(y)

≤ C
∞∑

j=0

h (2j+1r)

(2jr)n

∫
B(e,2j+1r)

T x|f(y∼)| dµ(y)

≤ C
∞∑

j=0

h (2jr)

(2j+2r)n

∫
B(e,2j+1r)

T x|f(y∼)| dµ(y)

≤ C
∞∑

j=0

h (2j+1r)

µ (B (e, 2j+2r))

∫
B(e,2j+1r)

T x|f(y∼)| dµ(y)

≤ C
∞∑

j=0

h
(
2j+1r

) [∫B(e,2j+1r)
T x|f(y∼)|pdµ(y)

µ (B (e, 2j+2r))

] 1
p
[∫

B(e,2j+1r)
dµ(y)

µ (B (e, 2j+2r))

]1− 1
p

.

By applying the condition of upper Ahlforsn-reguler by identity and the almost decreasing
assumption ofφ, we find that

|A2(x)| ≤ C
∞∑

j=0

h
(
2j+1r

)
φ
(
µ
(
B
(
e, 2j+2r

)))
‖f‖Mp,φ(K)

≤ C‖f‖Mp,φ(K)

∞∑
j=0

h
(
2j+1r

)
φ
(
C3

(
2j+2r

)n)
≤ C‖f‖Mp,φ(K)

∞∑
j=0

h
(
2j+1r

)
Φ
(
C4

(
2j+1r

))
≤ C‖f‖Mp,φ(K)

∞∑
j=0

∫ 2jr

2jr

h(t)Φ(t)

t

≤ C‖f‖Mp,φ(K)

∫ ∞

r

h(t)Φ(t)

t

≤ C‖f‖Mp,φ(K)Ψ(r)

≤ C‖f‖Mp,φ(K)ψ (rn)

for C3, C4 > 0.
From the estimate of|A1(x)| and equation (2.2), we get

1

ψ(µ(B(e, 2r)))pµ(B(e, 2r))

∫
B(e,r)

|A1(x)|p dµ(x) ≤ C‖Mf‖p
Mp,φ(K)

≤ C‖f‖p
Mp,φ(K)

.

Meanwhile, from the estimate of|A2(x)|, we get

1

ψ(µ(B(e, 2r)))pµ(B(e, 2r))

∫
B(e,r)

|A2(x)|p dµ(x) ≤ C‖f‖p
Mp,φ(K)

.

AsRhf(x) = A1(x) + A2(x), we find that

1

ψ(µ(B(e, 2r)))pµ(B(e, 2r))

∫
B(e,r)

|Rhf(x)|p dµ(x) ≤ C‖f‖p
Mp,φ(K)

.
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This leads us to

‖Rhf‖Mp,ψ(K) ≤ C‖f‖Mp,φ(K),

which is our desired strong type inequality.

Another inequality regarding the generalized Riesz potentialRh is presented in the following
theorem.

Theorem 2.2. Suppose thatg : t → tn,Φ(t) = φ(g(t)),Ψ(t) = ψ(g(t)) for t > 0 andΦ is
surjective. If1 < p < q <∞,

∫∞
r

Φ(t)p

t
≤ C1Φ(r)p, and

Φ(r)

∫ r

0

h(t)Φ(t)

t
dt+

∫ ∞

r

h(t)

t
dt ≤ C2Φ(r)

p
q

for C1, C2 > 0, then

(2.3) |Rhf(x)| ≤ C (Mf(x))
p
q ‖f‖

1− p
q

Mp,φ(K).

Proof. For anyr > 0 andf ∈Mp,φ(K), where1 < p <∞, we decomposeRh into

Rhf(x) =

∫
B(e,r)

h (ρ(e, y))T xf(y∼)

ρ(e, y)n
dµ(y) +

∫
K\B(e,r)

h (ρ(e, y))T xf(y∼)

ρ(e, y)n
dµ(y)

= A1(x) + A2(x).

By applying equation (2.1), we find the estimate for|A1(x)|, that is

|A1(x)| ≤
−1∑

j=−∞

∫
2jr≤ρ(e,y)<2j+1r

h (ρ(e, y))T xf(y∼)

ρ(e, y)n
dµ(y)

≤ C

−1∑
j=−∞

h (2jr)

µ (B (e, 2j+2r))

∫
B(e,2j+1r)

T x|f(y∼)| dµ(y)

≤ CMf(x)
−1∑

j=−∞

h
(
2jr
)

≤ CMf(x)
−1∑

j=−∞

∫ 2j+1r

2jr

h(t)

t
dt

≤ CMf(x)

∫ r

0

h(t)

t
dt

≤ CMf(x)Φ(r)
p
q
−1.
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Meanwhile, the estimate for|A2(x)| is provided by

|I2(x)| ≤
∞∑

j=0

∫
2jr≤ρ(e,y)<2j+1r

h (ρ(e, y))T xf(y∼)

ρ(e, y)n
dµ(y)

≤ C

∞∑
j=0

h (2j+1r)

µ (B (e, 2j+2r))

∫
B(e,2j+1r)

T x|f(y∼)| dµ(y)

≤ C
∞∑

j=0

h
(
2j+1r

) [∫B(e,2j+1r)
T x|f(y∼)|pdµ(y)

µ (B (e, 2j+2r))

] 1
p
[∫

B(e,2j+1r)
dµ(y)

µ (B (e, 2j+2r))

]1− 1
p

≤ C‖f‖Mp,φ(K)

∞∑
j=0

h
(
2j+1r

)
φ
(
C2

(
2j+2r

)n)
≤ C‖f‖Mp,φ(K)

∞∑
j=0

h
(
2j+1r

)
Φ
(
C3

(
2j+1r

))
≤ C‖f‖Mp,φ(K)

∞∑
j=0

∫ 2jr

2jr

h(t)Φ(t)

t

≤ C‖f‖Mp,φ(K)

∫ ∞

r

h(t)Φ(t)

t

≤ C‖f‖Mp,φ(K)Φ(r)
p
q .

Having surjectiveΦ, we take

Φ(r) =
Mf(x)

‖f‖Mp,φ(K)

.

Therefore, the estimate|A1(x)| and|A2(x)| give us

|Rhf(x)| ≤ C
(
(Φ(r))

p
q
−1Mf(x) + ‖f‖Mp,φ(K) (Φ(R))

p
q

)
≤ C

((
Mf(x)

‖f‖Mp,φ(K)

) p
q
−1

Mf(x) + ‖f‖Mp,φ(K)

(
Mf(x)

‖f‖Mp,φ(K)

) p
q

)
= C (Mf(x))

p
q ‖f‖

1− p
q

Mp,φ(K).

Hence, the desired inequality is proved.

From Theorem 2.2, we can derive the following theorem.

Theorem 2.3. Suppose that positivet we haveg : t → tn,Φ(t) = φ(g(t)),Ψ(t) = ψ(g(t)) for
t > 0. If 1 < p < q <∞, Φ is surjetive and satisfies∫ ∞

r

Φ(t)p

t
≤ C1Φ(r)p

and

Φ(r)

∫ r

0

h(t)Φ(t)

t
dt+

∫ ∞

r

h(t)

t
dt ≤ C1Φ(r)

p
q

for positiveC1 andC2 > 0, then we have

‖Rhf‖Mq,φp/q(K) ≤ C‖f‖Mp,φ(K).
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Proof. Equation (2.3) gives us

1

φ (µ (B(e, 2r)))p/q

[
1

µ(B(e, r))

∫
B(e,r)

|Rhf(x)|q dµ(x)

]1/q

≤ C

φ (µ (B(e, 2r)))p/q

[
1

µ(B(e, r))

∫
B(e,r)

(Mf(x))p ‖f‖q−p
Mp,φ(K) dµ(x)

]1/q

≤ C‖f‖
1− p

q

Mp,φ(K)

[
C

φ (µ (B(e, 2r)))

[
1

µ(B(e, r))

∫
B(e,r)

(Mf(x))p dµ(x)

]1/p
]p/q

≤ C‖f‖
1− p

q

Mp,φ(K)‖Mf‖p/q

Mp,φ(K)
.

Furthermore,

1

φ (µ (B(e, 2r)))p/q

[
1

µ(B(e, r))

∫
B(e,r)

|Rhf(x)|q dµ(x)

]1/q

≤ C‖f‖
1− p

q

Mp,φ(K)‖f‖
p/q

Mp,φ(K)

≤ C‖f‖Mp,φ(K)

as the maximal operatorM is bounded onMp,φ(K).

3. CONCLUDING REMARKS

If φ(t) = t
1
p
(

λ
n
− 1
)
, the spacesMp,φ(K) is reduced to Morrey spaces over commutative

hypergroupsLp,λ(K). So, our results in Theorem 2.1, 2.2, and 2.3 work in Morrey spaces over
commutative hypergroups by takingφ(t) = t

1
p
(

λ
n
− 1
)

and some other conditions.
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