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2 N. M. KHOA

1. INTRODUCTION

The Hartley integral transforms are closely related to the Fourier integral transfarm [2, 9]

“+o0o
(FI)@) = —= = swerayaer

but they transform real-valued functions into real-valued functions [4]

H{;}f <y>=J%/_mecas(ixwdy,yek,

wherecas(u) = cosu + sinu. The Hartley transforms are involutive

H{l} H{l}f (y) = f(2),

2 2
and unitary
Hey |l =11
b,
The convolution for the Hartley transformi |5, 6]
(1.2)

(F59) @ =50 [ S @G0+l =)+ gt - gl-o - w]du

satisfies the factorization property

1.2 i (f:.9) ) = () ) (#19) ).
The generalized convolution for the Hartley integral transfc<ry"n H W ) [2], is defined
by

<f . ;1 s 9) ()
(1.3)

2\/% flx+t)+ f(z - )—I—f(—x—l—t)—l—f(—x—t)}g(t)dt,xGR,

satisfies the foIIowmg factorization property [2]
1.9 i, [(f i 9) | ) = D))

The generalized convolution for the Hartley integral transfr(ryh

by

(f . ;;1 " g> ()
(1.5)
2@ flx+1) f(x—y)+f(—x+t)+f(—x—t)]g(t)dt,xER,

g) [2], is defined

Hy,Hq,Hy
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satisfies the following factorization property [2]

(1.6) H, Kf . g)] (y) = (Hof)(y)(H1g)(y).

In [10] the Hartley transform was used to solve in closed form some special cases of the Toeplitz
plus Hankel integral equationl[4, 13]

(1.7) f<x>+/0°°f<u>[k1<x+u>+k2<x—u>1du:g<x>,x>o,

whereg, k1, ko are given, and is an unknown function. This equation has many useful appli-
cations [8/ 10, 11, 13]. However, it can be solved in closed form only in some particular cases
of the Hankel kernek; and the Toeplitz kernel, [8,[10,[11)13]. The solution of the integral
Equation(1.J7) in closed form in the general case is still open. The Hartley superconvolution was
introduced in 2018 by N. M. Khoa, N. X. Thao and V. K. Tuan [7].

In this paper, we introduce and study some superconvolutions related to the Hartley integral
transform. We apply these superconvolutions so solve some integral equations similar to the
Toeplitz plus Hankel equation, but on the whole real line and system of two Toeplitz plus Hankel
integral equations.

2. SOME NEW HARTLEY SUPERCONVOLUTIONS .

Definition 2.1. The Hartley superconvolutions of two functiofisy are defined by

(2.1) (f*g) \/ﬂ/ f[g(x+u)+g(—z—u)]du,z € R,
(2.2) (f*g) \/_/ f)[g(—z+u)—g(r—u)]du,z €R.

Theorem 2.1. Assume thaf, g € L;(R). Then the superconvolutior(g” * g> :
k = 1,2 belong toL,(R) and satisfy following additive factorization indentities

(23) ) Hi(fx9) () = (Haf) () (Hag) (v) + () (v) (Fag) (4) ¥y € R,
(2.4) H, (fa;g (y) = (H.f) (y) (Hrg) (y) + (H1f) (y) (Hag) (y) , ¥y € R.
25) b Hi(x9) () = (Haf) (v) (H29) (v) — (H2f) (v) (Hig) () . ¥y € R,

(2.6) H, (f; g) (y) = (Hif) (y) (Hig) (y) — (H1f) (y) (Hag) (y) ,Vy € R.

Remark: The additive factorization formula§ (2.3), (R.4), (2.5) apd](2.6) make (2.1) and
(2.2) different from classical convolutions, generalized convolutions, when only produtcs are
involved in factorization indentities. It justifies why we c&ll (2.1) ahd]|(2.2) superconvolution.

Proof. a) Now we prove tha(f* g) (x) € Ly (R) for f,g € L1 (R). We have

| |(#r9) @] = o= ["ae [ 1@+ 0+ -o—uldu
\/%/ dx/ w)|lg (z + u)| du

/ dm/ W)l g (=2 — u)]| du.
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With the substitutions + v = v and—z — u = v, we get

= [ @ [ 1rlls et wldi=—= [~ [" i @llg @)l dude,
o= [ [ 1rlls e = wlda= = [ [ 17 @l o) dude

Hence
/ ‘f*g dx<2—/ If (u |du/ lg (v)] dv < 0.

So <f * g) (x) is well defined, belonging to spadg (R).

Now, we prove the factorization properfy (R.3). We have

(H2f) (y) (Hag) (y) + (Haf) (y) (H1g) (y)
= \/L_ cas (—uy) f (u) du. —/ cas (—vy) g

/ cas (—uy) f du—/ cas (vy) g

— cas( uy) f(u )du/ [cas (—vy) + cas (vy)] g (v) dv

(2.7 / / cas (—uv) cos (vy) f (u) g (v) dudv.
On the other hand, one has
cas (—uy) . cos (vy) = [cos (uy) — sin (uy)] . cos (vy)

:l[cos(u—i-v)y—i-cos(u—v)y]—%[sin(u+v)y+sin(u—v)y]

2
(2.8) = % {cas[— (u+v)y] +cas[— (u—v)y]}.
From [2.7) and[(2]8), it follows that
(Haf) (y) (Hzg + (Haf) (y) (Hig) ()

//{Cas (u+v)y] + cas [= (u—0) y]} f (w) g (v) dudv

T or {/oocaS(yw)g[ (u+x)]dw}f()du

+% oo{/oocas(ym)g(u+x)da:}f(u)du
//f g (z +u) + g (—2 —u)] cas (yr) dudz

:\/_27/_00 f>1kg () cas (yz) dx

=, (fak g) (y)-
Thus, the identity{(2]3) holds true. The identity (2.4) can easily get in a similar way.
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b) We prove that fx g> (x) € Ly (R) for f,g € Li(R). We have

| () @] = = [ ao [ 1rls o+ =g —w)ju
—\/ﬁ/ dx/ w)| g (—z + )| du

+\/—2_7T/_Oodx/_oo|f u)| g (x — u)| du.

With the substitutions-z + v = v andz — u = v, we get

\/_/ dx/ |f (u)]g ( x+u|du—\/_// w)| g (v)| dudv,
o= [ e [ @l —wlde= = [ [" i @llg )] dud

It follows that

/_:‘(f*g dm<2—/ |du/ g (v)|dv < oco.

Hence,(f * g> (x) is well defined, belonging to spadg (R).
Now, we prove the factorization properfy (R.5). We have

(Haf) (y) (Hag) (y) — (Hzf) (y) (Hig) (y)

cas ( u) du.—— cas (—v

\/ 27 / / y
1 o0

- — cas w) du.—— cas (v
el (—u / Yy) g
1 [ee]

o [ st f @ / cas (~vy) — cas (vy)] g (v) do
= ——/ / cas (—uy) sin (vy) f (u) g (v) dudv.

Fromcas (—uy) .sin (vy) = 3 [cas (u +v)y — cas (u —v)y|, we get
(Haf) (y) (Hag) (y) Hzf ) (H1g) (y)
/ / {—cas[(u+v)y] +cas[(u—v)y]} f (u) g (v) dudv.

With the suitable change of variable, we obtain
(Haf) (y) (Hag) (y) — Hzf (H

19)
/ / cas (yzx) f (—x+u)—g(xr—u)| dudx

:E/_o@ f;g (x).cas (yx) dx
=H1<f>59) (y).

Thus, the identity[(Z]5) holds true. The identify (2.6) can easily get in a similar way. The
theorem is provecds
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3. YOUNG TYPE THEOREM

In this part, we study Hartley superconvolutions in the function sggeé”(R) and get its
norm estimations.

Theorem 3.1. (Young type theoreinLet f € L,(R), g € L,(R), h € L.(R), such that
p,¢,r >1and; + 1 + 1 = 2. Then the following estimations hold

(3.1) a) '/ (f’f9> (z) h(z)dz| < || fllz,®)-|9llz,®)- 1Pl L. @),
32) 0 [ (£19) @ hta)de] < 1w ol Il e
Proof. Let p;, ¢, 1 be the conjugate exponentials @f ¢, r: & + L = 1; 1 + L = 1;

2+ ﬁ = 1. Then, we have

1 1 1
—+—+—=1
D1 q1 71
Set , )
Ulw,u) = |g(x + u) + g(—x — u)|7" |h(z)[7 € Ly, (R?);
V(w,u) = [h(x)|o | f(u)|o € Ly, (R?);
W (z,u) = | f(w)| . [g(z +u) + g(—z — u)|77 € Ly, (R?).
Then, we get
(3.3) (UVIW) (1) = | f(w)|-|h(2)]- |g(x +u) + g(—z — u)|.

Using the definition of the norm on the spakg (R?) and with the help of Fubini theorem, we
can write

Uz R2):/ / g(x +u)+ g(—z —u)|%|h(z)|"dxdu

= [ ([ ot + ot - wpan) o)

Given that functiont? (¢ > 1) is a convex function, changing variable results in

[ late gt - wirau <2 (gt uians [l - i)
=2 [ gt

From the above inequality, we have

01, <2 [ ([ latwan) dnoras

(3.4) = 2quHqu(R)-HhHET(R)-
Similarly, we obtain

(3.5) WL ey < 29017, ) 9117, gy
Obviously,

(3.6) VL, @) < 17, @) 1RIL, @)
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From (3.3) and[(316), using Holder inequality for three function, we get

‘/ Fg) (&) h(z)de / /ﬁ W) g + u) + g(—z — w)|"h(z)dz

—/_ Ulz,u)V(x,u)W(x,u)dudx

IN

1
5||U||Lp1(R?)-||V||Lq1(R2)-||W Ly, (R2)
< flle,@)- gl Lo 1Pll 2, ®)-

The proof of part (a) is complete. The proof of part (b) is the same of part (a).
|

4. APPLICATION TO SOLVING SOME INTEGRAL EQUATIONS OF TOEPLITZ PLUS
HANKEL TYPE AND SYSTEM OF INTEGRAL EQUATIONS OF TWO TOEPLITZ PLUS
HANKEL INTEGRAL EQUATIONS

In this section, we use the generalized convolut(q‘hg g) in [12]. Let functionsf,g €

L1(R). Then the generalized convolutic(rf * g), respectively, defined by the formula:

@y (fr9) @0 == [ F@lal+n+gl—0+g(a—0-g(atold

For this convolution, the following corresponding factorization equality holds
(4.2) Hy (f19) () = (HLf) (4) (Hag) () Yy € .

The functionsf, g € L;(R), the generalized convolutio<1f * g) in [10], repectively, defined
by the formula:

43) (fr9)= ng J@+y) = fe—y) + f(=e+y) + [ =y gly)dy.
For this convolution, the foIIowmg factorization equality holds
(4.4) H, (f * g) (y) = (Hzf) (y) (H2g) (y)-
4.1. Consider following integral equation.
0+ = [ f) [+ +o(ca =) +g(-a+ )~ gl =]

(4.5) =h(x),r €R,

whereg(x), h(x) are given functions i, (R), and f(z) is an unknown function iri.; (R).

Theorem 4.1. Assume thay, h in L1 (R);1 + 2(Hy9) (y) # 0,Vy € R, then there exists a
unique solutionf € L;(R) of the integral Equatior{4.5). Moreover, the solution is given by
the formula

ﬂ@:m@—(h*omy

H,
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Proof. We write the equatior[(Y_l] 5) in the form

(4.6) / f)[g(@+u)+g(—z—u)]du
4.7) \/%/ f)[g(—z+u)—g(x—u)]du=nh(z).
Using Definitior{ 2.1, Equatior (4.6) become

(4.9 =)+ (Fr9) @)+ (£59) (@) = h(—a).x € R

Applying the Hartley transfornif, to (4.8) and using Theorem 2.1, we obtain
(H2f) (=y) + (H1f) (y) (Hig) (y) + (HLf) (y) (Hzg) (y) + (Hof) (y) (H) (y)
— (H1f) (y) (Hzg) (y) = (H2h) (-y).

It is equivalent to

(H1f) () + 2 (Hof) (y) (Hag) (y) = (Hih) (y) -
With the conditionl + 2 (H,g) (y) # 0,Yy € R, we have

(Hif) (0) = (L) () 5 ;_,lg) I j(;]f;)g(f zm |

According to the Wiener-Levy theorem [1] for the Hartley transform,-#2 (H,g) (y) # 0 for
all y € R, then there exists a functidre L, (R) such that

2 (Hyg) (y)
) W) = 15 Tnhg) ()

This together with[(1]1) and (1.2) implies that

() 0) = () () = () () () () = (1) ) = 1 (1) 0.

Consequently,

The proof is completeg

4.2. Consider following integral equation.

fea)+ 5= [ FOlat0+aa——g(-att)+g(-a=t]d
(4.9) =h(—z),z €R,
whereg(x), h(x) are given functions iri.; (R), andf(x) is unknown function in_; (R).

Theorem 4.2. Assume thay,h € Li(R);1 + (Hyg) (y) # 0,Yy € R, then there exists a
unique solutionf € L;(R) of the integral Equatior{4.9). Moreover, the solution is given by
the formula

f(a) = h(z) — (z ; h) ().
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Proof. The equation[@']g) can be written in the following form

/ fOlglx+t)—gl@—t)+g(—x+1t)+g(—x—1t)]dt+

(4.10) \/ﬂ/ fWlglz+t)+g(—x—1t)]dt =h(—x),z R
Using Definitior{ 2.1 and (4]3) to Equatidn (4]10), we obtain
(4.11) f(=2) = (F59) @)+ (£ 19) (@) = h(-a).x € R,

Applying the Hartley transfornt/, to (4.11) and using Theorgm 2.1, we obtain
(H1f) (=y) — (Haf) (y) (H2g) (y) + (Haf) (y) (Hag) (y) + (H2f) (y) (H19) (y)
= (Hih) (—y),

it is equivalent to

(Haf) (y)[1 + (Hag) (y)] = (Hah) () .
With the conditionl + (H,g) (y) # 0, Vy € R, we get

) U
(H2f) (y) = (Hah) (y) |1 1+ (Hig) (y)

According to the Wiener-Levy Theorem|[1] for the Hartley transform, then there exists a func-
tionl € L,(R) such that

(Hi9) (y)

D W) = T gy ()

Which implies that
(4.12) (H2f) (y) = (Hah) (y) — (Hah) (y). (Hil) (y).
Using (4.2), we can rewriten the dominator(in (4.12) in the form
(H>f) () = (Hah) (y) = Ha (15 1) (9).
Consequently,
F(a) = hiz) — (z ; h) (z) € Li(R).

The theorem is proveds

4.3. Consider following integral equation.

Feo)+ g [ 0l =gl =0+ g (o= 1)+ g (a0l

(4.13) =h(-2),z €R,

whereg(z), h(x) are given functions i, (R), and f(x) is unknown function in_; (R).

Theorem 4.3.Assume thag, h € L1 (R); 1+ (H1g) (y) # 0,Vy € R, then there exists a unique
solution f € L;(R) of the integral equatiorf4.13) Moreover, the solution is given by the
formula

f(z) = hz) - (h x z) (2).

H,
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Proof. We write the equatiorj (4.13) in the form
f(—x)+%/ooft (t+8) tg(@—t)+g(—x—1t)—g(—a+0)]dt
(4.14) \/%/ f@)lg(—x+1t)—g(x—t)]dt =h(—2x),z€R.
Using Definitior{ 2.1 and (4]1), we get
(4.15) f=a)+ (F19) @+ (f19) (@) = h(-2),2 € R.
Applying the Hartley transforn/, to (4.1%) and using Theorgm 2.1, we obtain
(H2f) (=y) + (H1f) (y)- (H2g) (y) + (H1f) (y) (Hig9) (y) — (H1f) (y)- (H2g) ()
= (Hs2h) (—y),

equivalently,

(Hyf) (y) + (H1f) (y)- (Hg) (y) = (Hih) (y)-
So,(H1f) (y) [1 + (Hyg) (y)] = (H1h) (y). With the conditionl + (H,g) (y) # 0,Vy € R, we
get
(H1g) (v)
1+ (Hig) (y)

According to the Wiener-Levy Theorem [1] for the Hartley transform, ¥ (H,g) (y) # 0 for
all y € R, then there exists a functidre L, (R) such that

_(Hi9)(y)
1+ (Hyg) (y)

(Hif) (y) = (Hih) (y) |1 -

(HL1) () =
From that we obtain
(HLf) () = (Huh) () [1 — (FLD) (9)] = (FLL) (9) + (h . z) (v).

Consequently,

H,

f(z) = h(z) - (h x z) (z) € Li(R).

The theorem is proverns
4.4. Consider following system of integral equations.

oz +t) + p(—z — t)]dt = h(—z)

m/
2\/% flz+t) f@:—y)+f(—x+t>+f<—x—t)}g(t)dt
| +9(— ) /f( z),z € R,

(4.16)

wheregp, ¥, h, k are given functions itk (R), f andg are unknown functions.
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Theorem 4.4. Assume that — H, (cp X ¢) (y) — Hy (1/; * gp) (y) # 0,Vy € R, then

Hy,Hq1,H2

there exists a unique solution I(R) of (4.16)which is defined by
@) =nia) = (kg o) 0= (b, o, 0) @+ (hp ) @
N(rpe) @ (k ) i @eLm,
o) = ko) + (k3 1) @)= (9 1) @)= (0 50) 1] 0 € 2w

where

P p— (i) = (¢ nin?)|

1—H, [(sogl zb) - (@/) - 90)} (y).

Proof. Using (2.1) and[(1]5) we can write the systém (%.16) in the form
f(@)+ (9 9) (2) = h(-2),
(f * w) (z) + g(—z) = k(—z),z € R.

Hg,Hq1,Hy

(4.17)

Applying the Hartley transforni/, to the systen(4.17), and using Theotenj 2.1 we obtain

(Hof)(—y) + (H1g)(y) (H10)(y) + (H19)(Hyy) = (Hah)(—y)
(Hif)(y)(H)(y) + (Hag)(—y) = (Hak)(—y).

It is equivalent to

(4.18) {(Hlf )(y) + (Hrg)(y) [(Hip) (y) + (H2)] = (Hih)(y),
(HLf) () (H)(y) + (Hig)(y) = (Hik)(y)-

We calculate the determinants of the system (4.18) and Jsing (1.4), we get

A:' 1 (Hlsﬁ)(yH(stO)(y)'
(Hyv)(y) 1

=1-H, (cp X w) (y) — Hy (w - w) (y)

As — '(th)(y) (Hip)(y) + (Hav)(y)
L (Hk)(y) 1

=t - (kg o) -t (b, = o)

— 1 (Hih)(y)| _ _ *
A?"(Hﬂw(w (m@@)‘*mww i (‘”Hh) ().
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Sincel — H, (cp 4 ¢) (y) — Hy (w - go) (y) # 0, we have

. H, K@ x w) - (¢ - @)] (v)

= |1+

A 1—H, Ks@ X @b) - (w - w)} (v)

Furthermore, according to Wiener-Levy’'s Theoréern [1] then there exists a furictiot (R)

such that
() — H, KSO ol ¢) - (¢ ko 90)} (v)

1—H, [(s@;l w) - (w - 90)} (y).

It follows that

Thus,
f(z) = h(z) - (k X @) (z) — <k: i w) (z) + (h X 1> ()
_ [(k: X g0> X l] (z) — (k - w) x l] (z) € L(R).

Similarly, we get

(tt9) (o) = |0 )~ 11 (v 1 0) )] [1+ (1))

= (Hik)(y) + Hy (k’ X l> (y) — H, <¢ X h) (y) — H Kw X h) % l} (y)-

H;

g9(z) = k(z) + (k : z) () — (w x h) () — [(¢ x h) ;1 z] () € L(R).

The proof is completeca
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