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THE ARITHMETIC-GEOMETRIC MEAN INEQUALITY FROM THE INTEGRAL
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ABSTRACT. In this short note, we improve the arithmetic-geometric mean inequality using by
the integral of1/t.

Key words and phrases:Arithmetic mean; Geometric mean inequality.

2000Mathematics Subject Classification.Primary: 26D15, 26E60.

ISSN (electronic): 1449-5910

c© 2024 Austral Internet Publishing. All rights reserved.

https://ajmaa.org/
mailto:<k.ibaragi.896@ms.saitama-u.ac.jp>
mailto:<ynishizawa@mail.saitama-u.ac.jp>
mailto:<n.ohira.677@ms.saitama-u.ac.jp>
https://www.ams.org/msc/


2 K. I BARAGI AND Y. N ISHIZAWA AND N. OHIRA

1. I NTRODUCTION

We define the arithmetic meanAn and the geometric meanGn by

An =
n∑

i=1

piai and Gn =
n∏

i=1

api

i

for real positive numbersa1, . . . , an andp1, · · · , pn with p1 + · · ·+pn = 1. Here, the inequality
An ≥ Gn holds, with equality if and only ifa1 = a2 = · · · = an, which is called the arithmetic-
geometric mean inequality and many proofs of the inequality are now known. The short proof
by Alzer [1] using integrals is very interesting. We prove the inequality using a function differ-
ent from that used by Alzer as follows. We may assume thata1 ≤ a2 ≤ · · · ≤ an, then there
exists integersk andl with 1 ≤ k, l ≤ n − 1 such thatak ≤ Gn ≤ ak+1 andal ≤ An ≤ al+1.
Here, the inequality

An

Gn

− 1 =
k∑

i=1

pi

∫ Gn

ai

(
1

t
− ai

t2

)
dt +

n∑
i=k+1

pi

∫ ai

Gn

(
ai

t2
− 1

t

)
dt ≥ 0

holds, with equality holds if and only ifai = Gn for i = 1, · · ·n, that is, if and only ifa1 =
· · · = an. Also, the inequality

ln
An

Gn

=
l∑

i=1

pi

∫ An

ai

(
1

t
− ai

t2

)
dt +

n∑
i=l+1

pi

∫ ai

An

(
ai

t2
− 1

t

)
dt ≥ 0

holds, with equality holds if and only ifai = An for i = 1, · · ·n, that is, if and only ifa1 =
· · · = an. In this short note, we may show the refinements of the arithmetic-geometric mean
inequality using by the integral of1/t. From the mean value theorem of integrals, for any real
positive numbersa andb with a < b, we have a unique real numberc with a < c < b such that∫ b

a

1

t
dt =

1

c
(b− a) .

Therefore, we have ∫ b

a

1

t
dt =

(
1

a
− ε

)
(b− a) =

(
1

b
+ δ

)
(b− a) ,

whereε = 1/a− 1/c andδ = 1/c− 1/b. Our main results are as follows.

Theorem 1.1.For any real positive numbersa1, · · · , an andp1, · · · , pn with p1 + · · ·+ pn = 1,
we set real positive numbersεi such that ifai ≤ Gn then(

1

Gn

+ εi

)
(Gn − ai) =

∫ Gn

ai

1

t
dt

and ifGn ≤ ai then (
1

Gn

− εi

)
(ai −Gn) =

∫ ai

Gn

1

t
dt .

The inequality

An −Gn ≥ Gn

n∑
i=1

piε|Gn − ai|

holds, with equality holds if and only ifa1 = · · · = an, whereε = min
1≤i≤n

εi.
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Theorem 1.2.For any real positive numbersa1, · · · , an andp1, · · · , pn with p1 + · · ·+ pn = 1,
we set real positive numbersδi such that ifai ≤ An then(

1

An

+ δi

)
(An − ai) =

∫ An

ai

1

t
dt

and ifAn ≤ ai then (
1

An

− δi

)
(ai − An) =

∫ ai

An

1

t
dt .

The inequality

An −
(
e
Pn

i=1 piδ|An−ai|
)

Gn ≥ 0

holds, with equality holds if and only ifa1 = · · · = an, whereδ = min
1≤i≤n

δi.

2. PROOF OF MAIN THEOREMS

Proof of Theorem 1.1.We may assume thata1 ≤ a2 ≤ · · · ≤ an, then there exists an integersk
with 1 ≤ k ≤ n− 1 such thatak ≤ Gn ≤ ak+1. We have only one positive real numberεi such
that (

1

Gn

+ εi

)
(Gn − ai) =

∫ Gn

ai

1

t
dt

for 1 ≤ i ≤ k and (
1

Gn

− εi

)
(ai −Gn) =

∫ ai

Gn

1

t
dt

for k + 1 ≤ i ≤ n. If we setε = min
1≤i≤n

εi, then we have followings.

k∑
i=1

pi

∫ Gn

ai

1

t
dt−

n∑
i=k+1

pi

∫ ai

Gn

1

t
dt = 0 ,

k∑
i=1

pi

(
1

Gn

+ εi

)
(Gn − ai)−

n∑
i=k+1

pi

(
1

Gn

− εi

)
(ai −Gn) = 0 ,

k∑
i=1

pi

(
1

Gn

+ ε

)
(Gn − ai)−

n∑
i=k+1

pi

(
1

Gn

− ε

)
(ai −Gn) ≤ 0 ,

k∑
i=1

pi

{(
1− ai

Gn

)
+ ε (Gn − ai)

}
−

n∑
i=k+1

pi

{(
ai

Gn

− 1

)
− ε (ai −Gn)

}
≤ 0 ,

n∑
i=1

pi −
n∑

i=1

piai

Gn

+
n∑

i=1

piε|Gn − ai| ≤ 0 ,

1− An

Gn

+
n∑

i=1

piε|Gn − ai| ≤ 0 ,
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An −Gn ≥ Gn

n∑
i=1

piε|Gn − ai| .

Moreover, the equality holds if and only ifai = Gn for i = 1, · · ·n, that is, if and only if
a1 = · · · = an.

Proof of Theorem 1.2.We may assume thata1 ≤ a2 ≤ · · · ≤ an, then there exists an intgerl
with 1 ≤ l ≤ n − 1 such thatal ≤ An ≤ al+1. We have only one positive real numberεi such
that (

1

An

+ δi

)
(An − ai) =

∫ An

ai

1

t
dt

for 1 ≤ i ≤ l and (
1

An

− δi

)
(ai − An) =

∫ ai

An

1

t
dt

for l + 1 ≤ i ≤ n. If we setδ = min
1≤i≤n

δi, then we have followings.

l∑
i=1

pi

∫ An

ai

1

t
dt−

n∑
i=l+1

pi

∫ ai

An

1

t
dt = ln

An

Gn

,

l∑
i=1

pi

(
1

An

+ δi

)
(An − ai)−

n∑
i=l+1

pi

(
1

An

− δi

)
(ai − An) = ln

An

Gn

,

l∑
i=1

pi

(
1

An

+ δ

)
(An − ai)−

n∑
i=l+1

pi

(
1

An

− δ

)
(ai − An) ≤ ln

An

Gn

,

l∑
i=1

pi

{(
1− ai

An

)
+ δ (An − ai)

}
−

n∑
i=l+1

pi

{(
ai

An

− 1

)
− δ (ai − An)

}
≤ ln

An

Gn

,

n∑
i=1

pi −
n∑

i=1

piai

An

+
n∑

i=1

piδ|An − ai| ≤ ln
An

Gn

,

n∑
i=1

piδ|An − ai| ≤ ln
An

Gn

,

An −
(
e
Pn

i=1 piδ|An−ai|
)

Gn ≥ 0 .

Moreover, the equality holds if and only ifai = An for i = 1, · · ·n, that is, if and only if
a1 = · · · = an.
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