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ABSTRACT. In this short note, we improve the arithmetic-geometric mean inequality using by
the integral ofl /¢.

Key words and phrasesArithmetic mean; Geometric mean inequality.

2000Mathematics Subject Classificat/oRrimary: 26D15, 26E60.

ISSN (electronic): 1449-5910
(© 2024 Austral Internet Publishing. All rights reserved.


https://ajmaa.org/
mailto:<k.ibaragi.896@ms.saitama-u.ac.jp>
mailto:<ynishizawa@mail.saitama-u.ac.jp>
mailto:<n.ohira.677@ms.saitama-u.ac.jp>
https://www.ams.org/msc/

2 K. IBARAGI AND Y. NISHIZAWA AND N. OHIRA

1. INTRODUCTION

We define the arithmetic meat), and the geometric meds, by

A, = Xn:piai and G, = ﬁafi
i—1 i=1

for real positive numbersg,, . .., a, andpy, - - - , p, with p; +- - -+ p, = 1. Here, the inequality

A, > G, holds, with equality if and only i, = a; = - - - = a,,, Which is called the arithmetic-
geometric mean inequality and many proofs of the inequality are now known. The short proof
by Alzer [1] using integrals is very interesting. We prove the inequality using a function differ-
ent from that used by Alzer as follows. We may assumedhat a, < --- < a,, then there
exists integerg and/ with 1 < k,l < n — 1 such that, < G, < a;y; andg; < A, < aj41.

Here, the inequality

k G n a;
A, m (1 a; Cfa; 1
n i=1 a; Z:k+1 n

holds, with equality holds if and only ii; = G, fori = 1,---n, thatis, if and only ifa; =
-+ = a,. Also, the inequality

A An 11 q, " Y% (a1
In =2 = ; S22 ) dt i 2 )dt>0
NG =2 / (t t2> +ZP/A” <t2 t) =

i=l+1

holds, with equality holds if and only ii; = A, fori = 1,---n, thatis, if and only ifa; =

- = a,. In this short note, we may show the refinements of the arithmetic-geometric mean
inequality using by the integral df/¢. From the mean value theorem of integrals, for any real
positive numberg andb with ¢ < b, we have a unique real numbewith a < ¢ < b such that

b
1 1
—dt =—-(b—a) .
| qit=z0-0
Therefore, we have

/ab%dt: G—e) (b—a) = (%+6) b—a),

wheree = 1/a — 1/candé = 1/c — 1/b. Our main results are as follows.

Theorem 1.1.For any real positive numbess, - - - ,a,, andpy,--- ,p, Withp; +---+p, =1,
we set real positive numbetssuch that ife; < G,, then

1 Gn
(G_n + Ei) (Gn — CL1'> = /ai ;dt

(Gin - e,—) (a; — Gp) = /nl %dt.

=1

and ifG,, < a; then

The inequality

holds, with equality holds if and onlydf, = - - - = a,,, wheree = min ¢;.

1<i<n
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Theorem 1.2.For any real positive numbers, - - - ,a,, andpy,--- ,p, Withp; +---+p, =1,
we set real positive numbedssuch that ifa; < A,, then

1 An
<A_n + 51) (An — CLZ‘) = /ai ;dt

1 4]

A, — (eZ?zl pi5|An_ai|> G, >0

andifA, < q,; then

The inequality

holds, with equality holds if and onlydf, = - - - = a,,, whered = 1r£1j<n ;-

2. PROOF OF MAIN THEOREMS

Proof of Theorem 1]1We may assume that < a, < --- < q,, then there exists an integétrs
with 1 < k£ < n — 1 such that, < G, < ax,1. We have only one positive real numbesuch

that
1 Gn 1
(G_n —|—Ei) (Gn — ai) = /,1. ;dt

7

1 @1

fork + 1 <i < n. If we sete = min ¢;, then we have followings.

1<i<n
1 n ai ]
—dt — i | —dt=0,
ZED WA

i=k+1

forl <i<kand
k G7L
sz'/
i=1 @i
k 1 i 1
sz‘ (G_n + Ei) (Gn —a;) — i:%;lpi (G_n - Gi) (a; = Gr) =0,

Zk:pi (Gin+6) (Gp —a;) — z”: i (Gin_€> (a; — Gp) <0,

=1 1=k+1
k @ n @

) 1 — =~ —a) s — . 1) = L <
Sr{(1-g) +eG-an) zp{(G ) -etw-ca} <o
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=1
Moreover, the equality holds if and only if;, = G, for i = 1,---n, that is, if and only if
4y = -+ = . I

Proof of Theorer 1]2We may assume that < a, < --- < a,, then there exists an intgér
with 1 <[ < n — 1suchthat;, < A, < a;.1. We have only one positive real numhgisuch

that
A,
<Ain +5i) (A, —a;) = /a lalt

1 @1

fori+1<i<n.lfweset) = mln d;, then we have foIIowmgs

forl <{<!land

1<i<n
l a;
Z/ —dt—ZpZ/ “dt = ln
i=1 =I+1
l n
1 1 A,
sz‘ (A_n + 5i) (An —a;) — Z Di <A_n - 5i> (a; — Ay) = 1DG—n,
=1 i=l+1
l n
1 1 A,
N _a) — B L < In ™
>_pi (An + 5) (An—ai) = 3 pi (An 5) (a; = Au) Sl -
=1 i=l+1
sz{(l__)+5(14 az)}_ipi{<&_l>_5(az_4’4n)}<1néa
i=l+1 An a G

A, — (62?:1pi5|An—ai|> G, >0,

Moreover, the equality holds if and only if, = A, fori = 1,---n, that is, if and only if
ay = -+ = p. I
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