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2 MICHAEL ALPHONSE.A AND SRI SAKTI SWARUP.ANUPINDI

1. I NTRODUCTION

In [18] John and Nirenberg introduced the space BMO. A locally integrable functionb defined
onR is said to be in BMO(R) if

sup
I

1

|I|
|b(x)− bI |dx = ‖b‖?,R <∞

wherebI = 1
|I|

∫
I
b(x)dx and the supremum is taken over all finite intervals inR. ‖ ‖?,R is

defined as the norm on BMO(R). With this norm BMO(R) is a Banach space. For standard
results on BMO(R) see [23]. Most results on BMO(R) carry over to BMO(Z) and the proofs
are more or less the same. For details we refer to [21].

In [8] Coifman, Rochberg and Weiss proveed that ifb ∈ BMO(R) then[b,H] is a bounded
operator onLp(R) for 1 < p < ∞. Conversely, if[b,H] is bounded onLp(R) for some
p, 1 < p <∞, thenb ∈ BMO(R).

Commutators were introduced by R. Coifman, R. Rochberg and G. Weiss in [9], who used
them to extend the classical theory ofHp spaces to higher dimensions. They proved thatb ∈
BMO is sufficient for[b, T ] to be bounded and proved a partial converse. The full converse is
due to S.Janson in [17] .

In this paper, we study the commutator[b, Tφ] of the operator of pointwise multiplication by
a sequence{b(n) : n ∈ Z} and a singular operatorTφ. This is given by

[b, Tφ]a(n) = b(n)Tφa(n)− Tφ(ba)(n)

If b ∈ BMO(Z) andTφ is a discrete singular operator, we show that the maximal commutator

[b, Tφ]
?a(n) = sup

N
|

N∑
k=−N

φ(k)[b(n)− b(n− k)]a(n− k)|

is bounded oǹpw(Z), 1 < p <∞, w ∈ Ap.
For a probability space(X,B, µ) and an invertible measure preserving transformationU on

X, the space BMO(X) is defined as the space of those functionsb ∈ L1(X) satisfying

ess sup
x∈X

[sup
N≥1

1

2N + 1

N∑
k=−N

|b(Ukx)− 1

2N + 1

N∑
j=−N

b(U jx)|] = ‖b‖? <∞

In [9] Coifman and Weiss showed that this space is the dual space of the ergodic Hardy

spaceH1(X) =
{
f ∈ L1(X) : H̃f ∈ L1(X)

}
. Let (X,B, µ) be a probability space andU a

measure preserving transformation. We also study the commutator of the operator of pointwise
multiplication by a functionb onX and an ergodic singular operatorT̃φ,

[b, T̃φ]f(x) = b(x)T̃φf(x)− T̃φ(bf)(x), f ∈ Lp(X)

To prove the almost everywhere existence of[b, T̃φ]f , for f ∈ Lp(X) and the boundedness of
this operator, we again consider the maximal operator

[b, T̃φ]
?f(x) = sup

N
|

N∑
k=−N

φ(k)[b(x)− b(U−kx)]f(U−kx)|

For 1 < p < ∞, b ∈ BMO(X), we show that this maximal commutator is bounded on
Lpw(X,B, µ). Herew is an ergodicAp weight. The commutator of the Hilbert transform on
sequence spaces`p(Z), 1 < p <∞ and their corresponding ergodic verion are studied in [21].
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2. DEFINITIONS AND NOTATION

Throughout this paper,Z denotes set of all integers andZ+ denotes set of all positive integers.
For a given intervalI in Z (We always mean finite interval of integers) ,|I| always denotes
the cardinality ofI. For each positive integer N, consider collection of disjoint intervals of
cardinality2N ,

{IN,j}j∈Z =
{
[(j − 1)2N + 1, . . . , j2N ]

}
j∈Z

The set of intervals which are of the formIN,j whereN ∈ Z+ andj ∈ Z are called dyadic
intervals. For fixedN , IN,j are disjoint.

Let I be an interval inZ with centerj0. If I is an interval of length2N , by centre we mean

I = [j0 −N − 1, j0, j0 + 1, . . . , j0 +N ]

If I is an interval of length2N + 1, by centre we mean

I = [j0 −N, . . . , j0, . . . , j0 +N ]

With j0 be center of a dyadic interval, ifj0 is odd,2I denotes an interval[j0 − 2N, j0 + 2N ]. If
j0 is even, the left half would be slightly less than the right half and this slight difference will
be observed in the constant derived in the inequalities.

For a given sequence{a(n) : n ∈ Z} and an intervalI, a(I) =
∑

k∈I a(k). For a se-
quence{p(n) : n ∈ Z, p(n) ≥ 1}, definep− = inf {p(n) : n ∈ Z} , p+ = sup {p(n) : n ∈ Z}.
Throughout this paper, we assumep+ <∞ and

1 ≤ p− ≤ p(n) ≤ p+ <∞, n ∈ Z.
We denote set of all such sequences{p(n) : n ∈ Z} by S.
Throughout the paperC,C1, Cp . . . denote the constants which may change from one line to
the next.

3. M AXIMAL OPERATORS

Let {a(n) : n ∈ Z} be a sequence. We define the following three types of Hardy-Littlewood
maximal operators as follows:

Definition 3.1. Given a sequence{a(n) : n ∈ Z} and an intervalI, let aI denote average of
{a(n) : n ∈ Z} on I. Let, aI = 1

|I|
∑

m∈I a(m). Define the sharp maximal operatorM# as
follows

M#a(m) = sup
m∈I

1

|I|
∑
n∈I

|a(n)− aI |

where the supremum is taken over all intervalsI containingm.
A sequenceb = {b(n)} is said to be inBMO(Z) if M#b ∈ `∞. We define an norm on BMO(Z)
as‖b‖? =

∥∥M#b
∥∥
∞. Then the space BMO(Z) is a Banach space.

If Ir is the interval{−r,−r + 1, . . . , 0, 1, 2, . . . , r − 1, r}, define centered Hardy-Littlewood
maximal operator

M ′a(m) = sup
r>0

1

(2r + 1)

∑
n∈Ir

|a(m− n)|

We define Hardy-Littlewood maximal operator as follows

Ma(m) = sup
m∈I

1

|I|
∑
n∈I

|a(n)|

where the supremum is taken over all intervals containingm.
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4 MICHAEL ALPHONSE.A AND SRI SAKTI SWARUP.ANUPINDI

We define dyadic Hardy-Littlewood maximal operator as follows:

Mda(m) = sup
m∈I

1

|I|
∑
k∈I

|a(k)|

where supremum is taken over all dyadic intervals containingm.

4. RELATIONS BETWEEN M AXIMAL OPERATORS

In the following lemmas, we give relations between maximal operators. For the proofs of
the following lemmas, refer [1]. These relations will be used when we prove the weighted
inequalities for maximal ergodic operators.

Lemma 4.1. Given a sequence{a(m) : m ∈ Z}, the following relation holds:

M ′a(m) ≤Ma(m) ≤ 3M ′a(m)

Lemma 4.2. If a = {a(k) : k ∈ Z} is a non-negative sequence witha ∈ `1, then

|{m ∈ Z : M ′a(m) > 4λ}| ≤ 3|{m ∈ Z : Mda(m) > λ}|

In the following lemma, we see that in the norm of BMO(Z) space, we can replace the average
aI of {a(n)} by a constantb. The proof is similar to the proof in continuous version [15]. The
second inequality follows from||a| − |b|| ≤ |a| − |b|.

Lemma 4.3. Consider a non-negative sequencea = {a(k) : k ∈ Z}. Then the following are
valid.

1.
1

2
‖a‖? ≤ sup

m∈I
inf
b∈Z

1

|I|
|a(m)− b| ≤ ‖a‖?

2. M#(|a|)(i) ≤M#a(i), i ∈ Z

5. NORM IN VARIABLE SEQUENCE SPACES

Definition 5.1. Given a bounded sequence{p(n) : n ∈ Z} which takes values in[1,∞), define
`p(·)(Z) to be set of all sequences{a(n) : n ∈ Z} such that for someλ > 0,

∑
k∈Z( |a(k)|

λ
)p(k) <

∞.

We define modular functional for variable sequences spaces associated withp(·) as

ρp(·)(a) =
∑
k∈Z

|a(k)|p(k)

Further for a given sequence{a(k) : k ∈ Z} in `p(·)(Z), we define

‖a‖p(·) = inf
{
λ > 0 : ρp(·)(

a

λ
) ≤ 1

}
‖a‖`p(·)(Z) is a norm iǹ p(·)(Z) [16].

AJMAA, Vol. 21 (2024), No. 1, Art. 9, 21 pp. AJMAA

https://ajmaa.org


COMMUTATOR FOR SINGULAR OPERATORSON VARIABLE EXPONENTSEQUENCESPACESAND THEIR CORRESPONDINGERGODICVERSION 5

6. WEIGHTS

Definition 6.1. For a fixedp, 1 < p <∞, we say that a non-negative sequence{w(n) : n ∈ Z}
belongs to classAp if there is a constantC such that, for all intervalsI in Z, we have(

1

|I|
∑
k∈I

w(k)

)(
1

|I|
∑
k∈I

w(k)−
1

p−1

)p−1

≤ C

Infimum of all such constantsC is calledAp constant. We say that{w(m) : m ∈ Z} belongs to
classA1 if there a constant C such that, for all intervalsI in Z,

1

|I|
∑
k∈I

w(k) ≤ Cw(m)

for all m ∈ I. Infimum of all such constantsC is calledA1 constant.
Let 1 ≤ p < ∞ and{w(n) : n ∈ Z} ∈ Ap(Z). We say that a sequence{a(n) : n ∈ Z} is in
`pw(Z) if ∑

n∈Z

|a(n)|pw(n) <∞

We define norm iǹp
w(Z) by

‖a‖`pw(Z) =

(∑
k∈Z

|a(k)|pw(k)

) 1
p

For a subsetA of Z, w(A) always denotes
∑

k∈Aw(k).
For a given sequence{a(n) : n ∈ Z} ∈ `pw(Z), 1 ≤ p < ∞, the weighted weak type (p,p)
inequality for a non-negative weight sequence{w(n) : n ∈ Z} is as follows:

w({m ∈ Z : Ma(m) > λ}) ≤ C

λp
∑
m∈Z

|a(m)|pw(m)(A4)

Definition 6.2. Let (X,B, µ) be a probability space andU an invertible measure preserving
transformation on X. Suppose1 < p < ∞ andw : X → R be a non-negative integrable func-
tion. The functionw is said to satisfy ergodicAp condition,

esssupx∈X sup
N≥1

(
1

2N + 1

N∑
k=−N

w(Ukx)

)(
1

2N + 1

N∑
k=−N

w(Ukx)
−1
p−1

)p−1

≤ C

The functionw is said to satisfy ergodicA1 condition,

esssupx∈X sup
N≥1

1

2N + 1

N∑
k=−N

w(Ukx) ≤ Cw(Umx)

for m = −N,−N + 1, . . . , N

7. SINGULAR OPERATORS

Definition 7.1. A sequence{φ(n)} is said to be a singular kernel if there exist constantsC1 and
C2 > 0 such that

If φ = {φ(n)} is a singular kernel and{a(n) : n ∈ Z} ∈ `p(Z), 1 ≤ p <∞, define
(S1):

∑N
n=−N φ(n) converges asN →∞.
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6 MICHAEL ALPHONSE.A AND SRI SAKTI SWARUP.ANUPINDI

(S2): φ(0) = 0 and|φ(n)| ≤ C1

|n| , n 6= 0

(S3): |φ(n+ 1)− φ(n)| ≤ C2

n2 , n 6= 0.

Define
Tφa(n) = (φ ? a)(n) =

∑
k∈Z

φ(n− k)a(k)

Since S2 implies thatφ ∈ `r for all 1 < r ≤ ∞, the above convolution is defined. The operator
Tφ defined above is called discrete singular operator. For definition and results on singular
operators on sequence spaces, we refer [20].
If φ is a singular kernel, then the truncationsφN , N ≥ 1 are defined as follows.

φN(n) =

{
φ(n) if |n| ≤ N

0 otherwise

These truncations satisfy

(S3)′ : sup
n

∑
|k|>2|n|

|φN(k − n)− φN(k)| ≤ C2

whereC2 does not depend onN . We remark that the{φN} need not satisfy (S3) uniformly in
N (takeφ(n) = 1

n
as an example)

The maximal singular operator corresponding to this singular operator is defined as

T ?φa(n) = sup
N
|

N∑
k=−N

φ(k)a(n− k)|

8. COMMUTATOR ON WEIGHTED SEQUENCE SPACES `pw(Z)

Let {a(n) : n ∈ Z} ∈ `p(Z) andf ∈ Lp(R), 1 ≤ p <∞.

Definition 8.1. We define commutator of singular operator as the operator of pointwise multi-
plication by a sequenceb = {b(n) : n ∈ Z} and a singular operatorTφ on`p(Z). More precisely,
we consider the operators given

([b, Tφ]a)(n) = b(n)Tφa(n)− Tφ(ba)(n) =
∞∑

k=−∞

φ(k)[b(n)− b(n− k)]a(n− k).

and its maximal versionT ?φ on `p(Z) which is defined as

([b, Tφ]
?a)(n) = sup

N

∣∣∣∣ N∑
k=−N

φ(k)[b(n)− b(n− k)]a(n− k)

∣∣∣∣.
Definition 8.2. We define commutator of maximal ergodic singular operatorT̃φ

[b, T̃φ]
?f(x) = sup

N≥1

∣∣∣∣ N∑
k=−N

φ(k)[b(x)− b(U−kx)]f(U−kx))

∣∣∣∣.
and its truncated version corresponding to commutator of maximal ergodic singular operatorT̃ ?φ
as follows: ForJ ≥ 1

[b, T̃φ]
?
Jf(x) = sup

N≤J

∣∣∣∣ N∑
k=−N

[b(x)− b(U−kx)]f(U−kx)φ(k)

∣∣∣∣.
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Definition 8.3. We define discrete Hilbert transform and maximal discrete Hilbert transform
for a sequence{a(n) : n ∈ Z} ∈ `p(Z) as follows:

Ha(m) =
∑
n∈Z

∣∣∣∣ a(n)

m− n

∣∣∣∣.
H?a(n) = sup

N

∣∣∣∣ N∑
k=−N

a(n− k)

k

∣∣∣∣, a ∈ `p, 1 ≤ p <∞.

We define maximal ergodic Hilbert transform and truncated maximal ergodic Hilbert transform
for a functionf ∈ Lp(R), 1 ≤ p <∞ as follows:

H̃?f(x) = sup
N

∣∣∣∣ N∑
k=−N

f(U−kx)

k

∣∣∣∣.
H̃Jf(x) = sup

1≤n≤J

∣∣∣∣ n∑
k=−n

f(U−kx)

k

∣∣∣∣.
9. SOME RESULTS ON BMO (Z)

In order to prove the boundedness of commutator on weighted sequence spaces, we require
the properties of BMO(Z) which we state and prove in the following lemmas.

One of the most important results about BMO is the John-Nirenberg inequality. As a conse-
quence we get a family of equivalent norms on BMO(Z).

Lemma 9.1. Let b ∈ BMO(Z). Then there exists consstantsC1, C2 > 0 such that, for every
finite intervalI in Z andλ > 0,

|{n ∈ I : |b(n)− bI | > λ}|
|I|

≤ C1e
−C2λ
‖b‖? .

Proof. The key to the proof of the theorem is the Calderón-Zygmund decomposition restricted
to an interval inZ. Proof is same as the result in case ofR. For details refer [15].

John-Nirenberg theorem has an interesting corollary, namely, the reverse Hölder’s inequality.

Corollary 9.2. Let b ∈ BMO(Z). Then for every finitep > 1,

sup
I

(
1

|I|
∑
k∈I

|b(k)− bI |p
) 1

p

≤ Cp ‖b‖? .

Proof. (
1

|I|
∑
k∈I

|b(k)− bI |p
)

= p

∫ ∞

0

λp−1|{n ∈ I : |b(n)− bI | > λ}|
|I|

dλ

≤ C1p

∫ ∞

0

λp−1e
−C2

λ
‖b‖? dλ

≤ C1

Cp
2

p ‖b‖p?
∫ ∞

0

λp−1e−λdλ =
C1

Cp
2

pΓp ‖b‖p? = Cp ‖b‖p? .
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Lemma 9.3. Let b ∈ BMO(Z) andI, J be two finite intervals inZ, I ⊂ J .
(a) If |J | ≤ 2|I|, then

|bI − bJ | ≤ 2 ‖b‖? .
(b) If |J | > 2|I|, then

|bI − bJ | ≤ 2 log[
|J |
|I|

] ‖b‖? .

Proof.
(a)

|bI − bJ | ≤
∣∣∣∣ 1

|I|
∑
k∈I

[b(k)− bJ ]

∣∣∣∣ ≤ 2

|J |
∑
k∈J

|b(k)− bJ | ≤ 2 ‖b‖? .

(b) Let I = I1 ⊂ I2 ⊂ . . . In = J . whereI1, . . . In are intervals inZ such that|IK+1| ≤ 2|Ik|

and wheren ≤ C log

(
|J |
|I|

)
. Repeated applications of (a) yields (b).

Lemma 9.4. Let b ∈ BMO(Z), I any interval inZ andn0 the centre of I. Then for eachr > 1,
there exists a constantCr such that(∑

n/∈3I

|b(n)− bI |r

|n0 − n|r

) 1
r

≤ Cr ‖b‖?
|I| 1

r′
,

where1
r

+ 1
r′

= 1 .

Proof. Recall that3I = 2LI ∪ 2RI. Fork = 1, 2 . . . , let Ik = 3kI andJk = Ik+1 \ Ik. Now(∑
n/∈3I

|b(n)− bI |r

|n0 − n|r

) 1
r

=

( ∞∑
k=1

∑
n∈Jk

(
|b(n)− bI |r

|n0 − n|r

) 1
r
)

≤
( ∞∑
k=0

∑
n∈Jk

|b(n)− bI |r

2kr|I|r

) 1
r

≤
( ∞∑
k=0

∑
n∈Jk

|b(n)− bIk+1
|r

2kr|I|r

) 1
r

+

( ∞∑
k=0

∑
n∈Jk

|bI − bIk+1
|r

2kr|I|r

) 1
r

= A1 + A2.

Then using Corollary9.2, we have

A1 ≤
( ∞∑
k=1

4

2(r−1)k|I|r−1

1

|Ik+1|
∑
n∈Ik+1

|b(n)− bIk+1
|r
) 1

r

≤
( ∞∑
k=1

4

2(r−1)k|I|r−1 ‖b‖?
r

) 1
r

≤ C

|I| 1
r′
‖b‖? .

To estimateA2, we use (b) part of Lemma9.3

A2 ≤
( ∞∑
k=1

∑
n∈Ik+1\Ik

[log( |Ik+1|
|I| )]r ‖b‖r?

2rk|I|r

) 1
r

≤ C

( ∞∑
k=1

2k+2|I|(log 2k+1)r ‖b‖r?
2rk|I|r

) 1
r
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≤ C
‖b‖? 4

1
r

|I| 1
r′

( ∞∑
k=1

(k + 1)r

2(r−1)k

) 1
r

≤ C ‖b‖?
|I| 1

r′
.

10. WEIGHTED SHARP MAXIMAL SEQUENCE THEOREM

The proof of weighted sharp maximal sequence theorem uses Calderón-Zygmund decompo-
sition theorem for sequences, relations between maximal operators and weighted good-Lambda
estimate which were proved in Chapter 4.

Theorem 10.1(Weighted sharp maximal sequence theorem). Let1 ≤ p <∞ andw ∈ Ap(Z).
Then there exists a constantCp,w > 0 such that

‖Ma‖p,w ≤ Cp,w
∥∥a#

∥∥
p,w

, ∀a ∈ `pw(Z).

11. WEIGHTED MAXIMAL COMMUTATOR THEOREM

In this section we prove weighted strong type inequalities for the discrete maximal commu-
tator. the strong type inequalities without weights for the discrete maximal commutators can be
found in [21].

Definition 11.1. For a sequenceb = {b(n)} ∈ BMO(Z), define maximal commutator of
singular integral operator as follows

[b, Tφ]
?a(n) = sup

N
|

N∑
k=−N

φ(k)[b(n)− b(n− k)]a(n− k)|.

We want to prove that the maximal commutator is bounded on`pw(Z), where1 < p < ∞
which we state it as the following theorem.

Theorem 11.1(Weighted maximal commutator theorem). Let 1 < p < ∞, b ∈ BMO(Z).
Then there exists a constantCP > 0 such that

‖[b, Tφ]?a‖`pw(Z) ≤ Cp ‖a‖`pw(Z) .

Condition(S3) in the definition of singular kernel plays a crucial role in this proof. LetφN
denote truncation ofφ which is defined as follows

φN(k) =

{
φ(k) if |k| ≤ N,

0 if |k| > n.
(11.1)

The proof of the maximal commutator inequalities would have been simpler if theφN ’s sat-
isfied(S3) uniformly inN . However this is not true even forφ(n) = 1

n
. To overcome this diffi-

culty we dominate[b, Tφ]? by a sum of two operators[b, Tν ]? and[b, T|ψ|]
?, whose truncated ker-

nelsνN , ψN satisfyS3 uniformly inN . Then we prove the boundedness of the corresponding
maximal operators oǹpw(Z). We define the kernels{ν} , {ψ} and their truncation{νN} , {ψN}
as follows.

Definition 11.2. Consider the differentiable functionν andψ defined on(0,∞) by

ν(t) =


1 if 0 < t ≤ 1

2
1
2
[1− cos 2πt] if 1

2
< t ≤ 1

0 if t > 1

(11.2)
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ψ(t) =



0 if 0 < t ≤ 1
2

1
2
[1 + cos 2πt] if 1

2
< t ≤ 1

1 if 1 < t < 2
1
2
[1− cos πt

2
] if 2 ≤ t ≤ 4

0 if t > 4

(11.3)

Observe that

|χ[0,1)(t)− ν(t)| ≤ ψ(t), t ∈ (0,∞).(11.4)

For j ∈ Z, let

νN(j) = φ(j)ν(
|j|
N

)

ψN(j) = φ(j)ψ(
|j|
N

).

Using the kernels{νN} and{ψN}, we define the operators[b, Tν ]? and[b, T|ψ|]
? as

[b, Tν ]
?a(n) = sup

N≥1

∣∣∣∣ ∞∑
j=−∞

[b(n)− b(j)]νN(n− j)a(j)

∣∣∣∣
[b, T|ψ|]

?a(n), = sup
N≥1

∞∑
j=−∞

|[b(n)− b(j)]||ψN(n− j)||a(j)|.

Because of inequality11.4, we can prove the following lemma.

Lemma 11.2.For eachn ∈ Z
[b, Tφ]

?a(n) ≤ [b, Tν ]
?a(n) + [b, T|ψ|]

?a(n).

As we mentioned earlier in the following lemma, we prove both the truncated kernels{νN} , {ψN}
satisfy(S3) uniformly inN .

Lemma 11.3.There exists a constantC > 0 such that

|νN(n− j)− νN(n)| ≤ C|j|
(n− j)2 for |n| > 2|j| and ∀N ≥ 1.(11.3[A])

|ψN(n− j)− ψN(n)| ≤ C|j|
(n− j)2 for |n| > 2|j| and ∀N ≥ 1.(11.3[B])

Proof. We will prove first of the inequalities11.3[A]. The proof for second inequality11.3[A]
is similar.
Consider the kernel{νN}. Let |n| > 2|j|. Then as in [2] we can show that

|νN(n− j)− νN(n)| =
∣∣∣∣φ(n− j)ν(

|n− j|
N

)− φ(n)ν(
|n|
N

)

∣∣∣∣
≤ |φ(n− j)− φ(n)||ν( |n|

N
)|+ |φ(n− j)||ν( |n|

N
)− ν(

|n− j|
N

)|

≤ C
|j|

(n− j)2
+ C

1

|n− j|

∣∣∣∣ν( |n|N )− ν(
|n− j|
N

)

∣∣∣∣.
Since suppν ⊆ (0, 1] and|n| > 2|j|,

|ν( |n− j|
N

)− ν(
|n|
N

)| = 0 if
|n− j|
N

> 2.
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If |n−j|
N

≤ 2, applying the mean value theorem, we get∣∣∣∣ν( |n− j|
N

)− ν(
|n|
N

)

∣∣∣∣ ≤ |j|
N
ν ′(t0).

wheret0 is a point between|n−j|
N

and |n|
N

. But |ν ′(t)| ≤ π, ∀t ∈ (0,∞). Therefore,

|ν( |n− j|
N

)− ν(
|n|
N

)| ≤ |j|π
N

≤ 2π|j|
|n− j|

.

Hence, the kernels{νN} satisfy condition S3 uniformly.

For proving the boundedness of the operators[b, Tν ]
? and [b, T|ψ|]

? on `pw(Z), we need to
consider the maximal operatorsT ?ν andT ?|ψ| defined as:

T ?ν = sup
N≥1

|
∞∑

k=−∞

νN(n− k)a(k)|

T ?|ψ| = sup
N≥1

|
∞∑

k=−∞

ψN(n− k)a(k)|.

Lemma 11.4.Let1 < p <∞. Then there exists a constantCp > 0 such that

‖T ?ν a‖`pw(Z) ≤ cp ‖a‖`pw(Z) ∀a ∈ `pw(Z)∥∥T ?|ψ|a∥∥`pw(Z)
≤ cp ‖a‖`pw(Z) ∀a ∈ `pw(Z).

Proof. For a non negative real numberα. let [α] denote the greatest integer less than or equal to
α. Then

|
∑

|n−j|≤N

φ(n− j)ν(
|n− j|
N

)a(j)|

≤ |
∑

|n−j|≤[N/2]

φ(n− j)a(j)|+
∑

N≥|n−j|>[N/2]

|φ(n− j)||a(j)|

≤ |
∑

|n−j|≤[N/2]

φ(n− j)a(j)|+ C2

∑
N≥|n−j|>[N/2]

|a(j)|
|n− j|

.

≤ C[T ?φa(n) +Ma(n)]

whereMa is the Hardy-Littlewood maximal sequence of{a(n) : n ∈ Z}. Therefore,

T ?ν a(n) ≤ C[T ?φa(n) +Ma(n)].

Since we already prove thatM andT ?φ are bounded oǹpw(Z) in Chapter4 and Chapter5 respec-
tively , it follows thatT ?ν is also bounded oǹpw(Z).
For the proof of second inequality, fix N and consider∑

|n−j|≤4N

|φ(n− j)|ψ(
|n− j|
N

)|a(j)|

≤
∑

4N≥|n−j|>N/2

|φ(n− j)||a(j)| ≤ C2

∑
4N≥|n−j|>N/2

|a(j)|
|n− j|

≤ C

8N + 1

∑
|n−j|≤4N

|a(j)| ≤ CMa(n).
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Therefore,T ?|ψ|a(n) ≤ CMa(n). It follows thatT ?|ψ| is bounded oǹpw(Z).

Theorem 11.5.Let 1 < p <∞ andB ∈ BMO(Z). Then there exists a constantCp > 0 such
that

‖[b, Tν ]?a‖`pw(Z) ≤ cp ‖a‖`pw(Z) ∀a ∈ `pw(Z).∥∥[b, T|ψ|]
?a

∥∥
`pw(Z)

≤ cp ‖a‖`pw(Z) ∀a ∈ `pw(Z).

Proof. For J=1,2,3... define

VJa(n) = sup
N≤J

∣∣∣∣ n+N∑
j=n−N

[b(n)− b(j)]νN(n− j)a(j)

∣∣∣∣.
WJa(n) = sup

N≤J

n+4N∑
j=n−4N

|b(n)− b(j)||ψN(n− j)||a(j)|.

Then

[b, Tν ]
?a(n) = sup

J
VJa(n).

[b, T|ψ|]
?a(n) = sup

J
WJa(n).

We will prove that

‖VJa‖`pw(Z) ≤ C ‖a‖`pw(Z) .

‖WJa‖`pw(Z) ≤ C ‖a‖`pw(Z) .

For the proof of above inequalities, we first obtain estimates for the corresponding sharp max-
imal sequences. Then we will prove Theorem11.5 using weighted sharp maximal sequence
theorem i.e Theorem10.1. These estimates are proved in the following lemma.

Lemma 11.6. Let r > 1 and{a(n) : n ∈ Z} be a sequence. then there exist constantsC and
C1 such that

sup
J

(VJa)
#(n) ≤ C ‖b‖? [M(T ?ν a)

r(n)]
1
r + [M(a)r(n)]

1
r(11.5)

sup
J

(WJa)
#(n) ≤ C1 ‖b‖? [M(T ?|ψ|a)

r(n)]
1
r + [M(a)r(n)]

1
r .(11.6)

Proof. Fix J ≥ 1 andn ∈ Z. Then ifI is an interval containingn, put

CI = sup
N≤J

|
∞∑

i=−∞

[b(i)− bI ]νN(jo − i)aχZ\3I(i)|.

wherejo is centre of I. Then, forj ∈ I
|VJa(j)− CI | =∣∣∣∣ sup
N≤J

|
∞∑

i=−∞

[b(j)− b(i)]νN(j − i)a(i)| − sup
N≤J

|
∞∑

i=−∞

[bI − b(i)]νN(jo − i)aχZ\3I(i)|
∣∣∣∣

≤ sup
N≤J

∣∣∣∣ ∞∑
i=−∞

[b(j)− b(i)]νN(j − i)a(i)−
∞∑

i=−∞

[bI − b(i)]νN(jo − i)aχZ\3I(i)

∣∣∣∣
≤ sup

N≤J

∣∣∣∣ ∞∑
i=−∞

[b(j)− bI ]νN(j − i)a(i)

∣∣∣∣
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+ sup
N≤J

∣∣∣∣ ∞∑
i=−∞

[b(i)− bI ]νN(jo − i)aχ3I(i)

∣∣∣∣
+ sup

N≤J

∣∣∣∣ ∞∑
i=−∞

[b(i)− bI ][νN(j − i)− νN(jo − i)]aχZ\3I(i)

∣∣∣∣
= A1(j) + A2(j) + A3(j).

For the first term, we have, with1
r

+ 1
r′

= 1

1

|I|
∑
j∈I

A1(j) ≤
1

|I|
∑
j∈I

|b(j)− bI |T ?ν a(j)

≤
(

1

|I|
∑
j∈I

|b(j)− bI |r
′
) 1

r′
(

1

|I|
∑
j∈I

|T ?ν a(j)|r
) 1

r

≤ ‖b‖? [M(T ?ν a)
r(n)]

1
r .

Now consider

1

|I|
∑
j∈I

A2(j) ≤
1

|I|
∑
j∈I

|T ?ν [(b− bI)aχ3I ](j)|

≤

{
1

|I|
∑
j∈I

|T ?ν [(b− bI)aχ2I ](j)|s
} 1

s

,

wheres > 1. We can further replace the above summation overI by a summation overZ. Then
using the boundedness ofT ?ν on ls, we get

1

|I|
∑
j∈I

A2(j) ≤ C

{
1

|I|
∑
j∈3I

|b(j)− bI |s|a(j)|s
} 1

s

≤ C

{
1

|3I|
∑
j∈3I

|b(j)− bI |sq
} 1

sq
{

1

|3I|
∑
j∈2I

|a(j)|sq′
} 1

sq′

,

whereq > 1 and 1
q

+ 1
q′

= 1
Now,{

1

|3I|
∑
j∈3I

|b(j)− bI |sq
} 1

sq

≤ C

(
1

|3I|
∑
j∈3I

|b(j)− b2I |sq
) 1

sq

+ |b2I − bI | ≤ C ‖b‖? .

Therefore,

1

|I|
∑
j∈I

A2(j) ≤ c ‖b‖? [M(|a|r)(n)]
1
r .

provided we chooses andq′ so thatsq′ = r. It remains to estimateA3(j), j ∈ I.

A3(j) ≤ sup
N≤J

∞∑
i=−∞

|b(i)− bI ||νN(j − i)− νN(j0 − i)||aχZ\2I(i)|.
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But sincei /∈ 3I andj ∈ I, |j0 − i| > 2|j − j0|
Therefore,

|νN(j − i)− νN(j0 − i)| ≤ C|j − j0|
(j − i)2

≤ C|j − j0|
(jo − i)2

.

Therefore,

A3(j) ≤ C sup
N≤J

∞∑
i=−∞

|b(i)− bI |
|j − j0|
(j0 − i)2

|aχZ\3I(i)|

≤ C(|I|)
(∑
i/∈3I

|b(i)− bI |r
′

|j0 − i|r′
) 1

r′
(∑
i/∈3I

|a(i)|r

|j0 − i|r

) 1
r

.

Now by Lemma9.4 (∑
i/∈3I

|b(i)− bI |r
′

|j0 − i|r′
) 1

r′

≤ C ‖b‖?
(|I|) 1

r

.

Now let Ik = 3kI, then by standard techniques, we get(∑
i/∈3I

|a(i)|r

|j0 − i|r

) 1
r

. ≤ C[M(|a|r)(n)]
1
r

|I| 1
r′

.

Therefore,
A3(j) ≤ C ‖b‖? [M(|a|r)(n)]1/r.

and so,
1

|I|
∑
j∈I

A3(j) ≤ C ‖b‖? [M(|a|r)(n)]1/r.

For the proof of second inequality in Lemma11.6, we proceed as follows. Forn ∈ Z and
any interval I containing n, we choose

CI = sup
N≤J

∞∑
i=−∞

|b(i)− bI ||ψN(j0 − i)||aχZ\3I(i)|.

wherej0 is centre of I. Then

|Wja(j)− CI | =∣∣∣∣ sup
N≤J

∞∑
i=−∞

|b(j)− b(i)||ψN(j − i)||a(i)|

− sup
N≤j

∞∑
i=−∞

|b(i)− bI ||ψN(j0 − i)||aχZ\3I(i)|
∣∣∣∣

≤ sup
N≤J

∞∑
i=−∞

∣∣∣∣|b(j)− b(i)||ψN(j − i)||a(i)| −
(
|b(i)− bI ||ψN(j0 − i)||aχZ\3I(i)|

)∣∣∣∣
≤ sup

N≤J

∞∑
i=−∞

∣∣∣∣∣
[∣∣∣∣((b(j)− bI)|ψN(j − i)||a(i)|+ (bI − b(i))|ψN(j − i)||aχ3I(i)|

)

+ (bI − b(i))|ψN(j − i)||aχZ\3I(i)|
∣∣∣∣]− (

|bI − b(i)||ψN(j0 − i)||aχZ\3I |
)∣∣∣∣∣.
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Now ∣∣∣∣|x+ y| − |z|
∣∣∣∣ ≤ |x|+

∣∣∣∣|y| − |z|
∣∣∣∣,∀x, y, z ∈ C.(11.7)

We have

|Wja(j)− CI |

≤ sup
N≤J

∞∑
i=−∞

∣∣∣∣|b(j)− bI ||ψN(j − i)||a(i)|+ (bI − b(i))|ψN(j − i)||aχ3I(i)|
∣∣∣∣

+

∣∣∣∣|b(i)− bI ||ψN(j − i)||aχZ\3I(i)| − |b(i)− bI ||ψN(j0 − i)||aχZ\3I(i)|
∣∣∣∣

≤ sup
N≤J

∞∑
i=−∞

|b(j)− bI ||ψN(j − i)||a(i)|

+ sup
N≤J

∞∑
i=−∞

|b(i)− bI ||ψN(j − i)||aχ3I(i)|

+ sup
N≤J

∞∑
i=−∞

|b(i)− bI ||ψN(j − i)− ψN(j0 − i)||aχZ\3I(i)|

= B1(j) +B2(j) +B3(j).

The estimates for each of these terms are obtained exactly as in the previous case by replacing
ν by ψ . This concludes proof of Lemma11.6.

Here we prove the boundedness of sharp maximal sequences
{
(VJa)

#
}
,
{
(WJa)

#
}

on`pw(Z).

Theorem 11.7.For 1 < p <∞,∥∥(VJa)
#
∥∥
`pw(Z)

≤ C ‖a‖`pw(Z) , ∀a ∈ `pw(Z).∥∥(WJa)
#
∥∥
`pw(Z)

≤ C1 ‖a‖`pw(Z) , ∀a ∈ `pw(Z).

whereC,C1 are independent ofJ

Proof. ∥∥(VJa)
#
∥∥
`pw(Z)

=

{
∞∑

n=−∞

|(VJa)#(n)|pw(n)

} 1
p

≤ C

{
∞∑

n=−∞

M(T ?ν a)
r(n)w(n)]

p
r

} 1
p

+

{
∞∑

n=−∞

[M(|a|r(n)]
p
rw(n)

} 1
p

≤ C

{
∞∑

n=−∞

[T ?ν a(n)]pw(n)

} 1
p

+

{
∞∑

n=−∞

[a(n)]pw(n)

} 1
p

≤ C ‖a‖`pw(Z) .

By a similar argument
‖(WJa)

?‖`pw(Z) ≤ C ‖a‖`pw(Z) .
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It remains to proveVJa,WJa ∈ `pw(Z). Then the boundedness of sequences{(VJa)} , {(WJa)}
on `pw(Z) hold by the weighted sharp maximal sequence theorem i.e Theorem10.1 as follows

‖(VJa)‖p ≤ ‖M(VJa)‖p ≤ Cp
∥∥(VJa)

#
∥∥
p
, ∀ a ∈ `pw(Z).

‖(VJa)‖p ≤ ‖M(VJa)‖p ≤ Cp
∥∥(VJa)

#
∥∥
p
, ∀ ∈ `pw(Z).

The`pw(Z) norms of{(VJa)} , {(WJa)}( may depend on J).
Alternatively, we claim that

VJa(n) ≤ CJ ‖b‖? (M(|a|r)(n))1/r, 1 < r <∞.

and
WJa(n) ≤ C ′

J ‖b‖? T
?
|ψ|a(n).

We have

VJa(n) = sup
N≤J

|
n+N∑
i=n−N

[b(n)− b(i)]νN(n− i)a(i)|

= sup
N≤J

|
∞∑

i=−∞

[b(n)− b(i)]νN(n− i)aχIJ (i)|.

whereIJ = [n − J, n + J ]. We estimate this exactly as we estimated the termA2 in Lemma
11.6 and we have

VJa(n) ≤ (2J + 1) {C ‖b‖? + (log J) ‖b‖?} {M(|a|r)(n)}1/r

≤ CJ ‖b‖? {M(|a|r)(n)}1/r .

Therefore, choosingr < p we see thatVJa ∈ `pw(Z) for a ∈ `pw(Z).
Next letn ∈ Z andI4J = [n− 4J, n+ 4J ]. Then fori ∈ I4J

|b(n)− b(i)| ≤ |b(n)− bI4J
|+ |bI4J

− b(i)| ≤ 2(8J + 1) ‖b‖? .
Therefore,

WJa(n) = sup
N≤J

n+4N∑
i=n−4N

|b(n)− b(i)||ψN(n− i)||a(i)| ≤ CJ ‖b‖? T
?
|ψ|a(n).

SoWJa ∈ `pw(Z),∀a ∈ `pw(Z).
Hence we conclude the boundedness of operatorsVJ ,WJ on `pw(Z). Since the constants ob-
tained in the inequalities stated in Theorem11.7 are independent ofJ , boundedness of[b, Tν ]?, [b, T|ψ|]?

on `pw(Z), 1 < p <∞ follow immediately using weighted sharp maximal sequence theorem.

Corollary 11.8. Let 1 < p < ∞. If b ∈ BMO(Z), then the commutator of the singular
operator[b, Tφ]a exists for everya ∈ `pw(Z).

Proof. Note that finite sequences are dense in`pw(Z) [23] and [b, Tφ]a exists for every finite
sequence{a(n) : n ∈ Z}. Since[b, Tφ]

? is bounded oǹpw(Z), the proof follows.

12. M AXIMAL COMMUTATOR OF SINGULAR OPERATOR ON VARIABLE SEQUENCE

SPACES``
p(·)

(Z)

In this section, we prove strong type inequality for the maximal commutator of singular
operator oǹ p(·)(Z), 1 < p− ≤ p+ < ∞, 1 ≤ p < ∞, using Rubio de Francia extrapolation
method given in [16].
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Theorem 12.1.Given a sequence{a(n) : n ∈ Z}, supposep(·) ∈ S such thatp− > 1. Let
[b, Tφ]

? be a maximal commutator of singular operator.
Then,

‖[b, Tφ]?a‖`p(·)(Z) ≤ C ‖a‖`p(·)(Z) .

Proof. Takep0 such that1 < p0 ≤ p− ≤ p+ <∞. Therefore by Lemma [11]

‖([b, Tφ]?a)‖p0`p(·)(Z)
= ‖([b, Tφ]?a)p0‖

`
p(·)
p0

(Z)

= sup

h∈`(
p(·)
p0

)
′

(Z),‖h‖
`
(

p(·)
p0

)
′

(Z)

=1

∑
k∈Z

|[b, Tφ]?a(k)|p0|h(k)|

≤ sup

h∈`(
p(·)
p0

)
′

(Z),‖h‖
`
(

p(·)
p0

)
′

(Z)

=1

∑
k∈Z

|[b, Tφ]?a(k)|p0Rh(k)

≤ C sup

h∈`(
p(·)
p0

)
′

(Z),‖h‖
`
(

p(·)
p0

)
′

(Z)

=1

∑
k∈Z

|a(k)|p0Rh(k)

≤ C sup

h∈`(
p(·)
p0

)
′

(Z),‖h‖
`
(

p(·)
p0

)
′

(Z)

=1

‖|a|p0‖
`

p(·)
p0

(Z)
‖Rh‖

`
(

p(·)
p0

)
′

(Z)

= C sup

h∈`(
p(·)
p0

)
′

(Z),‖h‖
`
(

p(·)
p0

)
′

(Z)

=1

‖|a|‖p0
`p(·)(Z)

‖Rh‖
`
(

p(·)
p0

)
′

(Z)

≤ 2C‖a‖p0
`p(·)(Z)

.

13. M AXIMAL ERGODIC COMMUTATOR OF SINGULAR OPERATOR

Let (X,B, µ) be a probability space andU an invertible measure preserving transformation
onX. We define the commutator of the truncated maximal ergodic singular operator as follows:

[b, T̃φ]
?
Jf(x) = sup

N≤J
|

N∑
k=−N

φ(k)[b(x)− b(U−kx)]f(U−kx)|.

Definition 13.1 (BMO(X)). For a probability space(X,B, µ) and an invertible measure pre-
serving transformation onX, the space BMO(X) is defined as the space of those functions
b ∈ L1(X) satisfying

esssupx∈X

(
sup
N≥1

1

2N + 1

N∑
k=−N

|b(Ukx)− 1

2N + 1

N∑
j=−N

b(U jx)|
)

= ‖b‖? <∞.

Now, we prove the strong type inequality for the maximal ergodic commutator of singular
operator onLpw(X,B, µ) spaces.

Theorem 13.1.Let (X,B, µ) be a probability space andU an invertible measure preserving
transformation on X. Ifw is an ergodicAp weight,1 < p < ∞ andb ∈ BMO(X), then there
exists a constantCp > 0 such that∥∥∥[b, T̃φ]

?f
∥∥∥
Lp

w(X)
≤ Cp ‖f‖Lp

w(X) ∀f ∈ Lpw(X,B, µ).
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Proof. Observe that ifb ∈ BMO(X), thenb ∈ L1(X) and for a.e the sequencebx given by
bx(n) = b(Unx) is in BMO(Z), with ‖bx‖? ≤ C, whereC is independent of x. ForJ ≥ 1, let

[b, T̃φ]
?
Jf(x) = sup

N≤J

∣∣∣∣ N∑
k=−N

[b(x)− b(U−kx)]f(U−kx)φ(k)

∣∣∣∣.
We will prove that ∥∥∥[b, T̃φ]

?
Jf

∥∥∥
Lp

w(X)
≤ C ‖f‖Lp

w(X) ∀f ∈ Lpw(X,B, µ),

where the constant C is independent of f and J. Then the theorem will follow by monotone
convergence theorem. For a.ex ∈ X let

[bx, Tφ]
?
Ja(n) = sup

N≤J

∣∣∣∣ N∑
k=−N

[bx(n)− bx(n− k)]a(n− k)φ(k)

∣∣∣∣.
It is easy to see that[bx, Tφ]?J is sub linear. LetL be any integer greater than or equal toJ .
Observe that if{a(n) : n ∈ Z} is a sequence such thata(n) = 0 for |n| ≤ L then

[b, Tφ]
?
Ja(n) = 0 for |n| ≤ L− J.

For a.ex ∈ X, let fx(n) = f(Unx) andwx(n) = w(Unx). Fork ∈ Z+, define

fKx (n) =

{
fx(n) if |n| ≤ K,

0 if |n| > K.

Since[b,Tφ]
?
J is sub linear, forK,L ∈ Z andn ∈ Z, we have

[bx, Tφ]
?
Jfx(n) ≤ [bx, Tφ]

?
Jf

K+L
x (n) + [b,Tφ]

?
J(fx − fK+L

x )(n).

We can choose L large enough so that

[[bx, Tφ]
?
J(fx − fK+L

x )](n) = 0 if |n| ≤ K.

Note that L depends only on J and not on K. Therefore,

[bx, Tφ]
?
Jfx(n) ≤ [bx, Tφ]

?
Jf

K+L
x (n)

for |n| ≤ K.
Also, for a.ex ∈ Xandj ∈ Z, we have

[b, T̃φ]
?
Jf(U jx) = sup

N≤J
|

N∑
k=−N

[b(U jx)− b(U j−k)]f(U j−k)φ(k)|

= sup
N≤J

|
N∑

k=−N

[bx(j)− bx(j − k)]fx(j − k)φ(k)|

= [bx, Tφ]
?
Jfx(j).

Then ∫
X

([b, T̃φ]
?
Jf(x))pw(x)dµ =

1

2K + 1

K∑
j=−K

∫
X

([b, T̃φ]
?
Jf(U jx))pw(U jx)dµ
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=
1

2K + 1

K∑
j=−K

∫
X

([bx, Tφ]
?
Jfx(j))

pwx(j)dµ

≤ 1

2K + 1

K∑
j=−K

∫
X

([bx, Tφ]
?
Jf

K+L
x (j))pwx(j)dµ

≤ C

2K + 1

∫
X

K+L∑
j=−(K+L)

|fx(j)|pwx(j)dµ

=
C

2K + 1

K+L∑
j=−(K+L)

∫
X

|f(U jx)|pw(U jx)dµ

≤
C[2(K + L) + 1] ‖f‖p

Lp
w(X)

2K + 1
.

Choosing K sufficiently large, we get∥∥∥[b, T̃φ]
?
Jf

∥∥∥
Lp

w(X)
≤ Cp ‖f‖Lp

w(X) .

Remark 13.1. Using the boundedness of maximal ergodic commutator of singular operator
and Rubio de Francia method, we can prove that the maximal ergodic commutator of singular
operator is bounded on variableLp(·)(X,B, µ) spaces. But Rubio de Francia method assumes
ergodic maximal operator is bounded on the variableLp(·)(X,B, µ) spaces. With this assump-
tion we can prove the boundedness of maximal ergodic commutator singular operator to variable
Lp(·)(X,B, µ) spaces.
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