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1. INTRODUCTION

In [18] John and Nirenberg introduced the space BMO. A locally integrable functefined
onR is said to be in BMOR) if

sup 1) = bl = ], < oc

whereb; = il 5 [ b(x)dz and the supremum is taken over all finite interval&Rin || [
defined as the norm on BM®]. With this norm BMOR) is a Banach space. For standard
results on BMOR) see [23]. Most results on BM@( carry over to BMOZ) and the proofs
are more or less the same. For details we refer to [21].

In [8] Coifman, Rochberg and Weiss proveed thdt & BMO(R) then[b, H] is a bounded
operator onL?(R) for 1 < p < oo. Conversely, if[b, H] is bounded on?(R) for some
p, 1 <p< oo, thenb € BMO(R).

Commutators were introduced by R. Coifman, R. Rochberg and G. Weiss in [9], who used
them to extend the classical theory Bf spaces to higher dimensions. They proved that
BMO is sufficient for[b, T'] to be bounded and proved a partial converse. The full converse is
due to S.Janson in[17] .

In this paper, we study the commutafbr7;,| of the operator of pointwise multiplication by
a sequencéb(n) : n € Z} and a singular operatdr,. This is given by

[b, Tsla(n) = b(n)Tya(n) — Ty(ba)(n)
If b € BMO(Z) andTy is a discrete singular operator, we show that the maximal commutator

b, Ty]*a(n) = sup\ Z —b(n —k)a(n — k)|
k=—N
is bounded orf? (Z), 1 < p < oo, w € A,,.
For a probability spacéX, 5, ;1) and an invertible measure preserving transformatioon
X, the space BMO(X) is defined as the space of those functiené' (X) satisfying

1 .
b(U b(U7x)|] = ||b]|, <
esses;gp]svggzNHZl Doy 2 MOl = B < o

In [9] Coifman and Weiss showed that this space is the dual space of the ergodic Hardy
spaceH!(X) = {f e LMX):Hf Ll(X)}. Let (X, B, ) be a probability space arld a
measure preserving transformation. We also study the commutator of the operator of pointwise
multiplication by a functiorb on X and an ergodic singular operatty,

[b, T5)f (x) = b(2) Ty f () = Ty(bf) (), f € LP(X)

To prove the almost everywhere existencébof | f, for f € L?(X) and the boundedness of
this operator, we again consider the maximal operator

b, To)" f —Sup!Zsb — (U )] f(UF2)]

Forl < p < o0,b € BMO(X), we show that this maximal commutator is bounded on
LP (X, B, ). Herew is an ergodicA4, weight. The commutator of the Hilbert transform on
sequence spacéyZ),1 < p < oo and their corresponding ergodic verion are studied in [21].
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2. DEFINITIONS AND NOTATION

Throughout this pape¥, denotes set of all integers a#id denotes set of all positive integers.
For a given intervall in Z (We always mean finite interval of integers)/| always denotes
the cardinality of/. For each positive integer N, consider collection of disjoint intervals of
cardinality2”,

{]NJ}]‘QZ - {[(] - 1>2N + 17 s ’jQN]}jGZ
The set of intervals which are of the forfiy ; where N € Z, andj € Z are called dyadic
intervals. For fixedV, Iy ; are disjoint.

Let I be an interval irZ with centeryj,. If I is an interval of lengtR N, by centre we mean

I'=[jo—N—1jo,jo+1,...,50+ N|
If I is an interval of lengtl2 N + 1, by centre we mean
I'=[jo—N,....Jos---sJo+ NJ

With j, be center of a dyadic interval, jf is odd,2/ denotes an intervaj, — 2N, jo + 2N]. If
Jo is even, the left half would be slightly less than the right half and this slight difference will
be observed in the constant derived in the inequalities.

For a given sequencéa(n) : n € Z} and an intervall, a(f) = >, ,a(k). For a se-
quence{p(n) : n € Z,p(n) > 1}, definep_ = inf {p(n) : n € Z} ,p, = sup{p(n) : n € Z}.
Throughout this paper, we assume < oo and

1<p_ <pn)<py <oo,né€Z.

We denote set of all such sequenée&) : n € Z} by S.
Throughout the papef’, C, C, ... denote the constants which may change from one line to
the next.

3. MAXIMAL OPERATORS

Let {a(n) : n € Z} be a sequence. We define the following three types of Hardy-Littlewood
maximal operators as follows:

Definition 3.1. Given a sequencéu(n) : n € Z} and an interval, let a; denote average of
{a(n):ne€Z}onl. Let,a; = % > mera(m). Define the sharp maximal operatbf# as
follows

where the supremum is taken over all mtervhts)ntalnlngm.
A sequencd = {b(n)} is said to be iBMO (Z) if M#b € (. We define an norm on BM@))
as||b]l, = || M#b||__. Then the space BM) is a Banach space.

If I, is the interval —r, —r +1,...,0,1,2,...,r — 1,7}, define centered Hardy-Littlewood
maximal operator

M'a(m) = sup Z!

We define Hardy-Littlewood maximal operator as foIIows

Ma(m) = sup — 7] Z\a

mel

where the supremum is taken over all intervals contalmng
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We define dyadic Hardy-Littlewood maximal operator as follows:

Mya(m) = sup — 7] Z]a

mel kel

where supremum is taken over all dyadic intervals containing

4. RELATIONS BETWEEN MAXIMAL OPERATORS

In the following lemmas, we give relations between maximal operators. For the proofs of
the following lemmas, refei [1]. These relations will be used when we prove the weighted
inequalities for maximal ergodic operators.

Lemma 4.1. Given a sequencfu(m) : m € Z}, the following relation holds:
M'a(m) < Ma(m) < 3M'a(m)
Lemma4.2.If a= {a(k) : k € Z} is a non-negative sequence wite ¢, then
{m € Z : M'a(m) > 4\}| < 3|{m € Z : Mga(m) > \}|

In the following lemma, we see that in the norm of BMA)&Epace, we can replace the average
ay of {a(n)} by a constank. The proof is similar to the proof in continuous version/[15]. The
second inequality follows frofja| — |b|| < |a| — |b].

Lemma 4.3. Consider a non-negative sequerge= {a(k) : k € Z}. Then the following are
valid.

1-HW<MMHM)%KMh

2. M*(Jal)(i) < M¥a(i),i € Z

5. NORM IN VARIABLE SEQUENCE SPACES

Definition 5.1. Given a bounded sequengg(n) : n € Z} which takes values ifi, c0), define

0)(Z) to be set of all sequencéa(n) : n € Z} such that for soma > 0, 3, , (1B <
Q.

We define modular functional for variable sequences spaces associated-\wih

= > la(P®

kEZ

Further for a given sequende(k) : k € Z} in /*0)(Z), we define
. a
lall,., = inf {)\ >0: pp(.)(x) < 1}

lall oz is @ norm ine?t)(Z) [16].
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6. WEIGHTS

Definition 6.1. For a fixedp, 1 < p < oo, we say that a non-negative sequeficén) : n € Z}
belongs to classl, if there is a constar@ such that, for all interval$ in Z, we have

(o) () e

kel

Infimum of all such constants is calledA, constant. We say thgtv(m) : m € Z} belongs to
classA, if there a constant C such that, for all intervalm Z,

|]|Z ) < Cw(m)

for all m € I. Infimum of all such constants is calledA; constant.
Letl < p < oo and{w(n):n € Z} € A,(Z). We say that a sequenge(n) : n € Z} is in

r(Z) if
Z\a )Pw(n) < oo

neL

We define norm it? (Z) by

ol = (3 latorPuch))
keZ
For a subset! of Z, w(A) always denoted _, _ , w(k).
For a given sequencgu(n) : n € Z} € £ (Z),1 < p < oo, the weighted weak type (p,p)
inequality for a non-negative weight sequeRegn) : n € Z} is as follows:

(A4) w({m € Z : Ma(m) > \}) < Z|a )[Pw(m
meZ
Definition 6.2. Let (X, B, 1) be a probability space and an invertible measure preserving

transformation on X. Suppode< p < co andw : X — R be a non-negative integrable func-
tion. The functionw is said to satisfy ergodid, condition,

1 N N p—]_
rex S Uk <C
esssup GX?Vllzli(QN"‘lkZ_Nw( )(2N+1 ZN ) >
The functionw is said to satisfy ergodid; condition,
o ) < Cw(U™x
esssup EXJSVHE 2N—|—1 Z w( )

form=—-N,—-N+1,...,N

7. SINGULAR OPERATORS

Definition 7.1. A sequencd ¢(n)} is said to be a singular kernel if there exist constaihtand
Cy > 0 such that

If = {¢(n)} is asingular kernel anflu(n) : n € Z} € (P(Z),1 < p < oo, define
(S1): 3N ¢(n) converges a8 — oc.
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(S2): 9(0) = 0 andjo(n)| < . # 0
(S3): lo(n+1)—o(n)| <SG, n#0.

Define
Tya(n) = (¢ a)(n) = Y é(n—
keZ
Since S2 implies thap € ¢" for all 1 < r < oo, the above convolution is defined. The operator
T, defined above is called discrete singular operator. For definition and results on singular
operators on sequence spaces, we refer [20].
If ¢ is a singular kernel, then the truncatians, N > 1 are defined as follows.

_Jon) if In|<N
On(n) = { 0 otherwise
These truncations satisfy
S3) 1 sup Y |oy(k—n) = on(k)| < Co
" k>20n|

where(C, does not depend oN. We remark that thg¢,, } need not satisfy (S3) uniformly in
N (take¢(n) = L as an example)
The maximal singular operator corresponding to this singular operator is defined as

n) = sup| 3~ o(k)an -

8. COMMUTATOR ON WEIGHTED SEQUENCE SPACES (7, (Z)
Let{a(n) :n € Z} € ?(Z)andf € LP(R),1 < p < oc.

Definition 8.1. We define commutator of singular operator as the operator of pointwise multi-
plication by a sequende= {b(n) : n € Z} and a singular operat@, on(?(Z). More precisely,
we consider the operators given

o0

(Ib. Tyla)(n) = b(n)Tya(n) — Ty(ba)(n) = Y ¢(k)[b(n) —b(n — k)ja(n — k).

k=—00

and its maximal versiofi’; on ¢7(Z) which is defined as

([0, TyJ"a)(n) = sup

Z o(k —bn—k)]a(n—k)‘.

Definition 8.2. We define commutator of maximal ergodic singular oper’éﬁgor
N

S o(klbr) - b(U-kxnﬂU-’%))\.

k=—N

[b> T¢,]*f(x) = Sup

N>1

and its truncated version corresponding to commutator of maximal ergodic singular oﬁgrator
as follows: ForJ > 1

N

> [ba) = U)o

k=—N

[b, ] f (x) = sup

N<J
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Definition 8.3. We define discrete Hilbert transform and maximal discrete Hilbert transform
for a sequencéa(n) : n € Z} € (P(Z) as follows:

a(n)
Ha(m)zz p—
nez
N
H*a(n) = sup Zw,aeﬁ, 1<p<oo.
A —

We define maximal ergodic Hilbert transform and truncated maximal ergodic Hilbert transform
for a functionf € L?(R),1 < p < oo as follows:

H* —sup

7 ~ f(U )
i

sf(@) = sup. k;n -

9. SOME RESULTS ON BMO (Z)

In order to prove the boundedness of commutator on weighted sequence spaces, we require
the properties of BM(4) which we state and prove in the following lemmas.
One of the most important results about BMO is the John-Nirenberg inequality. As a conse-
qguence we get a family of equivalent norms on BNMQ(
Lemma 9.1. Letb € BMO(Z). Then there exists consstarits, C; > 0 such that, for every
finite interval/ in Z and A > 0,
!MGTW%X—M>AHSCWﬁ3

Proof. The key to the proof of the theorem is the Calderén-Zygmund decomposition restricted
to an interval inZ. Proof is same as the result in caséRofFor details refer [15]n

John-Nirenberg theorem has an interesting corollary, namely, the revéldsrslinequality.
Corollary 9.2. Letb € BMO(Z). Then for every finitp > 1,

sup(| |Z|b —b1|7"> <G, o, -

kel
Proof.
(|§]b —mﬂ
’ kel
AP I:1b(n)—"5 A
[T A Bl bl >
0 7]
SClp/ AP=Le~CR TR, )
0
C L C
< Gl [t an = G, bl = ¢, -
[ |
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Lemma 9.3. Letb € BMO(Z) and!, J be two finite intervals itZ., I C J.

lbr — by| < 2])b],

(b) If | 7| > 2|1], then

Proof.
()
o b1 < | STI0) = ]| < 5 STIb) bl < 21,
kel keJ
(b)LetI =1, Cc I, C...I, =J. wherel,...I, are intervals irZ such that /1| < 2|I}|

and wheren < Clog(}]'). Repeated applications of (a) yields ().

Lemma 9.4. Letb € BMO(Z), | any interval inZ andn, the centre of I. Then for each> 1,
there exists a constadt, such that

1
(3 bbb,
mo—nl ) = P

n¢31

wherel + £ =1.
Proof. Recall thaBBl = 2L1 U2RI. Fork =1,2...,letl; = 3*I andJ,, = [}, \ I. Now

Z e - o)

ng3l

<(L oty

k=0 neJy

() — by, oy — b\
(2253 et ) <§:§: ST )
neJy k=0 neJy

= Al -+ AQ.
Then using Corollar{).2, we have

1

o] 4 : p
4= (X gy 2 b bl

TLGIk 1

o 4 S
S(EZ@:mﬁznm) _ngnw

To estimated,, we use (b) part of Lemmnj@&3]

- log(Hehy] [1by +
A, <
I
k=1 nell11\I
(S~ 22 | log 25 ) bl ) T
2rk|]‘r
k=1

<
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10. WEIGHTED SHARP MAXIMAL SEQUENCE THEOREM

The proof of weighted sharp maximal sequence theorem uses Calderon-Zygmund decompo-
sition theorem for sequences, relations between maximal operators and weighted good-Lambda
estimate which were proved in Chapter 4.

Theorem 10.1(Weighted sharp maximal sequence theorebel1 < p < co andw € A,(Z).
Then there exists a constafl ,, > 0 such that

HM@HPW < Chuw Ha#Hp’w, Va € % (Z).

11. WEIGHTED MAXIMAL COMMUTATOR THEOREM

In this section we prove weighted strong type inequalities for the discrete maximal commu-
tator. the strong type inequalities without weights for the discrete maximal commutators can be
found in [21].

Definition 11.1. For a sequencé = {b(n)} € BMO(Z), define maximal commutator of
singular integral operator as follows

b Ty["a(n) = sup| Y o(k)b(n) = b(n — k)]a(n — k)|.

We want to prove that the maximal commutator is bounded’df), wherel < p < oo
which we state it as the following theorem.

Theorem 11.1(Weighted maximal commutator theorenbet 1 < p < oo, b € BMO(Z).
Then there exists a constaflp > 0 such that

2 T¢]*aHeg,(z) <G, HCZHm(Z) :

Condition(.S3) in the definition of singular kernel plays a crucial role in this proof. &gt
denote truncation ap which is defined as follows

k if |k N

The proof of the maximal commutator inequalities would have been simpler if {fesat-
isfied(53) uniformly in V. However this is not true even fg(n) = 1. To overcome this diffi-
culty we dominatgb, 7;]* by a sum of two operatois, 7,]* and[b, T},]*, whose truncated ker-
nelsvy, 1, satisfy.S3 uniformly in N. Then we prove the boundedness of the corresponding
maximal operators off, (7). We define the kernels/} , {+'} and their truncatiofvy } , {¢y }
as follows.

Definition 11.2. Consider the differentiable functionand: defined on(0, co) by

1 if 0<t<3
(11.2) v(t) =19 3l —cos2mt] if <t<1
0 if ¢t>1

AIMAA Vol. 21(2024), No. 1, Art. 9, 21 pp. AIMAA
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(0 if 0<t<j;
%[1—{—00827#] if %<t§1
(11.3) Y(t)=<¢1 if 1<t<?2
3[1 — cos ] if 2<t<4
L0 if t>4
Observe that
(11.4) X0,y (1) = v(1)] <9(t), ¢ € (0,00).
Forj € Z, let
v () = o) (2)
un (i) = o),
Using the kernelgvy } and{vy }, we define the operatofs 7, ]* and (b, T},]* as
b T, a(n) = sup | 37 b(n) = b(i) o = )ali)
>1]
b. Ty *a(n). = sup 3 |[b(n) —b(3)] [ (n — )][a(s)]

Because of inequalify1.4, we can prove the following lemma.
Lemma 11.2. For eachn € Z
0. Ty a(n) < [b,T,J a(n) + b, Ty a(n).

As we mentioned earlier in the following lemma, we prove both the truncated kdenels {¢y }
satisfy(.S3) uniformly in N.

Lemma 11.3. There exists a constant > 0 such that

(T1.3[A]) |uN(n—j)—uN<n)|§(nC_’j;)2 for |n|>2[j| and VYN >1.
@3E) ol )~ va)] < o ol 2] and vV

Proof. We will prove first of the inequalitig$1.3[ A]. The proof for second inequalifyl.3] A]
is similar.
Consider the kerndlvy }. Let|n| > 2|j|. Then as in[[2] we can show that

vt = 3) = (o] = ot = 2 = ot

< Jon — ) — o)) + o(n - i) llv() — w2
i bl =l

=iy +O|n—]|’ Uy )"

Since suppr C (0,1] and|n| > 2|j],

2l

) =0 ﬁ|”§ﬂ>2.

AJMAA Vol. 21(2024), No. 1, Art. 9, 21 pp. AIMAA
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[n—jl -
If === < 2, applying the mean value theorem, we get

)| < Wtao)

oI

wheret, is a point betweet: 2l and ™. But |/ (t)| < =¥t € (0 o). Therefore,

n —Jl
—v(=)] < L= <
(P vl < BE <
Hence, the kernel&v v } satisfy condition S3 uniformlya

For proving the boundedness of the operators,|* and[b, T}, ]* on ¢ (Z), we need to

consider the maximal operatdfy and7};, defined as:

T = sup| Z vn(n —k)a(k)|

N>1

Tjyy = sup| Z Yy (n —k)a(k)|.

N>1

Lemma 11.4.Letl < p < oo. Then there exists a constafif > 0 such that
1T allz,z) < cpllallp, iz Va € 6,(Z)
HT@I&H@{’U(Z) S Cp Ha”ﬁﬁ(z) Va € @Z}(Z)'

Proof. For a non negative real number let [« denote the greatest integer less than or equal to
a. Then

1Y - i)

In—j|<N
<l D em—na)l+ D e —)llal)
[n—j|<[N/2] N2>|n—j|>[N/2]

S en-iaG)+C Y %
In—31<[N/2) N2>y )

< C[T}a(n) + Ma(n)]
whereM a is the Hardy-Littlewood maximal sequence{af(n) : n € Z}. Therefore,
Tya(n) < C[Tja(n) + Ma(n)].

Since we already prove thaf andT}; are bounded off, (Z) in Chapter4 and Chapter5 respec-
tively , it follows that7’r is also bounded off, (Z).
For the proof of second inequality, fix N and consider

> totn - "= a)

In—j|<4N
. ‘ a(y
< Y pe-pla()<e Y %
AN>|n—j|>N/2 AN>|n—j|>N/2 J
C
< | < .
S O lal)l < CMa(n)

In—j|<4N
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Therefore I}, a(n) < CMa(n). It follows thatT},

le |1

Theorem 11.5.Letl < p < oo and B € BMO(Z). Then there exists a constafif > 0 such
that

is bounded or? (Z). 1

116, T allg, z) < cpllallzy  Va € CL(Z).
H[b’ TW"]*CL <6 HaHng(Z) Va € % (Z).

£ (2)
Proof. For J=1,2,3... define
n+N
Via(n) = sup | Y [b(n) = b(j)lvx(n— j)a(j)|
NI ST
n+4N
Wa(n f&gg ;Wlb I n(n = 5)llali)].

Then
b, T, ]*a(n) = sup Vya(n).
J

(b, Ty "a(n) = SL}p Wja(n).

We will prove that
||VJG||ep(z < CHa”eP
IWaall gz < C HCLHe{;(Z)

For the proof of above inequalities, we first obtain estimates for the corresponding sharp max-
imal sequences. Then we will prove Theorgi5| using weighted sharp maximal sequence
theorem i.e Theorefi0.1} These estimates are proved in the following lemma.

Lemma 11.6.Letr > 1 and{a(n) : n € Z} be a sequence. then there exist constahtnd
C such that

(11.5) SI}P(VJG)#(H) < C|pll, [M(Ta)" (n)]7 + [M(a)"(n)

3=

1
T

(11.6) St}p(WJa)#(n) < Cu|[bll, [M (T a) (m)] + [M(a) (n)].

Proof. Fix J > 1 andn € Z. Thenif [ is an interval containing, put
Cr = su ) —brlv —1)a 7).
I N<13| Z 1w (j ) XZ\31( )|
wherej, is centre of I. Then, foj € I
Vya(j) = Cil =
sup| Z i)vn(j —i)a(i)| — sup] Z [br — b(i — i)axzz(t)|

N<J . N<J .

Z NG —i)a(i) — Z [br — b(i)]vn (Jo — 1)ax 2 5r(7)

o0

> (i) — brlun (i — i)ali)

i=—00

< sup
N<J

< sup
N<J
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o0

+ ;lil?] Z [b(i) — brlvn (o — 1)axsr(7)
+ sup Z [0(7) = billvn( — 1) — vN(jo — 1)]ax par(7)

= A1(j) + A2(j) + As(j)-

For the first term, we have, wiﬂ;\+ L=1

177 20 4100) < 17 SIbG) = il Tal)
1 . r’ £7 _1_ *a( )| %
< (m;rbw—m ) (m;m o)

< [joll, [M(T7a)"(n)]".
Now consider
ﬁz@m < liﬂzrm(b — br)axar] ()

jel

s

< {,—zzm[(b— b1>axﬂ]<j>|s} ,

wheres > 1. We can further replace the above summation édvgy a summation ovef.. Then
using the boundedness’tf onl®, we get

ﬁmu) < c{ﬁDbm —bf|5|a<j>|s}s

jesl
1 1
1 4 WL s L
<C mzw(])—bﬂ WZW(J” ;
je3l je2l
whereq > 1and! + 1 =1
Now,
1 1
1 . A 1 _ )
{m Z‘b(ﬁ — by q} < O(W ZW]) — by | q) + [bar — br| < C||b]l, -
je3l je3l
Therefore,

|%| > Ax(j) < ellbll, [M(Jal")(n)]

jel

provided we choose andq’ so thatsq’ = r. It remains to estimatés(j),j € I.

As(j) < sup D [b() = billow (G =) = v (o — 1)laxzar (0)]:

N<J .
-7 i=—00
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But sincei ¢ 37 andj € I, [jo — i| > 2[j — Jo|

Therefore,
o o Clj —jol _ Clj — Jol
—q) = — < < )
|VN(j 7’) VN(jO Z)|— (j—2)2 = (jo_i)Q
Therefore,
— Jol ,
) < C]svgg Z [b(7) i)glaxZ\gz(Z)l
rb -
(> == (o el - |
i3l igar /0
Now by Lemmé&d.4]
(Z (i) - bﬂ’”’)“ _ Clell,
o5 o=l ()7

Now let I;, = 3*1, then by standard techniques, we get
(Z a(i)l ) _ CIM(al)(m)]*
jo —il") bk

As(j) < ClIoll [M (fal") (m)] "

Therefore,

and so,

H L7 Ay(5) < CJoll, (M (Jal) ()]
jel
For the proof of second inequality in Lemrdd.6, we proceed as follows. Fer € Z and
any interval | containing n, we choose

Cr = sup Z [b(2) = brl[¢n (o — D)llaxzysr ()]
N<J
wherej, is centre of I. Then
(Wja(j) = Cil =
sup Z 1b(5) = b(@)|[vn (5 = 9)|a(i)]

N<J .

I=—00

— Sup Z 16(7) — brl[vn (o — Z)HGXZ\:J,I( i)

N<j, T

< sup Z 16) — b(0) 1o — 1) lai)| — (|b<z'> bl o — z‘>||axZ\31<z‘>|)\

N<J

<ap 3 H ((b(j) bl — Dllal)] + (br — b)) — i)llax3z(i)l)

N<J .

1=—00

+ (br = 0(0)) [ (5 — i)|laxnsr(7)

} . (|b1 — bl Ui —z'>r|axz\3f'> ‘
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Now
(11.7) lz+y| — |2|| < |z| + ‘|y| — |z||,Vz,y, z € C.
We have
(Wja(j) — Ci
< sup. Z 16(7) = brl[n (5 = Dla(D)] + (br = 0(0)[¢¥ 5 (5 — )llaxs(7)]

+ ([602) = brl[on (G = Dllaxzare | = 16() = brll¥n (o = Dllaxzysie)|

< sup Z b5) = brl [ G = D) (i)

N<J

+ sup Z 10(7) = brl[n (G — D)l|axs,(1)]

N<J,
+ ]Svlg)] Z 0(i) — br||Y (G — 1) — Yy (jo — Z')||CLXZ\31(1‘)|

= Bi(J )+B2( )+ Bs(j).

The estimates for each of these terms are obtained exactly as in the previous case by replacing
v by . This concludes proof of Lemnfie.6| §

Here we prove the boundedness of sharp maximal sequéficas)* } , { (W,a)# } on¢z (Z).
Theorem 11.7.For1 < p < oo,
||(VJG)#H43(Z) <C HGHZ{’U(Z) , Va e (7).
||(WJG)#H45J(Z) <G ||aHeﬁ,(Z) , Vae (7).
whereC, C are independent of

Proof.
H(VJ“)#H&(Z)

{Z [(Via)* (n)Pru(n >}

n=—oo

3 =

1
+
—N—
(]2
=
E}
—
S5
-
=4
2
——
=

< C{ > M(T,fa)T(n)w(n)]g}

n=—oo

< c{ > [T;a(n)]pw(m}p + { > [a(n)]”w(n)}p

n=—oo

<C HaHeg(Z)

By a similar argument
I(Waa)llm,z) < Cllalle, )
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It remains to prové’;a, Wja € (2 (Z). Then the boundedness of sequendé5a)}, {(W,a)}
on ¢~ (Z) hold by the weighted sharp maximal sequence theorem i.e Théiréfas follows

I(Vsa)ll, < IM(Via)ll, < Gy [[(Vaa)*||,, ¥ a € l(Z).

I(Vsa)ll, < IM(Via)ll, < G, [[(Vsa)F[|,, ¥ €6,(2).

The? (Z) norms of{(V;a)}, {(W,a)}( may depend on J).
Alternatively, we claim that

Vya(n) < Gy |Ibll, (M(Jal")(n))"", 1 <r < cc.

and
Wja(n) < CJHbH T|¢|a( n).
We have
n+N
Vya(n) = su Nvn(n —1i)a(i
i N<]@t)]|Z ;N v (n —id)a(i)]

= sup| Y~ [b(n) = b(@)Jvn(n — iaxy, (i)]-

wherel; = [n — J,n + J]. We estimate this exactly as we estimated the tegnin Lemma
[[1.6land we have

Vya(n) < (27 + 1) {C |Ib]l, + (log J) [Bll,} {M (Jal")(n)}'"
< Cyllbll, {M (jal") ()}

Therefore, choosing < p we see thaV;a € (2 (Z) for a € (2 (Z).
Next letn € Z andly; = [n — 4J,n + 4J]. Then fori € I,

[b(n) = b(9)] < [b(n) = br, | + [br,, = b(D)] < 2(8J + 1) [|b]], -

Therefore,
n+4N

Wya(n) =sup Y [b(n) = b(i)|[¥n(n = )lla(i)] < Cy |Ibll, Tjjaln).

N<Jz n—4N

SoW,a € 2 (Z),Ya € 2 (Z).

Hence we conclude the boundedness of operatprsl’; on (£ (Z). Since the constants ob-
tained in the inequalities stated in Theofiéhi7are independent of, boundedness ¢, T, ]*, [b, T}, |*
on/t (Z),1 < p < o follow immediately using weighted sharp maximal sequence theorem.

Corollary 11.8. Let1 < p < oo. If b € BMO(Z), then the commutator of the singular
operator(b, T,|a exists for every, € (% (Z).

Proof. Note that finite sequences are dense%i(Z) [23] and [b, T;]a exists for every finite
sequencda(n) : n € Z}. Sincelb, T,]* is bounded or? (Z), the proof follows.x
12. MAXIMAL COMMUTATOR OF SINGULAR OPERATOR ON VARIABLE SEQUENCE
SPACES (""" (Z)

In this section, we prove strong type inequality for the maximal commutator of singular
operator or??()(Z),1 < p_ < p, < o0, 1 < p < oo, using Rubio de Francia extrapolation
method given in[[16].
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Theorem 12.1.Given a sequencéu(n) : n € Z}, suppose(-) € S such thatp_ > 1. Let
b, T,,]* be a maximal commutator of singular operator.
Then,

[0, T(b]*a”zp(-)(z) <C HaHzp(~)(z) :

Proof. Takep, such thatl < py < p_ < p, < oo. Therefore by Lemma [11]

(b, Tol* @)l ) = (1P, T¢]*a)p°|| we) (Z)
- s S ARIOIRI]
ned ™) @bl L, <1 M
Po (z)
< sup S I1b, Tyl a(k) P Rh(k)
hee ) @RI iy =1 kez
%0 (Z)
<C sup Z\a )|[P° Rh(k)
hee 53 @0l s =1 FER
20 (@)
<C sup Hal™ s ) 1EAI oo
(2 <> ! @ é( Po )
hed ) @.IH] 0 =1
70 @)
—c el IRy
p()
hed 0 (z),||n| oy =
P (@)
< QC”ang(

13. MAXIMAL ERGODIC COMMUTATOR OF SINGULAR OPERATOR

Let (X, B, 1) be a probability space arid an invertible measure preserving transformation
on X. We define the commutator of the truncated maximal ergodic singular operator as follows:

(b, Ty]3 f (x) = sup| Z — (U )] f(U " 2)].
N<J
Definition 13.1 (BMO(X)). For a probability spacéX, B, i) and an invertible measure pre-
serving transformation ok, the space BMO(X) is defined as the space of those functions

b € L'(X) satisfying
x>|) — Joll, < oo,

Now, we prove the strong type inequality for the maximal ergodic commutator of singular
operator on’? (X, B, i) spaces.

585U e (]svu>p1 SN T Z b(U

Theorem 13.1.Let (X, B, 1) be a probability space anti an invertible measure preserving
transformation on X. liv is an ergodicA, weight,1 < p < co andb € BMO(X), then there
exists a constant’, > 0 such that

an

L2.(X) <Gy ”f“LZ,(X) Vfe Ly (X, B, ).
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Proof. Observe that ib € BMO(X), thenb € L'(X) and for a.e the sequenég given by
by(n) = b(U"x) is in BMO(Z), with ||b,||, < C, whereC' is independent of x. Fof > 1, let

N
b, Tyl5 f(x) = sup | > [b(x) = b(U F2)] (U F2)(K)|.
N<T 1 e—_N
We will prove that
L2 (X) SOl Vf e Li(X, B, ),

where the constant C is independent of f and J. Then the theorem will follow by monotone
convergence theorem. For a:ec X let

N

S [ha(n) = bu(n — k)a(n — k)o(k)|

k=—N

[bs, Ty]ja(n) = sup
N<J

It is easy to see thdb,, T;]% is sub linear. Letl be any integer greater than or equaljto
Observe that ifa(n) : n € Z} is a sequence such that:) = 0 for |n| < L then

b, Ty5a(n) =0 for |n|<L—J
Fora.er € X, let f.(n) = f(U™z) andw,(n) = w(U"z). Fork € Z., define

K fe(n) i o[ <K,
f(n) = {O if |n|> K.

Since[b T,]% is sub linear, foK, L € Z andn € Z, we have

[bas Tyl fo () < [0, Tels fo T (n) + DT6)5(fo = £275) ().
We can choose L large enough so that
(o, Tl (fo = fo D)) =0 i |n| < K.
Note that L depends only on J and not on K. Therefore,
[bw’ T¢]§fﬂ?(n) < [b$7T¢]§ff+L(n)

for |n| < K.
Also, for a.er € Xandj € Z, we have

[b, Ty f (U ) ) = sup| Z (U7 F(U7 ) o(R))|
= ;ggl Z — k)] f2(j — K)o (k)|
= [bz,TAfo( ).

Then
1 K

[ @Ts e = e 3 [ 0T e
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- 2K1+1 _ZK /X ([b, To] f2(3))Pwa () dp

X([bz, Tol5 fa (5)) wa(5)du

K+L
_ )P )i
—(K+L)
C K+L
J p J
o 5 Jiorewn
—(K+L)
g C[2(K+L) + 1A x)
- 2K +1

Choosing K sufficiently large, we get
i

Remark 13.1. Using the boundedness of maximal ergodic commutator of singular operator
and Rubio de Francia method, we can prove that the maximal ergodic commutator of singular
operator is bounded on variabl¢) (X, B, 11) spaces. But Rubio de Francia method assumes
ergodic maximal operator is bounded on the varidsle (X, B, 1) spaces. With this assump-

tion we can prove the boundedness of maximal ergodic commutator singular operator to variable
LY (X, B, 1) spaces.

< Gy [ fll e,

LX)
1
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