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2 D. SARKAR, R. BHARDWAJ, V. RATHORE AND P. KONAR

1. I NTRODUCTION

In the year 1922, S. Banach[2] introduced the fixed point theory. This theory plays a signifi-
cant role in non-linear analysis. Banach presented his famous Banach Contraction Principle by
which he threw the light on the concept of fixed point. Afterthat several other mathematicians
[7], [8], [4] extended and presented their ideas about this concept. In 1965, Prešić [10], [11]
generalised the Banach’s idea into product spaces and presented some results on fixed point. He
proved the following:

Theorem 1.1([10]). Assume that(Y,=) is a complete metric space andk ≥ 1 such thatk ∈ N.
Suppose,F : Yk → Y be a mapping satisfying the following condition:

=(F(u1,u2, · · · ,uk), F(u2,u3, · · · ,uk+1)) <
k∑

i=1

γi=(ui,ui+1)

for eachu1,u2, · · · ,uk,uk+1 ∈ Y, whereγ1, γ2, · · · , γk are non-negative constants such that∑k
i=1 γi < 1. Then, there exists a unique fixed point inY. Again, ifu1,u2, · · · ,uk are some

points inY and for n ∈ N, un+k = F(un,un+1, · · · ,un+k−1). Then,{un} converges to the
fixed point ofF.

The work of Prešíc can further be extended by several famous mathematicians [13], [14],
[3], [6], [12] in different ways and different generalised spaces. In 1969, Nadlar [9] extended
the concept of Banach’s principle into multi-valued mapping. He used the Pompeiu-Hausdorff
metric to present his result.
Suppose,C be a non-empty subset of a metric space(Y,=). Now, forp ∈ Y,

=(p, C) = inf{=(p, g) : g ∈ C}

Assume thatCB(Y) be the set of all non-empty closed and bounded subsets ofY. Now, for
C,D ∈ CB(Y),

δ(C,D) = sup{=(p,D) : p ∈ C}
H(C,D) = max{δ(C,D), δ(D, C)}

The metricH is called Pompeiu-Hausdorff metric. Nadlar stated the following:

Theorem 1.2([9]). Suppose,(Y,=) be a complete metric space and there is a mappingF :
Y → CB(Y) such that for allp, g ∈ Y,

H(F(p), F(g)) ≤ %=(p, g)

where,% ∈ [0, 1). Then,F has a fixed point inY.

In the year 2006, Eldred et al. [5] first revealed the concept of best proximity point. In 2019,
Usman Ali et al. [1] presented their ideas on the Prešić-type single valued non-self mapping.
In the present paper, two best proximity results are shown using Pompeiu-Hausdorff metric
where Prešíc-type multivalued non-self mapping has been taken. Here, a suitable example has
also been given in support of the theorem. Also, some consequences and application parts are
given inθ-chainable space and ordered metric space.

2. PRELIMINARIES

Suppose,(Y,=) be a metric space. Here, we consider a graphG such thatV(G) = Y and
E(G) be the set of all edges containing all loops. Here, we assume thatG has no parallel edges.
We can denoteG as(V(G), E(G)).
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MULTI -VALUED G-PREŠIĆ TYPE MAPPING 3

Suppose,C andD are two non-empty subsets of a metric space(Y,=) and∆ denote the diag-
onal of the cartesian productY× Y. Here, we use the following notations:

=(C, D) = {inf =(u,v) : u ∈ C,v ∈ D}
C0 = {u ∈ C : =(u,v) = =(C, D) for somev ∈ D}
D0 = {v ∈ D : =(u,v) = =(C, D) for someu ∈ C}

Here, we give the following definition which is useful to our theorems.

Definition 2.1. (Best Proximity Point): Suppose,(Y,=) be a metric space andC, D be two
non-empty subsets ofY. An elementu∗ ∈ C is said to be a best proximity point of the mapping
F : C −→ D if =(u∗, F(u∗)) = =(C, D).

Definition 2.2. (P-Property): Let (C, D) be a pair of non-empty subsets of a metric space
(Y,=) such thatC0 is non-empty. Then, the pair(C, D) is said to haveP -property iff=(u1,v1) =
=(u2,v2) = =(C, D) implies that=(u1,u2) = =(v1,v2) whereu1,u2 ∈ C andv1,v2 ∈ D.

3. M AIN RESULTS

Definition 3.1. Let, Ξ, Υ be the family of all functionsϕ, $ : [0,∞) → [0,∞) such that
i) ϕ, $ are increasing.
ii) Both must attain continuity.
iii) ϕ(0) = 0, ϕ(t) < t for eacht ∈ [0,∞).

Definition 3.2. Suppose,C andD are two non-empty closed subsets of a metric space(Y,=)
which is complete such thatC0 6= ∅ andk ≥ 1 such thatk ∈ N. Let, F : Ck → CB(D) be a
mapping. Assume that for every path{ui}k+1

i=1 of k + 1 vertices inG, the following conditions
are satisfied:
i) There exist non-negative constantsγis such that

∑k
i=1 γi < 1 and

H(F(u1,u2, · · · ,uk), F(u2,u3, · · · ,uk+1)) ≤
k∑

i=1

(γiϕ(=(ui,ui+1)))

−$
(
max{=(ui,ui+1) : i = 1, 2, · · · , k}

)
ii) If F(u2,u3, · · · ,uk+1) ⊆ F(u1,u2, · · · ,uk) andF(u3,u4, · · · ,uk+2) ⊆ F(u2,u3, · · · ,uk+1)
are such that=(uk+1,uk+2) < max{=(ui,ui+1) : i = 1, 2, · · · , k}, then(uk+1,uk+2) ∈ E(G).

Theorem 3.1. Let us assume thatC and D are two non-empty closed subsets of a complete
metric space(Y,=) such thatC0 6= ∅ andk ≥ 1 such thatk ∈ N. Let,F : Ck → CB(D) be a
mapping satisfying the above two conditions of the Definition(3.2). Suppose that the following
assertions hold:
i) There exists a path{ui}k+1

i=1 of k+1 vertices inG such thatF(u2,u3, · · · ,uk+1) ⊆ F(u1,u2, · · · ,uk).
ii) F(Ck

0) ⊆ D0 and the pair(C, D) satisfies the property such that

=(uk+1, F(u1,u2, · · · ,uk)) = dist(C, D) = =(uk+2, F(u2,u3, · · · ,uk+1))

⇒ =(uk+1,uk+2) ≤ H(F(u1,u2, · · · ,uk), F(u2,u3, · · · ,uk+1))

iii) There exist(u1,u2, · · · ,uk) ∈ Ck
0 anduk+1 ∈ C0 such that

=(uk+1, F(u1,u2, · · · ,uk)) = dist(C, D)

iv) F is continuous.
Then,F has a best proximity point inCk.
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4 D. SARKAR, R. BHARDWAJ, V. RATHORE AND P. KONAR

Proof. From condition (iii), there exist(u1,u2, · · · ,uk) ∈ Ck
0 anduk+1 ∈ C0 such that

=(uk+1, F(u1,u2, · · · ,uk)) = dist(C, D)(3.1)

Since,F(Ck
0) ⊆ D0, there exist(u2,u3, · · · ,uk+1) ∈ Ck

0 anduk+2 ∈ C0 such that

=(uk+2, F(u2,u3, · · · ,uk+1)) = dist(C, D)(3.2)

Thus, continuing in this way, by mathematical induction, we get,

(3.3) =(un+k+1, F(un+1,un+2, · · · ,un+k)) = dist(C, D)

Again, since the pair(C, D) satisfies condition (ii), then we can write from equations(3.1) and
(3.2),

=(uk+1,uk+2) ≤ H(F(u1,u2, · · · ,uk), F(u2,u3, · · · ,uk+1))

Let, γ =
∑k

i=1 γi < 1. Suppose that there is a path{ui}k+1
i=1 of k + 1 vertices inG such that

F(u2,u3, · · · ,uk+1) ⊆ F(u1,u2, · · · ,uk).
Since,F(u2,u3, · · · ,uk+1) ∈ CB(D), there existsF(u3,u4, · · · ,uk+2) ⊆ F(u2,u3, · · · ,uk+1)
such that

=(uk+1,uk+2) ≤ H(F(u1,u2, · · · ,uk), F(u2,u3, · · · ,uk+1))

≤
k∑

i=1

(γiϕ(=(ui,ui+1)))−$
(
max{=(ui,ui+1) : i = 1, 2, · · · , k}

)
≤

k∑
i=1

(γiϕ(=(ui,ui+1)))

<
k∑

i=1

(γi=(ui,ui+1))

≤ γ max{=(ui,ui+1) : i = 1, 2, · · · , k}
< max{=(ui,ui+1) : i = 1, 2, · · · , k}

Hence,(uk+1,uk+2) ∈ E(G)
Similarly, asF(u3,u4, · · · ,uk+2) ∈ CB(D), there existsF(u4,u5, · · · ,uk+3) ⊆ F(u3,u4, · · · ,uk+2)
such that

=(uk+2,uk+3) < γ max{=(ui+1,ui+2) : i = 1, 2, · · · , k}
< max{=(ui+1,ui+2) : i = 1, 2, · · · , k}

So,(uk+2,uk+3) ∈ E(G)
Proceeding this way, asF(un+1,un+2, · · · ,un+k) ∈ CB(D), there existsF(un+2,un+3, · · · ,un+k+1) ⊆
F(un+1,un+2, · · · ,un+k) such that

=(un+k,un+k+1) < γ max{=(ui+n−1,ui+n) : i = 1, 2, · · · , k}
< max{=(ui+n−1,ui+n) : i = 1, 2, · · · , k}

Hence,(un+k,un+k+1) ∈ E(G) for all n ∈ N
Now, we will prove that{un} is a Cauchy sequence.
Let,

η = max
{=(ui,ui+1)

ζ i : i = 1, 2, · · · , k
}
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where,ζ = γ
1
k

Now, by mathematical induction we have to prove that

=(un,un+1) ≤ ηζn ∀n ∈ N(3.4)

Let, thek inequalities be=(un,un+1) ≤ ηζn,=(un+1,un+2) ≤ ηζn+1, · · · ,=(un+k−1,un+k) ≤
ηζn+k−1

Now,

=(un+k,un+k+1) < γ max{=(ui+n−1,ui+n) : i = 1, 2, · · · , k}
≤ γ max{ηζ i+n−1 : i = 1, 2, · · · , k}
≤ γ ηζn [As ζ = γ1/k < 1]

= ηζn+k

Thus, the proof of(3.4) is complete.
Now, for m, n ∈ N andm > n, using(3.4) we get,

=(un,um) ≤ =(un,un+1) + =(un+1,un+2) + · · ·+ =(um−1,um)

< ηζn + ηζn+1 + · · ·+ ηζm−1

Since,ζ = γ1/k < 1, we conclude from the above inequality,

lim
m,n→∞

=(un,um) = 0

Hence,{un} is a Cauchy sequence.
Since,(Y,=) is complete andC is closed, so the sequence{un} converges to a pointu∗ ∈ C.
As, F is continuous,

F(un+1,un+2, · · · ,un+k) → F(u∗,u∗, · · · ,u∗) as n →∞
The continuity of the metric implies that

dist(C, D) = =(un+k+1, F(un+1,un+2, · · · ,un+k)) → =(u∗, F(u∗,u∗, · · · ,u∗))

Hence,

=(u∗, F(u∗,u∗, · · · ,u∗)) = dist(C, D)

Therefore,F has a best proximity point inCk.

Theorem 3.2.Supppse,C andD are two non-empty closed subsets of a complete metric space
(Y,=) such thatC0 6= ∅ and k ≥ 1 such thatk ∈ N. Let, F : Ck → CB(D) be a mapping
satisfying the above two conditions of the Definition(3.2). Suppose that the following assertions
hold:
i) There exists a path{ui}k+1

i=1 of k+1 vertices inG such thatF(u2,u3, · · · ,uk+1) ⊆ F(u1,u2, · · · ,uk).
ii) F(Ck

0) ⊆ D0 and the pair(C, D) satisfies the property such that

=(uk+1, F(u1,u2, · · · ,uk)) = dist(C, D) = =(uk+2, F(u2,u3, · · · ,uk+1))

⇒ =(uk+1,uk+2) ≤ H(F(u1,u2, · · · ,uk), F(u2,u3, · · · ,uk+1))

iii) There exist(u1,u2, · · · ,uk) ∈ Ck
0 anduk+1 ∈ C0 such that

=(uk+1, F(u1,u2, · · · ,uk)) = dist(C, D)

iv) For any termwise connected sequence{un} ∈ C if un → u∗ andF(un+2,un+3, · · · ,un+k+1) ⊆
F(un+1,un+2, · · · ,un+k) for all n ∈ N, then there exists a subsequence{un(r)} such that
(un(r),u∗) ∈ E(G) for all r ∈ N.
Then,F has a best proximity point inCk.
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Proof. From the proof of Theorem(3.1), there exists a Cauchy sequence{un} ∈ C such that

=(un+k+1, F(un+1,un+2, · · · ,un+k)) = dist(C, D) ∀ n ∈ N

andun → u∗ asn →∞ with u∗ ∈ C.
From the condition (iv), there exists a subsequence{un(r)} of {un} such that(un(r),u∗) ∈
E(G). Since, for eachn ∈ N, we have(un,un+1) ∈ E(G) andF(un+2,un+3, · · · ,un+k+1) ⊆
F(un+1,un+2, · · · ,un+k), so for anyr ∈ N, we obtain,

=(u∗, F(u∗,u∗, · · · ,u∗))

≤ =(u∗,un(r)+k+1) + =(un(r)+k+1, F(un(r)+1,un(r)+2, · · · ,un(r)+k))

+ H(F(un(r)+1,un(r)+2, · · · ,un(r)+k), F(u∗,u∗, · · · ,u∗))

= =(u∗,un(r)+k+1) + dist(C, D)

+ H(F(un(r)+1,un(r)+2, · · · ,un(r)+k), F(u∗,u∗, · · · ,u∗))

≤ =(u∗,un(r)+k+1) + dist(C, D)

+ H(F(un(r)+1,un(r)+2, · · · ,un(r)+k), F(un(r)+2,un(r)+3, · · · ,un(r)+k,u∗))

+ H(F(un(r)+2,un(r)+3, · · · ,un(r)+k,u∗), F(un(r)+3,un(r)+4, · · · ,un(r)+k,u∗,u∗))

+ · · ·+ H(F(un(r)+k,u∗, · · · ,u∗), F(u∗,u∗, · · · ,u∗))

< =(u∗,un(r)+k+1) + dist(C, D)

+ {γ1=(un(r)+1,un(r)+2) + γ2=(un(r)+2,un(r)+3) + · · ·+ γk=(un(r)+k,u∗)}
+ {γ1=(un(r)+2,un(r)+3) + γ2=(un(r)+3,un(r)+4) + · · ·+ γk−1=(un(r)+k,u∗)}
+ · · ·+ γ1=(un(r)+k,u∗)

Letting r →∞ in the above inequality, we get,

=(u∗, F(u∗,u∗, · · · ,u∗)) = dist(C, D)

Therefore,F has a best proximity point i.e.u∗ ∈ Ck.

4. I LLUSTRATION

Example 4.1. Let, Y = R be a metric space endowed with the metric=(u,v) = |u − v|
for all u,v ∈ C. Let, C = [−1,−1

2
] and D = [0, 1]. Now, we define a graphV (G) = Y,

E(G) = ∆∪ {(−1,−n+1
n+2

), (−n+1
n+2

,− n
n+1

) : n ∈ N}. Then,(Y,=) is a complete metric space.
We define a mapping,F : C× C → CB(D) such that

F(a,b) =


{0} a = b ∈ C[
0, 1

n+3

]
a = − n

n+1
,b = −n+1

n+2
n ∈ N

{1} otherwise

Then,F satisfies the weak inequality used in Theorem(3.1) with γ1 = 1
3
, γ2 = 79

120
andϕ(t) =

99t
100

, $(t) = t
1000

for all t ∈ [0,∞).
∴ All the conditions of Theorem(3.1) are satisfied and

=(−1

2
, F(−1

2
,−1

2
)) = dist(C, D) =

1

2

So, the best proximity point ofF is−1
2
.
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5. CONSEQUENCES

Corollary 5.1. Let, (C, D) be a pair of non-empty closed subsets of a complete metric space
(Y,=) such thatC0 is non-empty andk be a positive integer. Let,F : Ck → D be a mapping
such that

=(F(u1,u2, · · · ,uk), F(u2,u3, · · · ,uk+1)) ≤
k∑

i=1

(γiϕ(=(ui,ui+1)))

−$
(
max{=(ui,ui+1) : i = 1, 2, · · · , k}

)
for all u1,u2, · · · ,uk+1 ∈ C, whereγi are non-negative constants such that

∑k
i=1 γi < 1.

Suppose the following assertions hold:
i) F(Ck

0) ⊆ D0 and the pair(C, D) satisfies theP -property.
ii) There exist(u1,u2, · · · ,uk) ∈ Ck

0 anduk+1 ∈ C0 such that

=(uk+1, F(u1,u2, · · · ,uk)) = =(C, D)

iii) F is continuous.
Then,F has a unique best proximity point inCk.

Corollary 5.2. Assume that(Y,=) be a complete metric space such thatk be a positive integer.
Suppose,F : Yk → Y be a continuous mapping such that

=(F(u1,u2, · · · ,uk), F(u2,u3, · · · ,uk+1)) ≤
k∑

i=1

(γiϕ(=(ui,ui+1)))

−$
(
max{=(ui,ui+1) : i = 1, 2, · · · , k}

)
for all u1,u2, · · · ,uk+1 ∈ Y whereγis are non-negative constants such that

∑k
i=1 γi < 1.

Suppose there existu1,u2, · · · ,uk+1 ∈ Y such thatuk+1 = F(u1,u2, · · · ,uk). Thus,F has a
unique fixed point inYk.

6. APPLICATION

We state the following theorem inθ-chainable space [15].

Theorem 6.1.Assume thatC andD are two non-empty closed subsets of a completeθ-chainable
space(Y,=) such thatC0 6= ∅ andk be a positive integer. Let,F : Ck → CB(D) be a mapping
such that

H(F(u1,u2, · · · ,uk), F(u2,u3, · · · ,uk+1)) ≤
k∑

i=1

(γiϕ(=(ui,ui+1)))

−$
(
max{=(ui,ui+1) : i = 1, 2, · · · , k}

)
for all u1,u2, · · · ,uk+1 ∈ C with max{=(ui,ui+1) : i = 1, 2, · · · , k} < θ whereγis are non-
negative constants such that

∑k
i=1 γi < 1. Suppose that the following assertions hold:

i) There existu1,u2, · · · ,uk+1 ∈ C such thatmax{=(ui,ui+1) : i = 1, 2, · · · , k} < θ and
F(u2,u3, · · · ,uk+1) ⊆ F(u1,u2, · · · ,uk).
ii) F(Ck

0) ⊆ D0 and the pair(C, D) satisfies the property such that

=(uk+1, F(u1,u2, · · · ,uk)) = dist(C, D) = =(uk+2, F(u2,u3, · · · ,uk+1))

⇒ =(uk+1,uk+2) ≤ H(F(u1,u2, · · · ,uk), F(u2,u3, · · · ,uk+1))
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iii) There exist(u1,u2, · · · ,uk) ∈ Ck
0 anduk+1 ∈ C0 such that

=(uk+1, F(u1,u2, · · · ,uk)) = dist(C, D)

iv) F is continuous.
Then,F has a best proximity point inCk.

Proof. We consider the graph withV(G) = Y and

E(G) = {(u,v) ∈ C× C : =(u,v) < θ}
Afterthat, we can easily prove this from Theorem(3.1).

Corollary 6.2. Let, (C, D) be a pair of non-empty closed subsets of a completeθ-chainable
space(Y,=) such thatC0 is non-empty andk be a positive integer. Let,F : Ck → D be a
mapping such that

=(F(u1,u2, · · · ,uk), F(u2,u3, · · · ,uk+1)) ≤
k∑

i=1

(γiϕ(=(ui,ui+1)))

−$
(
max{=(ui,ui+1) : i = 1, 2, · · · , k}

)
for all u1,u2, · · · ,uk+1 ∈ C with max{=(ui,ui+1) : i = 1, 2, · · · , k} < θ whereγis are non-
negative constants such that

∑k
i=1 γi < 1. Suppose that the following assertions hold:

i) There existu1,u2, · · · ,uk+1 ∈ C such thatmax{=(ui,ui+1) : i = 1, 2, · · · , k} < θ.
ii) F(Ck

0) ⊆ D0 and the pair(C, D) satisfies theP -property.
iii) There exist(u1,u2, · · · ,uk) ∈ Ck

0 anduk+1 ∈ C0 such that

=(uk+1, F(u1,u2, · · · ,uk)) = =(C, D)

iv) F is continuous.
Then,F has a unique best proximity point inCk.

Corollary 6.3. Assume that(Y,=) be a completeθ-chainable space such thatk be a positive
integer. Suppose,F : Yk → Y be a continuous mapping such that

=(F(u1,u2, · · · ,uk), F(u2,u3, · · · ,uk+1)) ≤
k∑

i=1

(γiϕ(=(ui,ui+1)))

−$
(
max{=(ui,ui+1) : i = 1, 2, · · · , k}

)
for all u1,u2, · · · ,uk+1 ∈ Y with max{=(ui,ui+1) : i = 1, 2, · · · , k} < θ whereγis are non-
negative constants such that

∑k
i=1 γi < 1. Suppose there existu1,u2, · · · ,uk+1 ∈ Y such that

max{d(ui,ui+1) : i = 1, 2, · · · , k} < θ anduk+1 = F(u1,u2, · · · ,uk). Thus,F has a unique
fixed point inYk.

Now, we define the following:

Definition 6.1. Suppose,C andD are two non-empty closed subsets of an ordered metric space
(Y,=,⊆) which is complete such thatC0 6= ∅ andk ≥ 1 such thatk ∈ N. Let,F : Ck → CB(D)
be a mapping. Assume that for every non-decreasing sequence{ui}k+1

i=1 with respect to⊆, the
following conditions are satisfied:
i) There exist non-negative constantsγis such that

∑k
i=1 γi < 1 so that

H(F(u1,u2, · · · ,uk), F(u2,u3, · · · ,uk+1)) ≤
k∑

i=1

(γiϕ(=(ui,ui+1)))

−$
(
max{=(ui,ui+1) : i = 1, 2, · · · , k}

)
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ii) If F(u2,u3, · · · ,uk+1) ⊆ F(u1,u2, · · · ,uk) andF(u3,u4, · · · ,uk+2) ⊆ F(u2,u3, · · · ,uk+1)
are such that=(uk+1,uk+2) < max{=(ui,ui+1) : i = 1, 2, · · · , k}, then(uk+1,uk+2) ∈ E(G).

Theorem 6.4. Let us assume thatC and D are two non-empty closed subsets of a complete
ordered metric space(Y,=,⊆) such thatC0 6= ∅ and k ≥ 1 such thatk ∈ N. Let,F : Ck →
CB(D) be a mapping satisfying the above two conditions of the Definition(6.1). Suppose that
the following assertions hold:
i) There exists a non-decreasing sequence{ui}k+1

i=1 with respect to⊆ such thatF(u2,u3, · · · ,uk+1) ⊆
F(u1,u2, · · · ,uk).
ii) F(Ck

0) ⊆ D0 and the pair(C, D) satisfies the property such that

=(uk+1, F(u1,u2, · · · ,uk)) = dist(C, D) = =(uk+2, F(u2,u3, · · · ,uk+1))

⇒ =(uk+1,uk+2) ≤ H(F(u1,u2, · · · ,uk), F(u2,u3, · · · ,uk+1))

iii) There exist(u1,u2, · · · ,uk) ∈ Ck
0 anduk+1 ∈ C0 such that

=(uk+1, F(u1,u2, · · · ,uk)) = dist(C, D)

iv) F is continuous.
Then,F has a best proximity point inCk.

Proof. Let us consider the graph withV(G) = Y and

E(G) = {(u,v) ∈ C× C : u ⊆ v}
Now, we can easily prove this from Theorem(3.1).
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