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1. I NTRODUCTION

Since B. Muckenhoupt in [5] introducedAp weights or functions, many authors have done a
lot of work related toAp functions on different settings and with different operators other than
the classical Hardy operator.

In [1], D. Cruz-Uribe et al generalized theAp extrapolation theorem of Rubio de Francia to
A∞ weights. With the ideas in the paper and the beautiful algorithm of Rubio de Francia, we
have proved that in the setting of weighted Morrey spaces, some results are still true.

Let w be nonnegative, locally integrable with respect to the Lebesgue measure. the weighted
Morrey spaceLp,λ(w) is the space of allf(x) defined onRn such that

‖f‖Lp,λ(w) = sup
Q

(
1

|Q|λ

∫
Q

|f(x)|pw(x)dx

)1/p

< ∞

where the supremum is taken over all bounded cubes ofRn.
The purpose of the paper is to extend the extrapolation theorem withAp weights to extrapo-

lation theorem withA∞ weights.

2. PRELIMINARIES

For our convenience, we recall some necessary materials that we are going to need in the
proofs of the later context. The following definitions and characterizations can be found in [2],
[8], and references therein.

Let Q be a cube inRn. The classical Hardy-Littlewood maximal operator,M and the sharp
maximal operatorM ], on a locally integrable functionf onRn are defined as

Mf(x) = sup
x∈Q

1

|Q|

∫
Q

|f(t)|dt.

and

M ]f(x) = sup
x∈Q

1

|Q|

∫
Q

|f(t)− fQ|dt.

wherefQ = 1
|Q|

∫
Q

f(x)dx, the average off(x) onQ.

For ~f(x) = (f1(x), f2(x), · · · ) or ~f(x) = (f1(x), f2(x), · · · , fN(x)), we define the vector-
valued maximal operatorM q by

M q
~f(x) =

(
∞∑
i=1

(Mfi(x))q

)1/q

or

M q
~f(x) =

(
N∑

i=1

(Mfi(x))q

)1/q

For 1 < p < ∞, theAp functionw(x) is nonnegative, locally integrable with the following
property, for any cubeQ,(

1

|Q|

∫
Q

w(x)dx

)(
1

|Q|

∫
Q

(
1

w(x)

) 1
p−1

dx

)p−1

≤ C

where the constantC is independent of cubeQ.
TheA1 function isw(x) such thatMw ≤ Cw, a.e.x ∈ Rn.
The set of allA∞ functions is

A∞ = ∪1≤p<∞Ap.
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Throughout this paper,C is used for a positive constant which is not depending on the main
factors andC might be different at each occurrence.

3. M AIN RESULTS AND THEIR PROOFS

In this section we present all main results and their proofs.

Theorem 3.1.The following statements are equivalent.
(a) For somep0, 0 < p0 < ∞ and everyw ∈ A∞

(3.1) ‖Mf‖Lp0,λ(w) ≤ C‖f‖Lp0,λ(w).

(b) For all q, 0 < q < p0, andw ∈ A1,

(3.2) ‖Mf‖Lq,λ(w) ≤ C‖f‖Lq,λ(w).

Theorem 3.2. If for all q, 0 < q < p0, andw ∈ A1,

‖Mf‖Lq,λ(w) ≤ C‖f‖Lq,λ(w).

then for allp, 0 < p < ∞ andw ∈ A∞

‖Mf‖Lp,λ(w) ≤ C‖f‖Lp,λ(w).

Theorem 3.3. If for somep0, 0 < p0 < ∞ and everyw ∈ A∞

‖Mf‖Lp0,λ(w) ≤ C‖f‖Lp0,λ(w).

then for all0 < p < ∞ andw ∈ A∞

(3.3) ‖Mf‖Lp,λ(w) ≤ C‖f‖Lp,λ(w).

Theorem 3.4.For all 0 < p, q < ∞ andw ∈ A∞, if fi(x) ∈ Lp,λ(w), i = 1, 2, . . ., then

‖M q
~f‖Lp,λ(w) ≤ C‖~f‖Lp,λ(w)(3.4)

Theorem 3.5.The following statements are equivalent.
(a) For somep0, 0 < p0 < ∞ and everyw ∈ A∞,

(3.5) ‖Mf‖Lp0,λ(w) ≤ C‖M ]f‖Lp0,λ(w)

(b) For all q, 0 < q < p0 and everyw ∈ A1,

(3.6) ‖Mf‖Lp0,λ(w) ≤ C‖M ]f‖Lp0,λ(w)

(c) For all 0 < p < ∞ and everyw ∈ A∞,

(3.7) ‖Mf‖Lp0,λ(w) ≤ C‖M ]f‖Lp0,λ(w)

Proof of Theorem 3.1, (a)⇒ (b) We assume that‖Mf‖Lq,λ(w) > 0, otherwise we have
nothing to prove. Lets = p0/q > 1. For s′, the conjugate ofs, sincew ∈ A1 ⊂ As′, by [10],
M is bounded onLs′,λ(w). Denote the operator norm ofM on Ls′,λ(w) by ‖M‖Ls′,λ(w). For
h ∈ Ls′,λ(w), h ≥ 0, we use the algorithm of Rubio de Francia to define

(3.8) Rh(x) =
∞∑

k=0

Mkh(x)

2k‖M‖k
Ls′,λ(w)

,

whereMk is the operatorM iteratedk times if k ≥ 1, and fork = 0 is just the identity. From
the definition ofR, it is immediate that

(i) h(x) ≤ R(h(x)).
(ii) ‖R(h(x))‖Ls′,λ(w) ≤ 2‖h‖Ls′,λ(w).
(iii) MR(h(x)) ≤ 2‖M‖Ls′,λ(w)Rh(x).
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So Rh ∈ A1 with constant independent ofh. SinceMf , f belong toLq,λ(w) and have
positive norms, by (ii), we define

(3.9) H(x) = R

[(
Mf

‖Mf‖Lq,λ(w)

)q/s′

+

(
f

‖f‖Lq,λ(w)

)q/s′
]

(x) ∈ Ls′,λ(w).

By (i), we know that

(3.10)

(
Mf

‖Mf‖Lq,λ(w)

)q/s′

≤ H(x),

(
f

‖f‖Lq,λ(w)

)q/s′

≤ H(x).

So H(x) > 0 wheneverMH(x) > 0. Further,H is finite a.e. on the set wherew(x) > 0
becauseH(x) ∈ Ls′,λ(w).

Therefore, by Hölder inequality, for a cubeQ of Rn, we have

1
|Q|λ

∫
Q
|Mf(x)|qw(x)dx

= 1
|Q|λ

∫
Q
|Mf(x)|qH(x)−1H(x)w(x)1/sw(x)1/s′dx

≤ 1
|Q|λ

(∫
Q

[
|Mf(x)|qH(x)−1w(x)1/s

]s
dx
)1/s (∫

Q

[
H(x)w(x)1/s′

]s′
dx
)1/s′

=
(

1
|Q|λ

∫
Q
|Mf(x)|p0H(x)−sw(x)dx

)1/s (
1

|Q|λ
∫

Q
H(x)s′w(x)dx

)1/s′

= A ·B.

First let us estimateA. Sincew(x), H(x) ∈ A1 (by (c)), and1 + s > 1, by the factorization
property ofAp weights,w(x)H(x)−s = w(x)H(x)1−(1+s) ∈ A1+s ⊂ A∞.

Applying 3.1 to estimateA, we have

A =

(
1

|Q|λ

∫
Q

|Mf(x)|p0H(x)−sw(x)dx

)1/s

≤ sup
Q

(
1

|Q|λ

∫
Q

|Mf(x)|p0H(x)−sw(x)dx

)1/s

≤ C sup
Q

(
1

|Q|λ

∫
Q

|f(x)|p0H(x)−sw(x)dx

)1/s

≤ C sup
Q

(
1

|Q|λ

∫
Q

|f(x)|p0

(
|f(x)|

‖f‖Lq,λ(w)

)−sq/s′

w(x)dx

)1/s

= C‖f‖q
Lq,λ(w)
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To estimateB, computations give us(
1

|Q|λ

∫
Q

H(x)s′w(x)dx

)1/s′

≤ ‖H‖Ls′,λ(w)

=

∣∣∣∣∣
∣∣∣∣∣R
[(

Mf

‖Mf‖Lq,λ(w)

)q/s′

+

(
f

‖f‖Lq,λ(w)

)q/s′
]

(x)

∣∣∣∣∣
∣∣∣∣∣
Ls′,λ(w)

≤

∣∣∣∣∣
∣∣∣∣∣R
[(

Mf

‖Mf‖Lq,λ(w)

)q/s′
]

(x)

∣∣∣∣∣
∣∣∣∣∣
Ls′,λ(w)

+

∣∣∣∣∣
∣∣∣∣∣R
[(

f

‖f‖Lq,λ(w)

)q/s′
]

(x)

∣∣∣∣∣
∣∣∣∣∣
Ls′,λ(w)

≤ 2

∣∣∣∣∣
∣∣∣∣∣
[(

Mf

‖Mf‖Lq,λ(w)

)q/s′
]

(x)

∣∣∣∣∣
∣∣∣∣∣
Ls′,λ(w)

+ 2

∣∣∣∣∣
∣∣∣∣∣
[(

f

‖f‖Lq,λ(w)

)q/s′
]

(x)

∣∣∣∣∣
∣∣∣∣∣
Ls′,λ(w)

= 2 sup
Q

 1

|Q|λ

∫
Q

[(
Mf(x)

‖Mf‖Lq,λ(w)

)q/s′
]s′

w(x)dx

1/s′

+2 sup
Q

 1

|Q|λ

∫
Q

[(
f(x)

‖f‖Lq,λ(w)

)q/s′
]s′

w(x)dx

1/s′

= 2 sup
Q

(
1

|Q|λ

∫
Q

Mf(x)q

‖Mf‖q
Lq,λ(w)

w(x)dx

)1/s′

+ 2 sup
Q

(
1

|Q|λ

∫
Q

f(x)q

‖f‖q
Lq,λ(w)

w(x)dx

)1/s′

= 2‖Mf‖−q/s′

Lq,λ(w)
sup

Q

(
1

|Q|λ

∫
Q

|Mf(x)|qw(x)dx

)1/s′

+2‖f‖−q/s′

Lq,λ(w)
sup

Q

(
1

|Q|λ

∫
Q

|f(x)|qw(x)dx

)1/s′

= 2‖Mf‖−q/s′

Lq,λ(w)
· ‖Mf‖q/s′

Lq,λ(w)
+ 2‖f‖−q/s′

Lq,λ(w)
· ‖f‖q/s′

Lq,λ(w)

= 4.

The result follows by the combination of estimates of bothA andB.
Proof of Theorem 3.2 For0 < p < ∞ andw ∈ A∞, sinceAp1 ⊂ Ap2 whenp1 < p2, there

existsq with 0 < q < p such thatw(x) ∈ As, s = p/q > 1. Sincew ∈ As, w1−s′ ∈ As′, s′ is
the conjugate ofs.

Forg(x) ∈ Ls′(w1−s′), g(x) ≥ 0 we use the Rubio de Francia algorithm to define

(3.11) Rg(x) =
∞∑

k=0

Mkg(x)

2k‖M‖k
Ls′ (w1−s′ )

,

where‖M‖k
Ls′ (w1−s′ )

is the operator norm ofM onLs′(w1−s′); this is finite becausew1−s′ ∈ As′

From the definition ofR, it is immediate that
(i) g(x) ≤ R(g(x)).
(ii) ‖R(g(x))‖Ls′ (w1−s′ ) ≤ 2‖g‖Ls′ (w1−s′ ).
(iii) MR(g(x)) ≤ 2‖M‖Ls′ (w1−s′ )Rg(x). SoR(g)(x) ∈ A1 with constant independent of

g(x)
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For a fixed cubeQ0, we consider[
1

|Q0|λ

∫
Q0

|Mf(x)|pw(x)dx

]q/p

=
1

|Q0|λ(q/p)

[∫
Q0

(|Mf(x)|q)p/q w(x)dx

]q/p

Applying duality of the spaceLs
Q0

(w), we know that there exists a functionhQ0(x) ∈ Ls′
Q0

(w)
onQ0 with hQ0(x) ≥ 0 and‖hQ0‖Ls′ (w) = 1 such that[∫

Q0

(|Mf(x)|q)p/q w(x)dx

]q/p

=

∫
Q0

|Mf(x)|qhQ0(x)w(x)dx

=

∫
Q0

|Mf(x)|qh(x)w(x)dx

where

h(x) =

{
hQ0(x), if x ∈ Q0 ,
0, if x /∈ Q0 .

Thenh(x)w(x) ∈ Ls′(w1−s′) and‖hw‖Ls′ (w1−s′ ) = 1.
By the property (i) ofR(g)(x) andh(x)w(x) ∈ Ls′(w1−s′), we have

1

|Q0|λ(q/p)

∫
Q0

|Mf(x)|qh(x)w(x)dx

≤ 1

|Q0|λ(q/p)

∫
Q0

|Mf(x)|qR(hw)(x)dx

=

{[
1

|Q0|λ(q/p)

∫
Q0

|Mf(x)|qR(hw)(x)dx

]1/q
}q

≤ ‖Mf‖q

L
q,

λq
p (R(hw))

We have, by the hypothesis,

‖Mf‖q

L
q,

λq
p (R(hw))

≤ C‖f‖q

L
q,

λq
p (R(hw))

= C sup
Q

1

|Q|
λq
p

∫
Q

|f(x)|qR(hw)(x)dx

≤ C sup
Q

[
1

|Q|λ

∫
Q

|f(x)|pw(x)dx

]1/s [∫
Rn

R(hw)(x)s′w(x)1−s′dx

]1/s′

≤ ‖f‖q
Lp(w).

We have completed the proof of Theorem 3.2.
The Theorem 3.1,(b) ⇒ (a) is immediate from the proof of Theorem 3.2 and the proof of

Theorem 3.3 follows from the combination of those of Theorems 3.1 and 3.2 since (a) and (b)
in Theorem 3.1 are equivalent.
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Proof of Theorem 3.4 For0 < q < ∞ and by the Monotone convergence theorem it suffices
to show that the vector-valued inequality is true only for finite sums.

ForN ≥ 1, we define

~fq(x) =

(
N∑

i=1

fi(x)q

)1/q

.

Then for everyw ∈ A∞, we obtain

‖M q
~fq(x)‖q

Lq,λ(w)

= ‖

(
N∑

i=1

Mfi(x)q

)1/q

‖q
Lq,λ(w)

= sup
Q

(
1

|Q|λ

∫
Q

N∑
i=1

Mfi(x)qw(x)dx

)
≤ C‖~fq‖q

Lq,λ(w)
.

This inequality shows that the hypotheses of Theorem 3.1 are satisfied withp0 = q. Therefore
by Theorem 3.1, we are done.

Proof of Theorem 3.5, (a)⇒ (b) We assume‖Mf‖Lq,λ > 0 or we are done. Lets =
p0/q > 1. For s′, the conjugate ofs, sincew ∈ A1 ⊂ As′, M is bounded onLs′,λ(w). For
h ∈ Ls′,λ(w), using the algorithm of Rubio de Francia, we define

(3.12) Rh(x) =
∞∑

k=0

Mkh(x)

2k‖M‖k
Ls′,λ(w)

,

where‖M‖k
Ls′,λ(w)

is the operator norm ofM on Ls′,λ(w). From the definition ofR, it is
immediate that

(i) h(x) ≤ R(h(x)).
(ii) ‖R(h(x))‖Ls′,λ(w) ≤ 2‖h‖Ls′,λ(w).
(iii) MR(h(x)) ≤ 2‖M‖Ls′,λ(w)Rh(x). SoR(h)(x) ∈ A1 with constant independent ofh(x)

SinceMf,M ]f ∈ Lq,λ(w) and have positive norms, we define

(3.13) H(x) = R

[(
Mf

‖Mf‖Lq,λ(w)

)q/s′

+

(
M ]f

‖M ]f‖Lq,λ(w)

)q/s′
]

(x) ∈ Ls′,λ(w)

By (i) we know that

(3.14)

(
Mf

‖Mf‖Lq,λ(w)

)q/s′

≤ H(x), and

(
M ]f

‖M ]f‖Lq,λ(w)

)q/s′

≤ H(x)

So H(x) > 0 wheneverMf(x) > 0. MoreoverH is finite a.e. on the set wherew(x) > 0
becauseH(x) ∈ Ls′,λ(w).

For a cubeQ of Rn and the Hölder inequality we get

1

|Q|λ

∫
Q

Mf(x)qw(x)dx

≤
{

1

|Q|λ

∫
Q

Mf(x)p0H(x)−sw(x)dx

}1/s

·
{

1

|Q|λ

∫
Q

H(x)s′w(x)dx

}1/s′

= A ·B.

AJMAA, Vol. 21 (2024), No. 1, Art. 4, 10 pp. AJMAA

https://ajmaa.org


8 CHUNPING X IE

Let us first estimateA. Sincew(x), H(x) ∈ A1 and by the factorization property ofA1

weights,H(x)−sw(x) = w(x)H(x)1−(1+s) ∈ A1+s ⊂ A∞. Now we need to make sureA < ∞.
By 3.14, we have

A ≤ 1

|Q|λ

∫
Q

Mf(x)p0

(
Mf(x)

‖Mf‖Lq,λ(w)

)−sq/s′

w(x)dx

= ‖Mf‖sq/s′

Lq,λ(w)

1

|Q|λ

∫
Q

Mf(x)qw(x)dx

= ‖Mf‖p0

Lq,λ(w)
< ∞.

Applying 3.5 toA, we obtain

A = sup
Q

(
1

|Q|λ

∫
Q

Mf(x)p0H(x)−sw(x)dx

)1/s

≤ C sup
Q

(
1

|Q|λ

∫
Q

M ]f(x)p0H(x)−sw(x)dx

)1/s

≤ C sup
Q

 1

|Q|λ

∫
Q

M ]f(x)p0

(
M ]f(x)

‖M ]f‖ Lq,λ(w)

)−sq/s′

w(x)dx

1/s

= ‖M ]f‖q
Lq,λ(w)

.

To estimateB, we have the following computations.

B =

{
1

|Q|λ

∫
Q

H(x)s′w(x)dx

}1/s′

≤ ‖H‖Ls′,λ(w)

≤

∥∥∥∥∥R
(

Mf

‖Mf‖Lq,λ(w)

)q/s′
∥∥∥∥∥

Ls′,λ(w)

+

∥∥∥∥∥R
(

M ]f

‖M ]f‖Lq,λ(w)

)q/s′
∥∥∥∥∥

Ls′,λ(w)

≤ 2

∥∥∥∥∥
(

Mf

‖Mf‖Lq,λ(w)

)q/s′
∥∥∥∥∥

Ls′,λ(w)

+ 2

∥∥∥∥∥
(

M ]f

‖M ]f‖Lq,λ(w)

)q/s′
∥∥∥∥∥

Ls′,λ(w)

≤ 2 sup
Q

 1

|Q|λ

∫
Q

[(
Mf

‖Mf‖Lq,λ(w)

)q/s′
]s′
1/s′

+2 sup
Q

 1

|Q|λ

∫
Q

[(
M ]f

‖M ]f‖Lq,λ(w)

)q/s′
]s′
1/s′

= 4.

Combining the estimates ofA andB gives us the desired result.
Proof of Theorem 3.5, (b)⇒ (c) We consider ap, 0 < p < ∞ and chooseq, 0 < q <

min(p, p0) such thatw(x) ∈ As, wheres = p/q > 1 sinceAp1 ⊂ Ap2 whenp1 < p2. Since
w(x) ∈ As, we havew1−s′ ∈ As′, wheres′ is the conjugate ofs.
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Forg(x) ∈ Ls′(w1−s′), g(x) ≥ 0, we use the Rubio de Francia algorithm to define

R(g)(x) =
∞∑

k=0

Mkg(x)

2k‖M‖k
Ls′ (w1−s′ )

We have the properties
(i) g(x) ≤ R(g)(x).
(ii) ‖R(g)‖Ls′ (w1−s′ ) ≤ 2‖g‖Ls′ (w1−s′ ).

(iii) M(R(g))(x) ≤ 2‖M‖Ls′ (w1−s′ )R(g)(x), soR(g)(x) ∈ A1, whereA1 constant indepen-
dent ofg(x).

For a fixed cubeQ0, we consider

[
1

|Q0|λ

∫
Q0

Mf(x)pw(x)dx

]1/s

=
1

|Q0|λ/s

[∫
Q0

(Mf(x)q)s w(x)dx

]1/s

By duality of the spaceLs
Q0

(w), there existshQ0(x) ∈ Ls′
Q0

(w), hQ0(x) ≥ 0 and‖hQ0‖Ls′
Q0

(w) =

1 such that

[∫
Q0

(Mf(x)q)s w(x)dx

]1/s

=

∫
Q0

Mf(x)qhQ0(x)w(x)dx

=

∫
Q0

Mf(x)qh(x)w(x)dx

whereh(x) = hQ0(x), whenx ∈ Q0 andh(x) = 0, otherwise.
Sinceh ∈ Ls′(w) andw ∈ As, hw ∈ Ls′(w1−s′) and‖hw‖Ls′ (w1−s′ = 1.
With the help of property (i) ofR, we get

[
1

|Q0|λ

∫
Q0

Mf(x)pw(x)dx

]1/s

=
1

|Q0|λ/s

[∫
Q0

Mf(x)qh(x)w(x)dx

]
≤ 1

|Q0|λ/s

[∫
Q0

Mf(x)qR(hw)(x)dx

]
≤ ‖Mf‖q

Lq, λ
s (R(hw))

≤ C‖M ]f‖q

Lq, λ
s (R(hw))

by (b)
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= C sup
Q

[
1

|Q|λ/s

∫
Q

M ]f(x)qR(hw)(x)dx

]
≤ C sup

Q

[
1

|Q|λ

∫
Q

M ]f(x)pw(x)dx

]1/s [∫
Rn

R(hw)(x)s′w(x)−s′/sdx

]1/s′

= ‖M ]f‖q
Lp,λ‖R(hw)‖Ls′ (w1−s′ )

≤ C‖M ]f‖q
Lp,λ by (ii)

.

Therefore we have
‖Mf‖Lp,λ ≤ C‖M ]f‖Lp,λ

for all 0 < p < ∞.
Proof of Theorem 3.5, (c)⇒ (a) It is obvious since (a) is a special case of (c).
This completes the entire proof of Theorem 3.5.
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