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2 ANDREW FELIX IV SUAREZ CUNANAN

1. I NTRODUCTION

Absolute continuous function had been studied by Vitali in 1905 where he gave a definition of
absolute continuity for a class of functions. In2018, [5] Ali and Adeeb introduced the Lebesgue
absolutely continuous function using Lebesgue partition and study some of its properties. In
this paper we change the way to define the domain of the function by choosing a closed interval
[f, g] with f, g ∈ C[a, b].

2. PRELIMINARIES

Throughout, we consider the spaceC[a, b] of all continuous real-valued functions defined on
[a, b]. For more details of the spaceC[a, b], see [2], [3] or [4].

Let [f, g] be a closed interval ofC[a, b]. A partition of [f, g] is any finite set{h0, h1, . . .
, hn} ⊂ [f, g] such that

h0 = f, hn = g andhi−1 < hi

for all i = 1, 2, . . . , n.

Definition 2.1. [5] A real-valued functionf which is defined on a closed, bounded interval[a, b]
is said to beabsolutely continuous on [a, b] provided that for eachε > 0, there existsδ > 0
such that for every finite disjoint collection of open intervals(xi, yi)

n
i=1 in [a, b], if

∑n
i=1 |yi −

xi| < δ, then
n∑

i=1

|f(yi)− f(xi)| < ε.

The set of all absolutely continuous functions on[a, b] is denoted byAC[a, b]. Another
definition of absolutely continuous functions is given using Lebesgue integrable functions.

Theorem 2.1. [5] (Cousin’s Lemma)A functionf(x) is said to be absolutely continuous in
[a, b] if f(x) ∈ L1, whereL1 is the set of all Lebesgue integrable functions satisfying∫ b

a

|f(x)| dx < ∞.

An absolutely continuous function has a relationship with the other kind of functions. For
example, an absolutely continuous function is continuous and uniformly continuous.

Definition 2.2. [5] A real-valued functionf which is defined on a closed, bounded interval
[a, b] is said to beabsolutely continuous on [a, b] if for eachε > 0, there existsδ > 0 such
that for every finite Lebesgue partition{Ai}n

i=1 on [a, b], if
∑n

i=1 m(Ai) < δ, then
n∑

i=1

|f(yi)− f(xi)| < ε.

The set of all absolutely continuous functions on [a,b] denote byLAC[a, b].

Remark 2.1. [5] Any Riemann partition of closed, bounded interval is Lebesgue partition.
Then every absolutely continuous function is Lebesgue absolutely continuous function in that
interval.

Proposition 2.2. [5] Lebesgue absolutely continuous functionf : [a, b] → R on [a, b] is con-
tinuous on[a, b].

Proposition 2.3. [5] Lebesgue absolutely continuous functionf : [a, b] → R on [a, b] is uni-
formly continuous on[a, b].
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LEBESGUEABSOLUTELY CONTINUOUS FUNCTIONS 3

3. THE SPACE C[a, b]

Denote the set of all real-valued continuous functions on[a, b] by C[a, b]; that is,

C[a, b] = {f | f : [a, b] → R is continuous on[a, b]}.

We denote the zero function inC[a, b] by θ. If f, g ∈ C[a, b] we define

f ≤ g ⇔ f(x) ≤ g(x), f < g ⇔ f(x) < g(x), andf = g ⇔ f(x) = g(x)

for everyx ∈ [a, b]. Also C[a, b] is a Banach space, see [3], with norm defined by

|f | = max
x∈[a,b]

|f(x)|.

Ubaidillah et. al. [4] showed that the spaceC[a, b] is a commutative Riesz algebra withe as its
unit element, that is, iff ≤ g and the relation “≤” is a partial ordering inC[a, b], we have the
following:

• f ≤ g ⇒ f + h ≤ g + h for everyh ∈ C[a, b]
• f ≤ g ⇒ αf ≤ αg for everyα ∈ R+

• (fg)(x) = f(x)g(x) for everyx ∈ [a, b].

Definition 3.1. [4] We say thatf, g ∈ C[a, b] arecomparable if f ≤ g or g ≤ f . If neither
f ≤ g norg ≤ f , thenf andg arenon− comparable.

Definition 3.2. [4] Let f, g ∈ C[a, b] with f ≤ g. We define the following:

• (f, g) = {h ∈ C[a, b] : f < h < g}, is called anopen interval;
• [f, g] = {h ∈ C[a, b] : f ≤ h ≤ g}, is called aclosed interval;
• [f, g) = {h ∈ C[a, b] : f ≤ h < g}, is calledhalf − closedhalf − open interval;

and
• (f, g] = {h ∈ C[a, b] : f < h ≤ g}, is calledhalf − openhalf − closed interval.

Forh, k ∈ C[a, b], we define
h

k
, h ∨ k, h ∧ k and|h| as follows :(

h

k

)
(x) =

h(x)

k(x)
, for all x ∈ [a, b], k(x) 6= 0,

(h ∨ k)(x) = sup {h(x), k(x)}, for all x ∈ [a, b].

(h ∧ k)(x) = inf {h(x), k(x)}, for all x ∈ [a, b].

|h|(x) = |h(x)|, for all x ∈ [a, b].

Definition 3.3. A subsetS ⊂ C[a, b] is said to bebounded if there existsK > 0 such that for
all h ∈ S,

|h| ≤ K · e.

Definition 3.4. A sequence{fn} of elements ofC[a, b] is said to beconvergent to f ∈ C[a, b]
if for every ε > 0 there is a positive integerK such that for everyn ≥ K, the termsfn satisfy

|fn − f | < ε · e.

A sequence{fn} which converges tof in C[a, b], will be written

fn → f n →∞.

Definition 3.5. A subsetS ⊂ C[a, b] is said to beclosed if for all h ∈ S, there exists a sequence
{hn} in S such thathn → h.
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4 ANDREW FELIX IV SUAREZ CUNANAN

4. L EBESGUE ABSOLUTELY CONTINUOUS FUNCTION ON C[a, b]

In this section the definition of Lebesgue Absolutely Continuous Function on[f, g] is pre-
sented.

Definition 4.1. A function F : [f, g] → C[a, b] which is defined on a closed, bounded interval
[f, g] is said to beLebesgueAbsolutelyContinuous on [f, g] if for eachε > 0, there exists
δ(h) > θ such that for any finite Lebesgue partition{Ai}n

i=1 on [f, g], if
∑n

i=1 m(Ai) < δ(h),
then

n∑
i=1

hi,hi−1∈Ai

|F (hi)− F (hi−1)| < ε · e.

The set of all absolutely continuous functions on[f, g] will be denoted byLAC[f, g].

Remark 4.1. Any Lebesgue partition of closed, bounded interval on[a, b] is Lebesgue partition
on [f, g]. Then every absolutely continuous function on[f, g] is Lebesgue absolutely continuous
function in that interval.

5. L EBESGUE ABSOLUTELY CONTINUOUS FUNCTION ON [f, g] AND OTHER

CONTINUOUS FUNCTIONS ON [f, g]

In this section we study a relationship between Lebesgue absolutely continuous function on
[f, g], continuous function[f, g], uniformly continuous function on[f, g] and Lipschitz function
on [f, g].

Definition 5.1. A function F : [f, g] → C[a, b] is continuous at h0 ∈ [f, g], if for any ε > 0
there existsδ0(h0) : [a, b] → R+ such that wheneverh ∈ [f, g] with |h−h0| < δ0(h0), we have∣∣F (h)− F (h0)

∣∣ < e · ε.
F is said to beuniformly continuous on [f, g], if for any ε > 0 there existsδ : [a, b] → R+

such that wheneverh, h′ ∈ [f, g] with |h′ − h| < δ, we have∣∣F (h′)− F (h)
∣∣ < e · ε.

Proposition 5.1. Lebesgue Absolutely Continuous FunctionF : [f, g] → C[a, b] on [f, g] is
continuous on[f, g].

Proof Let ε > 0 be given. Suppose that a functionF : [f, g] → C[a, b] is Lebesgue absolutely
continuous on[f, g]. Then we chooseδ(ε, h) > θ such that

n∑
i=1

hi,hi−1∈Ai

|F (hi)− F (hi−1)| < ε · e whenever
n∑

i=1

m(Ai) < δ(ε, h),

for any finite Lebesgue partition{Ai}n
i=1 on [f, g]. Taken = 1. Then forh1 ∈ [f, g], we have

|F (h1)− F (h0)| < ε · e
whenever|h1 − h0| ≤ m(A1) < δ(ε, h). Hence,F (h) is continuous[f, g].

Theorem 5.2.Let [f, g] be a closed bounded interval and letF : [f, g] → C[a, b] be continuous
on [f, g]. ThenF is uniformly continuous on[f, g].

Proof Let ε > 0 be given. SinceF is continuous ath0 ∈ [f, g], there existsδ0(h0) > θ such
that wheneverh ∈ [f, g] with |h− h0| ≤ 2δ0(h0), then

|F (h)− F (h0)| <
ε

2
· e.
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Thus,δ0 is a gauge on[f, g]. By Cousin’s Lemma, there exists aδ0-fine tagged divisionD ={
([hi−1, hi], ti)

}n

i=1
on [f, g]. Let δ = min{δ0(t1) . . . , δ0(tn)}. Now, suppose thath, h′ ∈ [f, g]

with |h− h′| ≤ δ. Then|h− h′| ≤ δ0(ti), for all i. This means that there existsi ∈ {1, . . . , n}
such thathi−1 ≤ h ≤ hi with |h− ti| < δ0(ti). Since

|h′ − ti| ≤ |h′ − h|+ |h− ti| ≤ δ + δ0(ti) ≤ 2δ0(ti),

it follows that
|F (h′)− F (ti)| <

ε

2
· e and |F (h)− F (ti)| <

ε

2
· e.

Hence,

|F (h)− F (h′)| ≤ |F (h)− F (ti)|+ |F (ti)− F (h′)| ≤ ε

2
· e +

ε

2
· e = εe.

Therefore,F is uniformly continuous on[f, g].

Proposition 5.3. Lebesgue Absolutely Continuous FunctionF : [f, g] → C[a, b] on [f, g] is
uniformly continuous on[f, g].

Proof follows from Theorem5.2 and Proposition5.1.

Theorem 5.4. A function F : [f, g] → C[a, b] is LipschitzContinuous on [f, g] if there
existsK < ∞ such that

|F (hi)− F (hi−1)| ≤ K|hi − hi−1|.

Proof Suppose thatF : [f, g] → C[a, b] is LipschitzContinuous on [f, g] with K > 0.
Then givenε > 0, chooseδ(h, ε) = ε

K
· e. Now, by Definition4.1, for any finite Lebesgue

partition{Ai}n
i=1 on [f, g] such that

∑n
i=1 m(Ai) < δ(h), we have

n∑
i=1

hi,hi−1∈Ai

|F (hi)− F (hi−1)| < K
n∑

i=1

|hi − hi−1|

< K
n∑

i=1

m(Ai)

< K · δ(h)

= ε · e.
Moreover,F (h) is Lebesgue absolutely continuous on[f, g].

Remark 5.1. A function F : [f, g] → C[a, b] which is Lebesgue absolute continuous on[f, g]
may not be Lipschitz continuous on[f, g].

Theorem 5.5. Let {Fk}n
k=1 be a sequence of Lebesgue absolutely continuous functions on

[f, g]. Then the functionsmax{F1, F2, . . . , Fk} andmin{F1, F2, . . . , Fk} are also Lebesgue
absolutely continuous function on[f, g].

Proof Let Fi, Fj ∈ {Fk}n
k=1. Then givenε1, ε2 > 0, chooseδi(h), δj(h) > θ such that for

any finite Lebesgue partition{Ai}n
i=1, {Bi}n

i=1 on [f, g], we have
n∑

i=1
hi,hi−1∈Ai

|Fi(hi)− Fi(hi−1)| < ε1 · e and
n∑

i=1
hi,hi−1∈Bi

|Fj(hi)− Fj(hi−1)| < ε2 · e

whenever
n∑

i=1

m(Ai) < δi(h) and
n∑

i=1

m(Bi) < δj(h).
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6 ANDREW FELIX IV SUAREZ CUNANAN

Defineδ(h) = min{δi(h), δj(h)} such that
∑n

i=1 m(Ci) < δ(h), where{Ci}n
i=1 is a refinement

Lebesgue partition on[f, g] for {Ai}n
i=1 and{Bi}n

i=1. Thusm(Ci) < m(Ai) andm(Ci) <
m(Bi) showing that

n∑
i=1

m(Ci) <

n∑
i=1

m(Ai) ≤ δ(h) < δi(h)

and
n∑

i=1

m(Ci) <

n∑
i=1

m(Bi) < δ(h) ≤ δj(h).

Now, letFp = min{F1, F2} and consider∑
i=1

hi,hi−1∈Ci

|Fp(hi)− Fp(hi−1)| < ε · e whenever
n∑

i=1

m(Ci) < δ(h).

Hence, themin{F1, F2, . . . , Fk} is Lebesgue absolutely continuous on[f, g].
Similarly, δ′(h) = max{δ1(h), δ2(h)} such that

∑n
i=1 m(Di) < δ′(h), where{Di}n

i=1 is a
refinement Lebesgue partition on[f, g] for {Ai}n

i=1, {Bi}n
i=1. Thus m(Ai) < m(Di) and

m(Bi) < m(Di) showing that
n∑

i=1

m(Ai) <
n∑

i=1

m(Di) < δi(h) ≤ δ′(h)

and
n∑

i=1

m(Bi) <
n∑

i=1

m(Di) < δj(h) ≤ δ′(h).

Now, letFq = max{F1, F2} and consider∑
i=1

hi,hi−1∈Di

|Fq(hi)− Fq(hi−1)| < ε · e whenever
n∑

i=1

m(Di) < δ′(h).

Hence, themax{F1, F2, . . . , Fk} is Lebesgue absolutely continuous on[f, g].

6. PROPERTIES OF L EBESGUE ABSOLUTE CONTINUOUS FUNCTION

In this section, a version of some algebraic properties of Lebesgue absolutely continuous
functions taking values onC[a, b] will be presented.

Theorem 6.1.LetF, G : [f, g] → C[a, b] be Lebesgue absolutely continuous functions on[f, g].
Then:

(1) F (h) + G(h) is Lebesgue absolutely continuous functions on[f, g];
(2) βF (h) is Lebesgue absolutely continuous functions on[f, g], β is scalar inR;
(3) F (h)−G(h) is Lebesgue absolutely continuous functions on[f, g];
(4) |F (h)| is Lebesgue absolutely continuous functions on[f, g];
(5) FG(h) is Lebesgue absolutely continuous functions on[f, g].

Proof (1) Let F (h) andG(h) be Lebesgue absolutely continuous functions on[f, g]. Then
given anyε > 0, there existδF (h) > θ andδG(h) > θ such that for any finite Lebesgue partition
{Ai}n

i=1, {Bi}n
i=1 on [f, g], we have∑

i=1
hi,hi−1∈Di

|F (hi)− F (hi−1)| <
ε

2
· e and

∑
i=1

hi,hi−1∈Di

|G(hi)−G(hi−1)| <
ε

2
· e
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whenever
∑n

i=1 m(Ai) < δF (h) and
∑n

i=1 m(Bi) < δG(h). Defineδ(h) = min{δF (h), δG(h)}
such that

∑n
i=1 m(Ci) < δ(h), where{Ci}n

i=1 is a refinement Lebesgue partition on[f, g] for
{Ai}n

i=1 and{Bi}n
i=1. Thus

m(Ci) ≤ m(Ai) and m(Ci) ≤ m(Bi)

showing that
n∑

i=1

m(Ci) ≤
n∑

i=1

m(Ai) < δ(h) ≤ δF (h)

and
n∑

i=1

m(Ci) ≤
n∑

i=1

m(Bi) < δ(h) ≤ δG(h).

Let H(h) = F (h) + G(h). Now∑
i=1

hi,hi−1∈Ci

|H(hi)−H(hi−1)| =
∑
i=1

hi,hi−1∈Ci

|(F (hi) + G(hi))− (F (hi−1)

+ G(hi−1))|

=
∑
i=1

hi,hi−1∈Ci

|(F (hi)− F (hi−1))

− (G(hi)−G(hi−1))|

≤
∑
i=1

hi,hi−1∈Ci

|F (hi)− F (hi−1)|

+
∑
i=1

hi,hi−1∈Ci

|G(hi)−G(hi−1)|

<
ε

2
· e +

ε

2
· e = ε · e.

Hence,F (h) + G(h) is Lebesgue absolutely continuous functions on[f, g].

(2) If β = 0, then we are done. Suppose thatβ 6= 0. Then|β| > 0. Now, assume that
F : [f, g] → C[a, b] is a Lebesgue absolutely continuous on[f, g]. Given anyε > 0, choose
δ(h) > θ such that for any finite Lebesgue partition{Ai}n

i=1 on [f, g] whenever
∑n

i=1 m(Ai) <
δ(h), we have ∑

i=1
hi,hi−1∈Ai

|F (hi)− F (hi−1)| <
ε

|β|
· e.

Now, ∑
i=1

hi,hi−1∈Ai

|βF (hi)− F (hi−1)| ≤ |β|
∑
i=1

hi,hi−1∈Ai

|F (hi)− F (hi−1)|

< |β| · ε

|β|
· e

= ε · e.

Hence,βF (h) is Lebesgue absolutely continuous function on[f, g].
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(3) SinceG(h) is Lebesgue absolutely continuous function on[f, g], by (2), (−1)G(h) =
−G(h) is also a Lebesgue absolutely continuous function on[f, g]. By (1), F (h)+ (−G(h)) =
F (h)−G(h) is again a Lebesgue absolutely continuous function on[f, g].

(4) SinceF (h) is Lebesgue absolutely continuous function on[f, g], by Theorem5.5 it fol-
lows thatF+(h) = max{F (h), θ} andF−(h) = max{−F (h), θ} are also Lebesgue absolutely
continuous functions on[f, g]. Hence by(1), |F (h)| = F+(h) + F−(h) is again a Lebesgue
absolutely continuous on[f, g].

(5) SinceF (h) andG(h) are Lebesgue absolutely continuous functions on[f, g], given any
ε > 0, there existsδF (h), δG(h) > θ such that for any finite Lebesgue partition{Ai}n

i=1, {Bi}n
i=1,

on [f, g], we have∑
i=1

hi,hi−1∈Ai

|F (hi)− F (hi−1)| <
ε

2
· e and

∑
i=1

hi,hi−1∈Bi

|G(hi)−G(hi−1)| <
ε

2
· e

whenever
n∑

i=1

m(Ai) < δF (h) and
n∑

i=1

m(Bi) < δG(h).

Define δ(h) = min{δF (h), δG(h)} such that
∑n

i=1 m(Ci) < δ(h), where{Ci}n
i=1 is a re-

finement Lebesgue partition on[a, b] for {Ai}n
n=1 and{Bi}n

i=1. Thusm(Ci) ≤ m(Ai) and
m(Ci) ≤ m(Bi) showing that

n∑
i=1

m(Ci) ≤
n∑

i=1

m(Ai) < δ(h) ≤ δF (h)

and
n∑

i=1

m(Ci) ≤
n∑

i=1

m(Bi) < δ(h) ≤ δG(h).

Now, letH(h) = F (h)G(h). Now∑
i=1

hi,hi−1∈Ci

|H(hi)−H(hi−1)| =
∑
i=1

hi,hi−1∈Ci

|(FG)(hi)− (FG)(hi−1)|

=
∑
i=1

hi,hi−1∈Ci

|F (hi)G(hi)− F (hi−1)G(hi) + F (hi−1)G(hi)

− F (hi−1)G(hi−1)|

≤ |G(hi)|
∑
i=1

hi,hi−1∈Ci

|F (hi)− F (hi−1)|

+ |F (hi−1)|
∑
i=1

hi,hi−1∈Ci

|G(hi)−G(hi−1)|

≤ M1 ·
ε

2
· e + M2 ·

ε

2
· e

=
ε

2
· (M1 + M2) · e.

SinceF (h) andG(h) are continuous on[f, g], there existsM1, M2 > 0 such that|F (h)| ≤ M1·e
and|G(h)| ≤ M2 · e. Therefore,FG(h) is Lebesgue absolutely continuous function on[f, g].
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