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ABSTRACT. In this paper a version of absolutely continuous function using Lebesgue partition
instead of Riemann partition over the field@f:, b] will be introduced and we call this function

as Lebesgue absolutely continuous function firy]. Moreover, some properties of Lebesgue
absolutely continuous function dif, g] will be presented together with its relationship with the
other continuous functions.
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2 ANDREW FELIX IV SUAREZ CUNANAN

1. INTRODUCTION

Absolute continuous function had been studied by Vitali in 1905 where he gave a definition of
absolute continuity for a class of functions.201 8, [5] Ali and Adeeb introduced the Lebesgue
absolutely continuous function using Lebesgue partition and study some of its properties. In
this paper we change the way to define the domain of the function by choosing a closed interval
[f,g] with f, g € Cla,b].

2. PRELIMINARIES

Throughout, we consider the spatie, b] of all continuous real-valued functions defined on
[a, b]. For more details of the spacéu, b|, seel[2], [3] or[4].

Let [f, g] be a closed interval of[a,b]. A partition of [f,g] is any finite set{hg, hy, ...
,hn} C [f, g] such that
ho = f, hn, = gandh;_, < h;
foralli=1,2,...,n
Definition 2.1. [5] A real-valued functiory which is defined on a closed, bounded intefuab]

is said to beabsolutely continuous on [a, b| provided that for each > 0, there exist$ > 0
such that for every finite disjoint collection of open intervéls, y;);_, in [a,b], if >0 |y —

x;| < 0, then
Z\f yi) — fzi)] <e

The set of all absolutely continuous functions fanb] is denoted byAC|a,b]. Another
definition of absolutely continuous functions is given using Lebesgue integrable functions.

Theorem 2.1. [5] (Cousin’s Lemma)A function f(z) is said to be absolutely continuous in
[a,b] if f(x) € L', whereL! is the set of all Lebesgue integrable functions satisfying

/ab|f(:v)|dfv < o0,

An absolutely continuous function has a relationship with the other kind of functions. For
example, an absolutely continuous function is continuous and uniformly continuous.

Definition 2.2. [5] A real-valued functionf which is defined on a closed, bounded interval
la, ] is said to beabsolutely continuous on [q, b] if for eache > 0, there exist®$ > 0 such
that for every finite Lebesgue partitidod; }* , on{a, b], if >, m(4;) < 4, then

Z|fyz xz|<€

The set of all absolutely continuous functions on [a,b] denoté K¢’ [a, b].

Remark 2.1. [5] Any Riemann partition of closed, bounded interval is Lebesgue partition.
Then every absolutely continuous function is Lebesgue absolutely continuous function in that
interval.

Proposition 2.2. [5] Lebesgue absolutely continuous functipn [a,b] — R on [a, b] is con-
tinuous ona, b|.

Proposition 2.3. [5] Lebesgue absolutely continuous functipn [a,b] — R on [a, b] is uni-
formly continuous ona, b)].
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3. THE SPACE C|a, b]
Denote the set of all real-valued continuous function$aoh| by Cla, b]; that is,
Cla,b] ={f| f : [a,b] — R is continuous otja, b] }.
We denote the zero function &a, b] by 0. If f, g € Cla,b] we define
f<ge f(@) <g(x), f<ge flz) <g(x), andf =g < f(z) = g(z)
for everyz € [a, b]. AlsoCla, b is a Banach space, see [3], with norm defined by

|f] = Inax | f()].

Ubaidillah et. al. [[4] showed that the spaCfe, b] is a commutative Riesz algebra witfas its
unit element, that is, if < g and the relation £” is a partial ordering irC[a, b], we have the
following:

o f<g= f+h<g+ hforeveryh € Cla,]
o [ <g= af <agforeverya € R"
e (f9)(x) = f(x)g(x) for everyz € [a,b].

Definition 3.1. [4] We say thatf, g € C|a, b] arecomparable if f < gorg < f. If neither
f <gnorg < f,thenf andg arenon — comparable.

Definition 3.2. [4] Let f, g € C[a, b] with f < g. We define the following:

e (f,g) ={h €Cla,b]: f <h< g}, iscalled aropen interval,

e [f,gl ={h €Cla,b]: f < h < g},is called aclosed interval;

e [f,9) = {h € Cla,b] : f < h < g}, is calledhalf — closed half — open interval,
and

e (f,g] ={h €Cla,b]: f <h < g}, iscalledhalf — open half — closed interval.

. h
Forh, k € Cla, b, we deflneE, hV k, h A k and|h| as follows :

h
(F)@ = &
(hVEk)(x) = sup{h(z),k(x)}, forallzx € [a,bl.
)

) = hiz) forallz € [a,b], k(z) # 0,
)
(hAE)(x) = inf{h(z),k(x)}, forallz € [a,b].
)
C

|h|(z) = |h(z)|, forallz € [a,b].

Definition 3.3. A subsetS C Cla, b] is said to bébounded if there exists/k” > 0 such that for
allr e S,

|h| < K -e.

Definition 3.4. A sequenc¥ f,, } of elements of|a, b] is said to beconvergent to f € C|a, b]
if for every e > 0 there is a positive integek such that for every. > K, the termsf,, satisfy

|fo— fl<e-e.
A sequencs f,,} which converges tg in Cla, b], will be written
fo—f n — oo.

Definition 3.5. A subsetS C C[a, b] is said to beclosed if for all h € S, there exists a sequence
{h,} in S such thath,, — h.
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4. LEBESGUE ABSOLUTELY CONTINUOUS FUNCTION ON Cla, b]

In this section the definition of Lebesgue Absolutely Continuous Functiof¥an is pre-
sented.

Definition 4.1. A function F' : [f, g] — Cla, b] which is defined on a closed, bounded interval
[f, g] is said to bd.ebesgue Absolutely Continuous on|f, g| if for eache > 0, there exists
d(h) > 6 such that for any finite Lebesgue partitipd;}7?_, on[f, g, if >, m(4;) < §(h),
then

> |F(h) = F(hisy)| < e-e.
hiho1eA;
The set of all absolutely continuous functions|gng| will be denoted byL AC[f, g].
Remark 4.1. Any Lebesgue partition of closed, bounded intervalam| is Lebesgue partition

on[f, g]. Then every absolutely continuous function|gry| is Lebesgue absolutely continuous
function in that interval.

5. LEBESGUE ABSOLUTELY CONTINUOUS FUNCTION ON [f, g] AND OTHER
CONTINUOUS FUNCTIONS ON [f, g]

In this section we study a relationship between Lebesgue absolutely continuous function on
[f, g, continuous functioff, g], uniformly continuous function ofy, g] and Lipschitz function

on[f,gl.

Definition 5.1. A function F' : [f, g] — Cla, V] is continuous athq € [f, ¢], if foranye > 0
there exist$,(ho) : [a,b] — R* such that whenever € [f, g] with |h — ho| < d0(ho), we have

|[F(h) — F(ho)| < e-e.
F is said to bainiformly continuous on [f, g, if for any ¢ > 0 there exist9 : [a,b] — R*
such that whenever, 1’ € [f, g] with |h' — k| < §, we have

|F(h') — F(h)
Proposition 5.1. Lebesgue Absolutely Continuous Functién: [f,g] — Cla,b] on [f, g] is
continuous onf, g].

< e-e€E.

Proof Lete > 0be given. Suppose that a functiéi: [f, g] — Cla, b] is Lebesgue absolutely
continuous onf, g]. Then we choosé(e, h) > 6 such that

Zn: |F'(h;) — F(hi—1)] <e-e  whenever i m(A;) < 0(e, h),
i=1 i=1

hihi—1€A;

for any finite Lebesgue partitiopA4;}!_, on[f, g]. Taken = 1. Then forh, € [f, g], we have

|F'(hy) — F(ho)| <e-e

wheneverh, — ho| < m(A;) < d(e, h). Hence,F'(h) is continuousf, g]. 1

Theorem 5.2. Let [f, g] be a closed bounded interval and fét [f, g] — C|a, b] be continuous

on|[f, g]. ThenF is uniformly continuous onf, g|.

Proof Lete > 0 be given. Since" is continuous akb, € [f, g], there exist9,(hy) > 6 such
that wheneveh € [f, g| with |h — hy| < 25¢(ho), then

[E(h) = F(ho)| < 5 -e.
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Thus,d, is a gauge onf, g]. By Cousin’s Lemma, there existsigfine tagged divisiorD =
{([hi_l,hi],ti)}z;l on|[f,g]. Letd = min{do(t1) ..., d0(t,)}. Now, suppose that, i’ € [f, g]
with |h — A'| < 6. Then|h — h'| < §y(t;), for all . This means that there existg {1,...,n}
such tha‘hi,1 < h<h; with ’h — tl‘ < 50(@) Since

| —t;| < |0 —h|+|h—t;] <6+ d0(t;) < 200(t;),
it follows that . c
Hence,

|F(h) — F(W)| < |F(h) — F(t;))| + |F(t;) — F(W)| < = -e+

N |
N |

Therefore,F' is uniformly continuous ofif, g|. &

Proposition 5.3. Lebesgue Absolutely Continuous Functién: [f,g] — Cla,b] on [f, g] is
uniformly continuous onf, g|.

Proof follows from Theorerfs.2jand Propositiofs.1] 1

Theorem 5.4. A function F' : [f,g] — C|a,b] is Lipschitz Continuous on [f, g] if there
existsK < oo such that
|F'(h;) — F(hi—1)| < K|h; — hi_1].

(
Proof Suppose that" : [f,g] — Cla,b] is Lipschitz Continuous on [f, g] with K > 0.
Then givene > 0, choosed(h,¢) = & - e. Now, by Definitionf4.1} for any finite Lebesgue
partition{4;} , on[f, g] suchthad "  m(A4;) < d(h), we have

> IF(hi) = F(hia)| < KZ |hi = hi

< Kzn: m(A;)
<K -Zél(h)

= €- €.
Moreover,F'(h) is Lebesgue absolutely continuous(ghy]. 1

Remark 5.1. A function F' : [f, g] — C|a, b] which is Lebesgue absolute continuous|fy]|
may not be Lipschitz continuous gf, g|.

Theorem 5.5. Let {F}}}_, be a sequence of Lebesgue absolutely continuous functions on
[f,g]. Then the functionsnax{F}, Fs, ..., F,} andmin{F, F», ..., F}} are also Lebesgue
absolutely continuous function df, ¢g|.

Proof Let F;, F; € {F},}}_,. Then givene;, e, > 0, choosed;(h),d;(h) > 6 such that for
any finite Lebesgue partitiopA4;} |, {B;}!~, on|[f, g], we have

n n

> |F(h) = F(hio)l <e-e and > |Fj(h) — Fi(hio)| < ex-e
hi,hZiieAi hivhzj@‘%’
whenever . .

m(A;) <o;(h) and Y m(B;) < §;(h).

i=1 i=1
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Defined(h) = min{d;(h),d;(h)} suchthad "  m(C;) < §(h), where{C;}?_, is arefinement
Lebesgue partition off, g| for {A;}", and{B;}_,. Thusm(C;) < m(A;) andm(C;) <
m(B;) showing that

Z m(Cy) < Z m(4;) < 8(h) < 6;(h)
and - -

> m(Ci) <Y m(Bi) < 6(h) < 6;(h).
=1 =1
Now, let F,, = min{ Fy, >} and consider
> |F(h) — Fylhia)] <e-e  whenever ) m(Cy) < (h).

i=1 =1
hih;_1€C;

Hence, thenin{ F}, F5, . .., F}} is Lebesgue absolutely continuous [gng].
Similarly, ¢'(h) = max{d1(h),d2(h)} such thaty ! , m(D;) < &'(h), where{D;}!, is a
refinement Lebesgue partition a, g| for {A;},, {B;}7,. Thusm(4;) < m(D;) and
m(B;) < m(D;) showing that

> m(A) <> m(D;) < 8;(h) < 5'(h)

=1 i=1
and

> m(By) <> m(D;) < 8;(h) < 5'(h).
=1 i=1
Now, let F, = max{Fy, F,} and consider
> |F,(hi) — Fy(hisy)] < €e-e whenever > m(D;) < &'(h).

i=1 =1
hih;_1€D;

Hence, thenax{F}, F5, ..., F}} is Lebesgue absolutely continuous|gng]. i

6. PROPERTIES OF LEBESGUE ABSOLUTE CONTINUOUS FUNCTION

In this section, a version of some algebraic properties of Lebesgue absolutely continuous
functions taking values ofi[a, b] will be presented.

Theorem 6.1.Let F, G : [f, g] — Cla, b] be Lebesgue absolutely continuous function§fop.
Then:

(1) F(h) + G(h) is Lebesgue absolutely continuous functiong firy|;

(2) BF(h) is Lebesgue absolutely continuous functiong Ar|, 5 is scalar inR;
(3) F(h) — G(h) is Lebesgue absolutely continuous functiong ry];

(4) |F(h)| is Lebesgue absolutely continuous functiong firy|;

(5) FG(h) is Lebesgue absolutely continuous functiond firy].

Proof (1) Let F(h) andG(h) be Lebesgue absolutely continuous function$fop|. Then
given anye > 0, there exist z(h) > 6 andd(h) > 6 such that for any finite Lebesgue partition
{4}, {B;}, onl[f,g], we have

€ €
Z |[F(hi) = F(hiy)| < 5 e and Z (G(hi) = G(hiy)| < 5 e
hihs 1€D; hihi_1€D;
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wheneved " | m(A4;) < dr(h)and} ) | m(B;) < dc(h). Defined(h) = min{dr(h),dc(h)}
such thaty " | m(C;) < 6(h), where{C;}_, is a refinement Lebesgue partition ph g for
{A;}, and{B;}!,. Thus

showing that

and - -
> m(C) <Y m(Bi) < 8(h) < ba(h)

Let H(h) = F(h) + G(h)._Now
> Hh) - H(hi)l = Y [(F(h) + G(hi) — (F(hiy)

i=1 i=1
hih; _1€C; h;h; _1€C;

= > |(F(hi) = F(his))

< Z |[F'(hi) — F(hi-1)]
hi,hzjeci
+ Y |G(h) = G(his))|
hi,hzieoi

<E +€
— . e — e =€-e.
2 2

Hence,F'(h) + G(h) is Lebesgue absolutely continuous functiong firy|.

(2) If 8 = 0, then we are done. Suppose thats 0. Then|5| > 0. Now, assume that
F : [f,g] — Cla,b] is a Lebesgue absolutely continuous[gng]. Given anye > 0, choose
6(h) > 6 such that for any finite Lebesgue partitiOA; }7, on[f, g] whenevery " | m(4;) <
d(h), we have

S F(h) — Flhin)| < ﬁ e.

hihi_1€A;

Now,

ST IBF(h) — F(hio)| <181 Y. |F(hi) = F(hia)]
hiyhziieAi hi,hziieAi
€
<|Bl- = e
1]
= €- €.

Hence,GF (h) is Lebesgue absolutely continuous function|fry].
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(3) SinceG(h) is Lebesgue absolutely continuous function|éry]|, by (2), (—1)G(h) =
—G(h) is also a Lebesgue absolutely continuous functionfon|. By (1), F'(h) + (—G(h)) =
F(h) — G(h) is again a Lebesgue absolutely continuous functioffog.

(4) SinceF(h) is Lebesgue absolutely continuous function firy], by Theorenfs.5|it fol-
lows thatF'* (h) = max{F'(h),0} andF'~(h) = max{—F'(h), 8} are also Lebesgue absolutely
continuous functions ofy, g|. Hence by(1), |F'(h)| = F*(h) + F~(h) is again a Lebesgue
absolutely continuous o[, g|.

(5) SinceF'(h)andG(h) are Lebesgue absolutely continuous function§fon|, given any
e > 0, there existsr(h), d¢(h) > 6 such that for any finite Lebesgue partitipA; }* |, { B},
on|[f, g], we have
€

3 ]F(hi)—F(hi_l)\<§-e and Y |G(h) — Glhia)| < 5 -

i=1 i=1
hih;_1€A; h;h;_1€B;

whenever

> m(A;) < 6p(h) and Z 1) < da(h).

i=1
Define §(h) = min{dr(h),dc(h)} such thatZi:1 m(Ci) < d(h), where{C;}, is a re-
finement Lebesgue partition dn, b] for {A4;}"_, and{B;},. Thusm(C;) < m(A4;) and
m(C;) < m(B;) showing that

> m(C) < Z ) < 0p(h)

i=1

Z m(C Z ) < da(h).

Now, let H (h) = F(h)G(h). Now
> HM) - H(hio)l = Y. [(FG)(hi) — (FG)(hiy)]

i=1 i=1
hishi—1€C; hishi—1€C;

- Z |F(hi)G(hi) — F(hi—1)G (i) + F(hi—1)G(h;)

- F(hi,l)G(hi,l)]
<|G(h)| > |F(h) = F(himy)]

=1
hih; _1€C;

+HF(hi)l Y |G (hi) = G(his))|

i=1
hihi_1€C;

<M1 5 €+M2 5 €

:§<M1+M2)6
SinceF'(h) andG(h) are continuous ofY, g|, there exists\/;, My > 0 suchthatF' (k)| < M;-e
and|G(h)| < M -e. Therefore 'G(h) is Lebesgue absolutely continuous function 6ry]. n

and
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