
Aust. J. Math. Anal. Appl.
Vol. 21 (2024), No. 1, Art. 11, 9 pp.
AJMAA

( p, q) -LUCAS POLYNOMIAL AND THEIR APPLICATIONS TO A CERTAIN
FAMILY OF BI-UNIVALENT FUNCTIONS DEFINED BY WANAS OPERATOR

M MUSTHAFA IBRAHIM 1, SALEEM AHMED2

Received 24 September, 2023; accepted 27 April, 2024; published 31 May, 2024.

COLLEGE OFENGINEERING, UNIVERSITY OF BURAIMI 1,2, AL BURAIMI , P.O.BOX 512, OMAN ,
musthafa.i@uob.edu.om, saleem.a@uob.edu.om

ABSTRACT. In this article, by making use of( p, q) -Lucas polynomials, we introduce and in-
vestigate a certain family of analytic and biunivalent functions associated with Wanas operator
which defined in the open unit diskU . Also, the upper bounds for the initial Taylor-Maclaurin
coefficients and the Fekete-Szegö inequality of functions belonging to this family are obtained.

Key words and phrases:( p, q) -Lucas polynomials, Bi-univalent functions , Subordination.

2010Mathematics Subject Classification.Primary 05A19, 30C45. Secondary 11B37, 30C50.

ISSN (electronic): 1449-5910

c© 2024 Austral Internet Publishing. All rights reserved.

https://ajmaa.org/
mailto: <musthafa.i@uob.edu.om>
mailto:<saleem.a@uob.edu.om>
https://www.ams.org/msc/


2 M M USTHAFA IBRAHIM , SALEEM AHMED

1. I NTRODUCTION

In mathematics, Lucas polynomials are a polynomial sequence which can be considered as a
generalization of the lucas number. Ths ploynomials are of wide spectra in a variety of branches
such as Physics, Engineering, Architecture, Nature, Art, Number Theory, Combinatorics and
Numerical analysis. The well-known( p, q) -Lucas polynomials are defined by the following
definition:

Definition 1.1. ([9]) Let p(x) andq(x) be polynomials with real coefficients. The( p, q) -Lucas
polynomialsLp,q,n(x) are established by the recurrence relation

Lp,q,n(x) = p(x)Lp,q,n−1(x) + q(x)Lp,q,n−2(x) (n ≥ 2)

from which the first few Lucas polynomials can be found as

(1.1)
Lp,q,0(x) = 2, Lp,q,1(x) = p(x), Lp,q,2(x) = p2(x) + 2q(x),

Lp,q,3(x) = p3(x) + 3p(x)q(x), · · · .

Remark 1.1. By selecting the particular values of( p, q) -Lucas polynomials reduces to several
polynomials. Some of these special cases are recorded below.

(1) Takingp(x) = x andq(x) = 1, we obtain the Lucas polynomialsLn(x).

(2) Takingp(x) = 2x andq(x) = 1, we obtain the Pell-Lucas polynomialsDn(x).

(3) Takingp(x) = 1 andq(x) = 2x, we obtain the Jacobsthal-Lucas polynomialsjn(x).

(4) Takingp(x) = 3x andq(x) = −2, we obtain the Fermat-Lucas polynomialsfn(x).

(5) Takingp(x) = 2x andq(x) = −1, we obtain the Chebyshev polynomials first kind
Tn(x).

Theorem 1.1. (see[9]) LetS{Lp,q,n(x)}(z) the generating function of the( p, q) -Lucas polyno-
mial sequenceLp,q,n(x).Then

(1.2) SLp,q,n(x)(z) =
∞∑

n=0

Lp,q,n(x)zn =
2− p(x)z

1− p(x)z − q(x)z2
.

LetA denote the class of functions of the form

(1.3) f (z) = z +
∞∑

n=2

an zn,

consisting of functionas which are holomorphic and univalent in the unit diskU . Let f−1 be
inverse of the functionf (z), then we have

f−1[f(z)] = z ; (z ∈ U)

and

f [f−1(w)] = w ; ( |w| < r0(f) ; r0(f) ≥ 1

4
).

In fact, the inverse functionf−1 is given by

(1.4) f−1(w) = w − a2w
2 + (2a2

2 − a3)w
3 − (5a3

2 − 5a2a3 + a4)w
4 + · · · ,
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analytic in the open unit diskU . Also we letΣ denote the class of all function inA which are
univalent inU . The well known example in this class is the Koebe functionk(z), defined by

k(z) =
z

(z − 1)2
= z +

∞∑
n=2

n zn.

The Bieberbach conjecture about the coefficient of the univalent functions in the unit disk was
formulated by Bieberbach [3] in the year 1916. The conjecture states that for every function
f ∈ S given by (1.1), we have|an| ≤ n, for everyn. Strictly inequality holds for alln unless
f is the Koebe function or one of its rotation. For many years, this conjecture remained as a
challenge to mathematicians. After the proof of|a3| ≤ 3 by Lowner in 1923, Fekete-Szegö[6]
surprised the mathematicians with the complicated inequality∣∣a3 − µ a2

2

∣∣ ≤ 1 + 2 exp

(
−2µ

1− µ

)
,

which holds good for all values0 ≤ µ ≤ 1. Note that this inequality region was thoroughly
investigated by Schaefer and Spencer [13].

For a class functions inA and a real (or more generally complex) numberµ, the Fekete-
Szegö problem is all about finding the best possible constantC(µ) so that|a3 − µ a2

2| ≤ C(µ)
for every function inA. For a brief history and interesting examples in the classΣ, (see [15])
(see also [7], [4], [5],[8]).

Recently, Wanas (see [17]) introduced the following operator (so-called Wanas operator)
Wκ,γ

α,β : A → A de
fined by

(1.5) Wκ,γ
α,βf(z) = z +

∞∑
n=2

[χn(κ, α, β)]γ anz
n,

Where

χn(κ, α, β) =
k∑

m=1

k!

m!(k −m)!
(−1)m+1αm + nβm

αm + βm

(α ∈ R; β ≥ 0 with α + β > 0; m, γ ∈ N0 = N ∪ 0) .

In the present paper, by using theLp,q,n(x) functions, our methodology intertwine to yield the
Theory of Geometric Functions and that of Special Functions, which are usually considered
as very different fields. Thus, we aim at introducing a new class of bi-univalent functions
defined through the(p , q) -Lucas polynomials. Furthermore, we derive coefficient inequalities
and obtain Fekete-Szegö problem for this new function class.

Definition 1.2. For 0 ≤ λ ≤ 1, A functionf ∈ Σ is said to be in the classTΣ(λ, α, β, κ, γ; x)
if it fullfills the subordinations:

(1.6)
1 +

z(Wκ,γ
α,βf(z))

′

Wκ,γ
α,βf(z)

+
z(Wκ,γ

α,βf(z))
′′

(Wκ,γ
α,βf(z))′

−
λz2(Wκ,γ

α,βf(z))
′′

+ z(Wκ,γ
α,βf(z))

′

λz(Wκ,γ
α,βf(z))′ + (1− λ)Wκ,γ

α,βf(z)

≺ S{Lp,q,n(x)}(z)− 1,

and

(1.7)
1 +

w(Wκ,γ
α,βg(w))

′

Wκ,γ
α,βg(w)

+
w(Wκ,γ

α,βg(w))
′′

(Wκ,γ
α,βg(w))′

−
λw2(Wκ,γ

α,βg(w))
′′

+ z(Wκ,γ
α,βg(w))

′

λw(Wκ,γ
α,βg(w))′ + (1− λ)Wκ,γ

α,βg(w)

≺ S{Lp,q,n(x)}(w)− 1,
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whereg = f−1 given by (1.3).
It is interesting to note that the special values ofλ, γ lead the classTΣ(λ, α, β, κ, γ; x) to various
subclasses, we illustrate the following subclasses:

(1) For λ = γ = 0, a functionf(z) ∈ A is in the familyTΣ(0, α, β, κ, 0; x) =: TΣ(x)
which was considered recently by Magesh et al. in [1], if the following conditions are
satisfied:

1 +
zf ′′(x)

f ′(x)
≺ Π(x, y) + 1− a,

and

1 +
wg′′(w)

g′(w)
≺ Π(x, y) + 1− a,

Wherez, w ∈ U and the functiong is described in (1.3).
(2) Forλ = 1andγ = 0, a functionf(z) ∈ A is in the familyTΣ(1, α, β, κ, 0; x) =: WΣ(x)

which was considered recently by Srivastava et al. in [14], if the following conditions
are satisfied:

zf ′(x)

f(x)
≺ Π(x, y) + 1− a,

and
wg′(w)

g(w)
≺ Π(x, y) + 1− a,

Wherez, w ∈ U and the functiong is described in (1.3).

2. COEFFICIENT BOUNDS

In this section, we shall make use of the(p, q)-Lucas polynomials to get the estimates on the
coefficients| a2 | and| a3 | for functions in the classTΣ(λ, α, β, κ, γ; x) proposed by Definition
(1.2).

Theorem 2.1.Let the functionf given by (1.3) be in the classTΣ(λ, α, β, κ, γ; x). Then
(2.1)

| a2 |=
| p(x) |

√
| p(x) |√

|
[
ϑ(λ, γ, κ, α, β, )− (2− λ)2χ2γ

2 (κ, α, β)
]
p(x)2 − 2(2− λ)2χ2γ

2 (κ, α, β)q(x) |
,

and

(2.2) | a3 |≤
| p(x)2 |

(2− λ)2χ2γ
2 (κ, α, β)

+
| p(x) |

(3− 2λ)χγ
3(κ, α, β)

Where
ϑ(λ, γ, κ, α, β, ) = 2(3− 2λ)χγ

3(κ, α, β)− (5− (λ + 1)2)χ2γ
2 (κ, α, β).

Proof. Let f ∈ TΣ(λ, α, β, κ, γ; x) From Definition (1.2), for some analytic functionΦ andΨ
such thatΦ(0) = Ψ(0) = 0 and| Φ(x) |< 1 and| Ψ(x) |< 1 for all z, w ∈ U , we can write

(2.3)
1 +

z(Wκ,γ
α,βf(z))

′

Wκ,γ
α,βf(z)

+
z(Wκ,γ

α,βf(z))
′′

(Wκ,γ
α,βf(z))′

−
λz2(Wκ,γ

α,βf(z))
′′

+ z(Wκ,γ
α,βf(z))

′

λz(Wκ,γ
α,βf(z))′ + (1− λ)Wκ,γ

α,βf(z)

= S{Lp,q,n(x)}(Φ(z))− 1,

and

(2.4)
1 +

w(Wκ,γ
α,βg(w))

′

Wκ,γ
α,βg(w)

+
w(Wκ,γ

α,βg(w))
′′

(Wκ,γ
α,βg(w))′

−
λw2(Wκ,γ

α,βg(w))
′′

+ z(Wκ,γ
α,βg(w))

′

λw(Wκ,γ
α,βg(w))′ + (1− λ)Wκ,γ

α,βg(w)

= S{Lp,q,n(x)}(Ψ(w))− 1,
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or equivalently

(2.5)
1 +

z(Wκ,γ
α,βf(z))

′

Wκ,γ
α,βf(z)

+
z(Wκ,γ

α,βf(z))
′′

(Wκ,γ
α,βf(z))′

−
λz2(Wκ,γ

α,βf(z))
′′

+ z(Wκ,γ
α,βf(z))

′

λz(Wκ,γ
α,βf(z))′ + (1− λ)Wκ,γ

α,βf(z)

= −1 + Lp,q,0(x) + Lp,q,1(x)Φ(z) + Lp,q,2(x)Φ2(z) + · · · ,

and

(2.6)
1 +

w(Wκ,γ
α,βg(w))

′

Wκ,γ
α,βg(w)

+
w(Wκ,γ

α,βg(w))
′′

(Wκ,γ
α,βg(w))′

−
λw2(Wκ,γ

α,βg(w))
′′

+ z(Wκ,γ
α,βg(w))

′

λw(Wκ,γ
α,βg(w))′ + (1− λ)Wκ,γ

α,βg(w)

= −1 + Lp,q,0(x) + Lp,q,1(x)Ψ(z) + Lp,q,2(x)Ψ2(z) + · · · ,

From the equalities (2.5) and (2.6), we obtain that

(2.7)
1 +

z(Wκ,γ
α,βf(z))

′

Wκ,γ
α,βf(z)

+
z(Wκ,γ

α,βf(z))
′′

(Wκ,γ
α,βf(z))′

−
λz2(Wκ,γ

α,βf(z))
′′

+ z(Wκ,γ
α,βf(z))

′

λz(Wκ,γ
α,βf(z))′ + (1− λ)Wκ,γ

α,βf(z)

= 1 + Lp,q,1(x)c1z + {Lp,q,2(x)c2 + Lp,q,1(x)c2
1}z2 + · · · ,

and

(2.8)
1 +

w(Wκ,γ
α,βg(w))

′

Wκ,γ
α,βg(w)

+
w(Wκ,γ

α,βg(w))
′′

(Wκ,γ
α,βg(w))′

−
λw2(Wκ,γ

α,βg(w))
′′

+ z(Wκ,γ
α,βg(w))

′

λw(Wκ,γ
α,βg(w))′ + (1− λ)Wκ,γ

α,βg(w)

= 1 + Lp,q,1(x)d1w + {Lp,q,2(x)d2 + Lp,q,1(x)d2
1}w2 + · · · .

It is fairly well known that if

|φ(z)| =
∣∣c1z + c2z

2 + c3z
3 + · · ·

∣∣ < 1, (z ∈ U)

|ϕ(z)| =
∣∣d1w + d2w

2 + d3w
3 + · · ·

∣∣ < 1, (w ∈ U)

and it is well known that

(2.9) |cn| ≤ 1, |dn| ≤ 1, n ∈ N .

Thus, upon comparing the corresponding coefficients in (2.7) and (2.8), we have

(2.10) (2− λ)χγ
2(κ, α, β)a2 = Lp,q,1(x)c1,

(2.11) 2(3− 2λ)χγ
3(κ, α, β)a3 − (5− (λ + 1)2)χ2γ

2 (κ, α, β)a2
2 = Lp,q,1(x)c2 + Lp,q,2(x)c2

1,

(2.12) −(2− λ)χγ
2(κ, α, β)a2 = Lp,q,1(x)d1,

(2.13)
2(3− 2λ)χγ

3(κ, α, β)(2a2
2 − a3)− (5− (λ + 1)2)χ2γ

2 (κ, α, β)a2
2 = Lp,q,1(x)d2 + Lp,q,2(x)d2

1.

From the equations (2.10) and (2.12) we can easily see that

(2.14) c1 = −d1,

and From the equations (2.10) and (2.12) we can easily see that

(2.15) 2(2− λ)2χ2γ
2 (κ, α, β)a2

2 = L2
p,q,1(x)(c2

1 + d2
1).

If we add (2.11) and (2.13), we get
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(2.16)
2
[
2(3− 2λ)χγ

3(κ, α, β)− (5− (λ + 1)2)χ2γ
2 (κ, α, β)

]
a2

2 = Lp,q,1(x)(c2 + d2)+

Lp,q,2(x)(c2
1 + d2

1).

Clearly, by using (2.15) in the equality (2.16) , we have

(2.17) a2
2 =

L3
p,q,1(x)(c2 + d2)

2
[
L2

p,q,1(x)ϑ(λ, γ, κ, α, β)− Lp,q,2(2− λ)2χ2γ
2 (κ, α, β)

] ,
Where

ϑ(λ, γ, κ, α, β, ) = 2(3− 2λ)χγ
3(κ, α, β)− (5− (λ + 1)2)χ2γ

2 (κ, α, β).

Which gives

| a2 |=
| p(x) |

√
| p(x) |√

|
[
ϑ(λ, γ, κ, α, β, )− (2− λ)2χ2γ

2 (κ, α, β)
]
p(x)2 − 2(2− λ)2χ2γ

2 (κ, α, β)q(x) |
.

Moreover, if we subtract (2.13) from (2.11), we obtain

(2.18) 4(3− 2λ)χγ
3(κ, α, β)(a3 − a2

2) = Lp,q,2(x)(c2
1 − d2

1) + Lp,q,1(x)(c2 − d2).

Then, in view of (2.14) and (2.15) , (2.18) becomes

| a3 |=
L2

p,q,1(x)(c2
1 + d2

1)

2(2− λ)2χ2γ
2 (κ, α, β)

+
Lp,q,1(x)(c2 − d2)

4(3− 2λ)χγ
3(κ, α, β)

.

Thus applying (1.1) we obtain

| a3 |≤
| p(x)2 |

(2− λ)2χ2γ
2 (κ, α, β)

+
| p(x) |

(3− 2λ)χγ
3(κ, α, β)

.

This completes the proof of Theorem 1.

Corollary 2.2. (see[1]) By takingλ = γ = 0 in theorem 1, we state

(2.19) | a2 |=
| p(x) |

√
| p(x) |√

| −4p(x)2 − 8q(x) |
,

and

(2.20) | a3 |≤
| p(x)2 |

4
+
| p(x) |

6
.

Corollary 2.3. (see[16]) By takingλ = 1 andγ = 0 in theorem 1, we state

(2.21) | a2 |=
| p(x) |

√
| p(x) |√

| −2q(x) |
,

and

(2.22) | a3 |≤| p(x)2 | + | p(x) |
2

.
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3. FEKETE -SZEGÖ

In the next theorem, the Fekete-Szegö inequality for the familyTΣ(λ, α, β, κ, γ; x) is obtain.

Theorem 3.1. For 0 ≤ λ ≤ 1 andx, µ ∈ R, let f ∈ A be in the familyTΣ(λ, α, β, κ, γ; x).
Then
(3.1)

| a3 − µa2
2 |≤



|p(x)|
2(3−2λ)χγ

3 (κ,α,β)
,

| (1− µ) |≤| ϑ(λ, γ, κ, α, β) + (2− λ)2χ2γ
2 (κ, α, β)

(
1 + 2q(x)

p(x)

)
|

|p(x)||(1−µ)|
|(ϑ(λ,γ,κ,α,β)−(2−λ)2χ2γ

2 (κ,α,β))p2(x)−2(2−λ)2χ2γ
2 (κ,α,β)q(x)|

,

| (1− µ) |≥| ϑ(λ, γ, κ, α, β) + (2− λ)2χ2γ
2 (κ, α, β)

(
1 + 2q(x)

p(x)

)
|


.

Proof.

(3.2)

a3 − µa2
2 =

Lp,q,1(x)(c2 − d2)

4(3− 2λ)χγ
3(κ, α, β)

+ (1− µ)×(
L3

p,q,1(x)(c2 + d2)

2
[
L2

p,q,1(x)ϑ(λ, γ, κ, α, β)− Lp,q,2(x)(2− λ)2χ2γ
2 (κ, α, β)

])

(3.3)
=

Lp,q,1(x)

2

[(
H(µ, x) +

1

2(3− 2λ)χγ
3(κ, α, β)

)
c2+(

H(µ, x)− 1

2(3− 2λ)χγ
3(κ, α, β)

)
d2

]
,

Where

H(µ, x) =
L2

p,q,1(x)(1− µ)

L2
p,q,1(x)ϑ(λ, γ, κ, α, β)− Lp,q,2(x)(2− λ)2χ2γ

2 (κ, α, β)
.

Along the way, in view of (1.1), we conclude that

(3.4) | a3 − µa2
2 |≤

{
|p(x)|

2(3−2λ)χγ
3 (κ,α,β)

, 0 ≤| H(µ, x) |≤ 1
(3−2λ)χγ

3 (κ,α,β)

2 | p(x) || H(µ, x) |, | H(µ, x) |≥ 1
(3−2λ)χγ

3 (κ,α,β)

}
,

After some computations, we obtain
(3.5)

| a3 − µa2
2 |≤



|p(x)|
2(3−2λ)χγ

3 (κ,α,β)
,

| (1− µ) |≤| ϑ(λ, γ, κ, α, β) + (2− λ)2χ2γ
2 (κ, α, β)

(
1 + 2q(x)

p(x)

)
|

|p(x)||(1−µ)|
|(ϑ(λ,γ,κ,α,β)−(2−λ)2χ2γ

2 (κ,α,β))p2(x)−2(2−λ)2χ2γ
2 (κ,α,β)q(x)|

,

| (1− µ) |≥| ϑ(λ, γ, κ, α, β) + (2− λ)2χ2γ
2 (κ, α, β)

(
1 + 2q(x)

p(x)

)
|


.

Corollary 3.2. (see[16]) By takingλ = 0 andγ = 0 in theorem 1, we state

(3.6) | a3 − µa2
2 |≤



|p(x)|
6

,

| (1− µ) |≤| 6
(
1 + 2q(x)

p(x)

)
|

|p(x)||(1−µ)|
|−2p2(x)−8q(x)| ,

| (1− µ) |≥| 6
(
1 + 2q(x)

p(x)

)
|

 .
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4. CONCLUSION

In this paper making use of Wanas operator, We introduced and investigated the bi-univalent
function classTΣ(λ, α, β, κ, γ; x) related to the( p, q) -Lucas polynomials. Thus, we obtained
second and third Taylorâ̆AŞMaclaurin coefficients of functions for this class. These results were
an improvement on the estimates obtained in the recent studies.
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