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ABSTRACT. In this paper, we investigate a certain class of nonlinear Gronwall-Bellman type
integral inequalities with power in more general cases involving retarded term and more general
nonlinearities. Our results generalize some known integral inequalities and other results obtained
very recently. The inequalities given here can be used to estimate the bound on the solutions of
retarded integral equation of Volterra type and integro-differential equations (IDE) with power.
Two examples are given to show the validity of our established theorems.
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2 A. BOUDELIOU

1. INTRODUCTION

The integral inequalities that provide explicit bounds on unknown functions have become ma-
jor tools in the study of qualitative properties of solutions of differential and integral equations.
The generalization of Gronwall-Bellman inequality has earned much consideration of many
mathematicians and scientists (see [1],[3]-[5],[71,[10]:[12]). Bellman [2] proved and made use
of the following variant of the Gronwall inequality given in [6] to study the asymptotic behavior
of the solutions of linear differential-difference equations.

(1.2) u(t) < a(t) +/ f(s)u(s)ds, t € la,bl,

wherea(t) is a continuous, positive, and nondecreasing function defined, 6y then

u(t) < a(t) exp ( / t f(s)ds) o telal.

Pachpatte in [10] gave a generalization of Gronwall-Bellman inequality as follows
t t y
(1.2) u(t) < uo—i-/ f(s)u(s)ds+/ g(s) | u(s) —i—/h(T)u(T)dT ds,t € Ry,
0 0
0

whereu, f, g, andh are nonnegative continuous functions definedan andu, be a nonneg-
ative constant, then

) = waewn (| tf(S)dS) ¥

/Otg<s>exp / () + g(r) + h(r)] dr | exp / Frydr | ds

Very recently, some integral inequalities with power have been investigated.
Li and Wang [8] studied the power integral inequality

(1.3) u(t) < alt) + /t " [um(s)—i— /0 S g(T)un(T)dTrds,

0

whereu, a, f,g € C(R,, R, ), anda(t) be a continuous, differentiable, and increasing function
on [ty, oo] with a(t) < t, a(ty) = to. p,m,n € (0, 1] are positive constants, then

u(t) < a(t) + A(t) exp </a(t) pmf(s)ds + /a(t) pf(s) (/t: ng(T)dT) ds> ,tE€R,.

to to

Tian and Fan[[13] discussed the following integral inequalities

(1.4) u(t) < a(t) + /ta(t) b(s) [um(s) + /OS c(r)u”(r)drrds,
where0 < m,n < 1,p > 1. O
(1.5) ul(t) < a(t) + /t:(t) b(s) lum(s) + /OS C(T)u"(r)drrds,

whereq > m > 0,q >n > 0,p > 0.
Motivated by the result$ (1.3),(1.4),(1L.5), our main aim is to establish some interesting non-
linear Gronwall-Belleman-Pachpatte type integral inequalities with power. Many authors gave
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generalizations of integral inequalities with power in the gase (0, 1]. In this paper, we es-
tablish some integral inequalities with power in more general cases wher® which give

more general nonlinearities. Furthermore, we show that some results[of |2, 8, 9] 10, 13] can
be deduced from our results in some special cases. Finally, we give two examples to study
the boundedness of the solution of retarded integral equations of Volterra type and initial value
problem of nonlinear IDE with delay.

2. MAIN RESULTS

Let R denotes the set of real number ad = [0, oo) is the given subset &, C'(A, B) and
C'(A, B) denote the classes of continuous functions and continuously differentiable functions
on setA with a range in the seB respectively. The following lemmas are very useful to prove
the main result of our paper.

Lemma 2.1. ([8]) Leta > 0,p > ¢ > 0 andp # 0. Then
p p
Lemma 2.2. ([13]) Assume that, v > 0 andp > 0. Then
(u+v)’ < K, (uP +P),
whereK, =1,0<p<1,andK, =2 "1 p> 1.
Theorem 2.3.Letu,a,b,c, f,g € C(R,,R,), and leta € C*'(R,,R,) be a nondecreasing
function witha(t) < ¢, a(0) = 0. p > 0 is a constant. li:(¢) satisfies
a(t) a(t)
2.1) )+ / F(s)u(s)ds + / 9(s) [b(s)u(s) + e(s)]? ds.
0 0
then
( a(t) a(t)
a(t) + k(t) + / h(s)k(s)exp / h(t)dr | ds, 0 <p <1
0
a(t)

(2.2)  wu(t) << a(t)+ j7P(t)exp | (1 —p /f +

\ 0 s

with
(2.3)

at) alt) a(t)
JPW)exp | (L=p) [ f(s (p— 12" [ g(s)P(s)exp | (1 —p) | F(r)dr | ds,

oo / /0
where

a(t)

(2.4) /f s)ds + /9( )[p(a(s)b(s) +c(s)) +1 —p} ds,
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(2.5) h(s) = f(s) +pg(s)b(s),
() a(t)

(2.6) /f s)ds + 20~ / g(s) [a(s)b(s) —i—c(s)rds.

Q

Proof. Denote

o

(t)

a(t)
= /f(s)u(s)ds—i—/g(s) [b(s)u(s)—i—c(s)rds,

thenz(0) = 0, andz(t) is nondecreasing function, and

(2.7) u(t) < a(t) + z(t).
Therefore, usind (217), we have

alt) ot)

/ 7(s D+ [ 91 [b65) (als) + 2(5)) + e(s)] s
(2.8) 0

a(t ot)
p

/ F(s)a(s)ds + / F(s)2(s)ds + / ) [b()2(5) + a()b(s) + e(s)] s

Case 10 < p < 1. Applying Lemqu]l to[@S) we get

a(t)

/f ds+/f s)ds-+

/9@@@U($+MW@%M@D+LmPS

o

wherek(t), h(t) are defined by (2]4)} (2.5) respectively. Define
a(t)
v(t) = / h(s)z(s)ds,
0
thenv(0) = 0, v(¢) is nondecreasing and
(2.9) 2(t) < k(t) +v(t).
Differentiatingv(t), and using[(2]9), we get

() = dh(alt) 2(alt))
< /()b (a(t) (k(a(b) + v(a(t)))
< a(h(alt)) (k(a() +v(t)).
or
(2.10) V(1) — (DR (D) v(t) < o (R (a(t)) ka(t)).
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a(t)
Multiplying both sides of[(2.710) byxp (— i h(s)ds) , then it will be restated as follows
0

a(t) a(t)
% (U(t) exp ( / h(s)ds)) < (t)h(a(t)) k(at)) exp ( / h(s)ds) :

0 0
Integrating the above inequality froonto ¢, we get

) o)
(2.11) o(t) < / h(s)k(s) exp ( / h(T)dT) ds.

0 s

From (2.11),[(2.9) and (2.7) we obtain the estimate @§ given in [2.2).
Case 2p > 1. Applying Lemmg Z2.P to[(2]8), we have

a(t) a(t)
A0 = [ rass s [ 1s)s)ds

a(t)
+ / g(s)2r! [(b(s)z(s))p + (a(s)b(s) + c(s))p] ds

a(t) a(t)

< /f s)ds + 2P7! /g(s)bp(s)zp(s)ds,

wherej(t) is defined by-G) which is nondecreasing function, then for fikede have

a(t)

/f s)ds + 2P~ 1/g(s)b”(s)zi’(s)dS,VtE [0,T7.

Define
a(t) a(t)

+/f §)ds + 2 1/g(s)bp(s)zp(s)ds,

theny(0) = j(T'), and
(2.12) 2(t) < (1), z (a(t) < 2(t) < ().
Differentiating(¢) and using[(2.12), we get
Pt) < dO)f (a) z(at) + 2" (t)g (alt) B (alt) 2 (alt))
< d/()f (alt) p(t) + 2071 (t)g (alt) B (al(t)) ().
Dividing both sides of the above inequality by(t), we get
(2.13) PP (1) < () f (b)) ' P(t) + 2071 (t)g (a(t)) D (alt)).

Lety(t) = ' 77(t), theny(0) = j'~#(T), andp?(t)¢'(t) = 15¢'(t). @-I3) will be restated
as follows

(2.14) U'(t) = (1= p) () f (a®) $(t) > (1 —p)2P~1a'(t)g (a(t) B (alt)).
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a(t)
Multiplying (2.14) byexp (—(1 -p) [ f(s)ds) , then we have

0

a(t)
%(wt)exp( » [ 16) )) (1 - P2/ (g (a(8) P (a(1)

a(t)
exp ((1 ) / f(s)ds>

Integrating the above inequality froénto ¢, we have

a(t)
w(t) = 5 7(T) exp ((1 — ) / f(S)d8> +

at) at)
(1 p)or-! / g () 1P(s) exp ((1 ) / f(T)dT) s,

from the hypothesig (2.3) and(t) = ¢'~7(t), we get
(

a(t)
{jlp(T) (1-p) / f(S)dS) +
)

s
©
IA
@
o]
i

)=
ot

o(t) 1-p
1-p2 [ g6 ex <<1p> / f(T)dT) ds} .

SinceT is chosen arbitrarily, then we have

a(t)
Sﬁ(t)S{J (1) exp( /f )

(2.15) )

a(t) a(t) 1-p
(1—p)2r /g(S)bp(S)eXp ((1p)/f(7)d7) dS} :

0

From [2.15%),[(2.12) andl (3.7), we obtain the estimate(of given in [2.2).
1

Remark 2.1. We deduce the following inequalities by changing the given assumptions in The-
orem2.3:

1. If a(t) = t,g(s) = 0, anda(t) be a nondecreasing function, thén {2.1) in Theoferh 2.3
reduces to the well known Gronwall-Bellman inequality [1.1).

2.1f g(s) = 0, Theoren{ 2.8 reduces to Lemma 2[in [8].

3.1f f(t) = 0, Theorem 2.3 reduces to Lemma 2.3[inl[13].

Theorem 2.4.Letu,a, f,g,h € C(R.,R,), and leta € C'(R,,R,) be a nondecreasing
function witha(t) < ¢, a(0) = 0. Suppose thatr,n € (0, 1], p > 0 are constants. ()
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satisfies

a(t)

alt) s p
(2.16) u(t) < a(t) + / f(s)u(s)ds + /g(s) [um(s)—i-/h(T)u"(T)dT] ds,

then

a(t) a(t)
a(t) +ay(t) + ki (t) + / h(s)ki1(s)exp (/ h(T)dT) ds,0 <p<1

a(t)
(2.17)  u(t) << aft) +a(t) + {jllp(t) exp ((1 —p) / f(s)ds) +

1

a(®) a(t) =
(1 p)2r! / 9(5)B(s) exp (<1p> / f(T)dT> ds} 1,

s

with
(2.18)
at) at) a(t)
Ji P (t) exp ((129)/1”(8)658) (p—1)2”1/g(8)bp( ) exp ( (I—-p /f dT) ds,
where

(2.21) ai(t) = / f(s)a(s)ds, bi(s) =m+ n/h(T)dT,
(2.22) c1(s) =ma(s)+1—m+ /h(r) [na(t) + 1 —nldr.

0
Proof. Define a nonnegative and nondecreasing functionby
Oé(t) S

/ F(s)u(s)ds + / ols )[um(s)—I— / h(T)un(T)dTrds,

0
then,z(0) = 0 and

(2.23) u(t) < al(t) + z(t),
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using [2.28), we have
at) a(t)

2(t) < / £(5) (as) + =(s)) ds+ / g(s) [<a<s>+z<s>>m+ / W) <a<7>+z<7>>nd7} ds.

0

By Lemmd 2.1, we have

a(t)
A0 [ 16)(ats)+2)ds + [ g(s)[m(ats) + 2(5)

s

+1—m+ /h(T) [n(a(T) +2(7)) +1— n} dT] ds,

0
then above inequality can restated as follows

a(®) a(t)
(2.24) 2(t) < ay(t) + / f(s)z(s)ds + / g(s) [b1(8)z(s) + c1(s)]" ds,

0 0

wherea, (t), b1(s) ande(s) are defined in[(2.21) and (2]22) respectively. Now applying Theo-
rem[2.3 to[(2.24), we get

alt) alt)
ar(t) + ki (t) + / h(s)ki(s)exp (/ h(T)dT) ds,0<p<1

0 s

a(t)
(2.25)  z(t) < @)+ {J&lp(t) exp ((1 —p) / f(S)dS) +

1

a(t) a(t) 1—p
(1 p)or! / 9(s)b2(s) exp ((1—@ / f(T)dT) ds} P> L

wherek; (t) andj, (¢) are defined by (2.19) and (2]20) respectively. Then, ffom[2.25)and (2.23)
yields the estimate af(¢) in (2.17). This completes the proaf.

Remark 2.2. Theorenj 2.4 generalizes some famous results obtained(in/[9, 13] as follows:
1.1f f(t) = 0,andp > 1, Theorenj 2.4 reduces to Theorem 2.1in/ [13].
2.1f f(t) =0,and0 < p < 1, Theorenf 2.4 reduces to Theorem 2.1[in [9].

Theorem 2.5. Letu,a, f,g,h € C(R,,R,), and leta € C'(R,,R,) be a nondecreasing
function witha(t) < t, «(0) = 0. Suppose that:, n, g, r, p are constants satisfying> ¢ > 0,
r>m>0,r>n>0,p>0. If u(t) satisfies

0 0

a(t) a(t) s P
(2.26) u"(t) < a(t) + / f(s)ul(s)ds + /g(s) [um(8)+/h<7)un(7)d7:| ds,
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and
(2.27)
a(t) a(t) a(t)
ﬁp@ﬁmp(up> fﬂ@mj:>@nw’l gﬂﬁ%@%xp(ﬂp) fﬂﬂm>cﬁ
/ / /
then
(2.28)

alt) alt)
a(t) + as(t) + ko(t) + / ha(s)ka(s) exp (/ hg(T)dT) ds) ,0<p<l1

a(t)
ut) < 4 a(t) + as(t) + {jélp(t) exp ((1 —p) / f2(s)d3) +

0

where

(229)  jolt) = / fo(s)an(s)ds + 271 / 9(5) (ar(s)bals) + ea(s))? ds,

0

o

( a(t)

RO =270, a0 = [ 16)(Lat)+ 1) as

(2.30) Mﬂ=%+;/ﬂﬂm
0

(231)  ko(t) = / fols)as(s)ds + / 9(5) [p (az(s)bals) + ca(s)) + (1 — p)] ds,

(2.32) hao(t) = folt) + p.g(t)ba(t).
Proof. Define
a(t)

a(t) s p
2(t) = /f(s)uq(s)ds+ /g(s) [um(s)—i—/h(T)u”(T)dT] ds,
then,z(0) = 0, z(¢) is nondecreasing function and

(2.33) u(t) < (a(t) + 2(t)" .
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Using (2.33) and applying Lemma 2.1, we get
a(t)
A1) < / F(s)(als) + =(s)) *ds+

212

a(t) s p
/g(s) [(a(s)—l—z(s))T —i—/h(T)(a(T)—i-z(T)) dT:| ds

alt s p
/ g(s) [% (a(s) + z(s)) + r —Tm + /h(T) [; (a(T) + z(T)) + r ; n} dT] ds,
then 0 O
a(t) at)
(2.34) ) < as(t / fa(s)z(s)ds + / g(s) [bg(s)z(s) + 02(5)}pds,

whereas(t), f2(s), ba(s), c2(s) are defined by (2.30). Applying Theorém|2.3[to (2.34), we obtain

( alt) a(t)
as(t) + ko(t) + / ho(8)ka(s) exp (/ hQ(T)dT) ds, 0<p<1

0

a(t)
(2.35) z(t) < < ao(t) + {j;p(t) exp ((1 —p) / fQ(S)ds) +
a(t) a(t) =
(1—p)2r! / g(s)bh(s) exp ( (1-— /f2 dT) ds} ,p>1,

\ 0

wherek,(t), ho(t) are defined by (2.31) and (2]32) respectively. Then {2.35) Wwith](2.33) gives
(2.28). The proof is completeq.

Remark 2.3. If f(¢) = 0, then Theorerh 2|5 reduces to Theorem 2.2in [13].

S

3. APPLICATIONS

In this section, we apply our results to study the boundedness of the solution of retarded
integral equation of Volterra type and initial value problem of nonlinear integro-differential
equations with delay.

Example 3.1Consider the following retarded integral equation of Volterra type

(3.1) 23(t) — Hy(t,z (a(t)) — M (t,x (a(t)) ,/HQ (1,2(7)) dT) = a(t),

AJMAA Vol. 21(2024), No. 1, Art. 10, 15 pp. AIMAA
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wherer,a € C(R,R), H;, H, € C(R, xR, R),M € C(R; xRxR,R)anda € C'(R,R,)
be a nondecreasing function wittft) < ¢, «(0) = 0.

Corollary 3.1. If H,, H,, M satisfy the following conditions

(3.2) H (2 (o y</f Va(a(s))]| ds,
(3.3) |Hy (7, )| < h(7) |z(7)],
(3.4)

t

< /9(8) {ZE?(Q(S)H/I%(T@(T))dT] ds,

0

M (t,x(a(t)),/Hg (T,I(T))dT)

0

wheref, g, h € are as in Theorern 2.5. Then all solutions(@f1) are bounded or?; and

(3.5)
2(t)] < (la(®)] + aa(t) +

W=

a(t) o) a(t) ’
€xXp <_ f fQ(S)dS> - 2]2(t) f 5/((0(;—1((3)))17227 S) €xXp ( f f2 )
0

with

1 fla™'(¥)) (a™i(s)) (1 2
) = 3o/ (0 1(1) as(t) = / o (0 1(s) (5 la(s)| + g) ds,

b2 (t) —
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Proof. Using the conditiond (3]2)-(3.4) in (3.1), we obtain

M (t,x(a(t)),/[b (T,l’(T))dT)

0

< |a(t)|+/f(s)x|:v |ds—|—/g [ ))+/HQ(T,$(T))CZT] ds

s

< la(t |+/f ) (o |ds+/ (s) |:ZL‘2(Oz(S))+/h(T)w(7‘)d7‘]2d8

a(t)

(1) + / O{ a(‘fj ()| ds + / —9,(@__1@;) [x2(8)+ [ o) xde] ds.

An application of Theoreth 2.5t (3.6) with(t) = |z(¢)|,r =3,g=1,m=2,n=1,p =2,
yields the desired inequality (3.5). This completes the prpof.

(3.6)

2 ()” < la(t)] + [Hi(t, )] +

Example 3.2Consider the following initial value problem for the delay IDE.

3.7) () =d(t)+ Hi(t,z (at)) + M (t, x (a(t)), / Hy (1,2(7)) dT)

0

wherea(0) # 0 is a constantz,a € C'(R,R), H;, H, € C(Ry x R,R), M € C(Ry x R x
R,R) anda € C*(R,, R, ) be a nondecreasing function witfit) < ¢, «(0) = 0

Corollary 3.2. Consider the initial value problerf8.7) and suppose that/,, H, and M satisfy
the conditions

(3.8) |Hy(t, @ ()] < f(2) [x(alt)],
(3.9) | Ha (7, (7)) < h(7) [x(7)[",

t

(3.10) M (t,xm(t», / i, <T,x<r>>d7> < glt) [z(a<t>>m+ / |, mm)m} ,

0
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wherem,n € (0,1],p > 0 are constants, and, g, h € C(R,, R). Then all solutions 0f3.7)

exist and
(3.11)
( a(t) a(t)
a(t)] + a1 () + b (8) + / h(s)ka (s) exp (/ h(r )dT) ds, 0<p<l
a(t)
jz(t)] < { la(®)] +ai(t) + {J& () eXp( / T 1(88) ds) +(1—p)2rt
1 sty ! f0 () "
gl (s B T .

O/a'<a1<s>>”f< e (“ >s o @) ) ! } et

with
a(t)

where

c1(s)

=mla(s)| +1 —m+/h(7‘) n]a(T)|+ 1 —n]dr.

0

Proof. Integrating both sides of (3.7) frofto ¢, we obtain

t

(3.12) x(t) /H1 5, ( /M (s,x(a(s)),/ng (r,x(f))df) ds.

0
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Using conditions[(318)[ (31 7) and (3]110) jn (3.12), we get
(3.13)

t t s

<lao)]+ [ fs)leta(eDlds + [ gs) |le@@)" + [ 1 (o)l dr| ds
<la®]+ [ 1) alallds+ [ g(s) |lata(o)!" + [ ) fa(o)l" ar| s
a(t) 1 )
< Ja(t)] + / Ofi(&l((;))) 2(s)|ds+
2 o S p
gla™(s m n
O/m |z(s)| +0/h(7') \z(T)|" dr | ds.

An application of Theorerh 2.4 tp (3]13) gives the estimate:0f)| given in {3.11). The proof
is completedn

4. CONCLUSION

In this paper, we established new retarded nonlinear Gronwall-Bellman-Pachpatte type in-
tegral inequalities with power in more general cases (wherd)) involving retarded term and
more general nonlinearities. The inequalities of our main results can be used as a handy tool to
study the qualitative properties to solutions of differential equations and integral equations. We
show that some results 6f [2,[8,9/ 10] 13] can be deduced from our results in some special cases.
In the last section, as an application, we give two examples to ullustrate how our inequalities
can be used to give the boundedness of solution of retarded integral equations of Volterra type
and initial value problem of nonlinear IDE with delay.
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