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ABSTRACT. In this paper, we aim to investigate the equiform differential geometric properties
of the involute-evolute curve couple with constant equiform curvatures in three-dimensional hy-
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1. INTRODUCTION

The idea of a string involute is due to Christian Huygens (1658), who is also known for his
work in optics. He found involutes while attempting to develop a more exact clock [[1]. The
involute of a given curve is a well-known idea in Euclidean 3-space. It is notable that, if a curve
is differentiable at each point of an open interval, a set of mutually orthogonal unit vectors
can be constructed and called Frenet frame or moving frame vectors. The rates of these frame
vectors along the curve defined curvatures of the curves. The set, whose elements are frame
vectors and curvatures of a curve, is called Frenet apparatus of the curve. An evolute and its
involute, are defined in mutual pairs. The evolute and involute of the curve pair is well known
by mathematicians particularly the differential geometry researchers.

Let us define involute-evolute curve couple. The curve ¢ is an evolute of the curve ¢ if ¢ lies
on the tangent line to ¢ at 1)(s¢) and the tangents to ¢ and ¢ at ¥)(sg) and ¢ are perpendicular
for each sy. Also, ¢ is an evolute of ¢ if v/ is an involute of ¢, for more details, see for instance
[2, 13,4, 15, 16].

The geometry of space is associated with mathematical group. The idea of invariance of geom-
etry under transformation group may imply that on some spacetimes of maximum symmetry
there should be a principle of relativity, which requires the invariance of physical laws without
gravity under transformations among inertial systems. Besides, the theory of curves and the
curves of constant curvature in the equiform differential geometry of the isotropic spaces I3
and [ § and the Galilean space (3 are described in [7, 8, 9], respectively. Although the equiform
geometry has minor importance related to the usual one, the curves that appear here in the
equiform geometry can be seen as generalizations of well-known curves from the above men-
tioned geometries and therefore could have been of research interest.

The equiform geometry of Cayley-Klein space is defined by mentioning that the similitude gath-
ering of the space jam points among planes and lines, individually. Cayley-Klein’s geometries
have been read up for a long time. However, they have as of late become fascinating since their
significance for different fields, like soliton theory, have been rediscovered.

We have found motivation for this work in [2, [7, [10, [11} [12]], where the authors considered
characterizations of general helices in the Minkowski space-time, double isotropic and Galilean
spaces. Therefore, in this paper, we introduced a visualization for the equiform geometry of
Frenet apparatus in three dimensional hyperbolic and de Sitter spaces. Also, we define the
equiform geometry of involute-evolute curve couple in Hi(—l) and S3.

2. GEOMETRY OF HYPERBOLIC AND DE SITTER SPACES

In this section, we use the basic notions and results in Lorentzian geometry for Frenet frame
in hyperbolic and de Sitter spaces. Also, we introduce some definitions and basic facts which
are needed in the subsequent sections, for more details, see [1, 6} [13]]).

2.1. Hyperbolic 3-space. Let R* be a four-dimensional vector space. Forany = = (21, o, T3, 24),y =
(Y1, Y2, Y3, y4) € R, the pseudo-scalar product of z and y is defined by (x,y) = —z1y; +22y2+

T3y3 + w4ys. We call (R, (,)) Minkowski 4-space and denoted by E}. We say that a vector

x € E] is spacelike, lightlike or timelike if {(x1,z5) > 0, (z1,7z2) = 0 or (z1,z9) < 0, respec-

tively. The norm of the vector z € E{ is defiend by ||z|| = +/|(z, z)|. The hyperbolic space is
defined by

Y (~1) = {z € E! | (a,2) = —L,a; > 0},
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For any x = (21,22, %3, 24), ¥ = (Y1, Y2, Y3, ya) and z = (21, 22, 23, 24) € Eil, the pseudo vector
product of x, y and z is defined as follows:

—i j ko
T1 T2 T3z T4
TANYNz =
Yr Y2 Ys Ya
21 k2 R3 R4
To X3 T4 T1 T3 T4 T1 T2 T4 T1 T2 T3
= — Y2 Ys Ya |,— | Y1 Y3 Ya |,| Y1 Y2 Ya|,—| Y1 Y2 Y3
Z2 23 24 Z1 23 24 21 22 24 21 22 23

Lety: I — H} C E};  ~(t) = (21(t), 22(t), z3(t), 4(t)) be a smooth regular curve in
H3 (i.e.,y/(t) # 0) for any ¢t € I where [ is an open interval. So that, (7/(¢),(¢)) > 0 for

any t € I. The arc-length of -, measured from (t,),t, € I is s(t) = ftto |7/ (t)]|dt. Then the

parameter s is determined such that ||¥(s)|| = 1, where 4(s) = in—f). The spacelike curve 7 is

said to be parameterized by arc-length if it satisfies that ||¥(s)|| = 1. In what follows, we denote
the parameter s of ~y as the arc-length parameter. Let us denote T(s) = *(s), and we call T(s)
a unit tangent vector of v at s.

Here, we construct the explicit differential geometry on curves in H? (—1). Lety : [ —»
H3 (—1) be a regular curve. Since H? (—1) is a Riemannian manifold, we can re-parameterize
~ by the arc-length. Hence, we may assume that y(s) is a unit speed curve. So we have the

tangent vector T(s) = 4(s) with || T|| = 1. When <T(5),T(s)> # —1, then we have a unit

T(s) —
vector N(s) = ||TE8§ VES; i Moreover, we define E(s) = v(s) AT(s) AN(s), then we have
s) — (s
a pseudo orthonormal frame {7(s), T(s), N(s), E(s)} of Hi along 7. By standard arguments

and under the assumption that <T(s), T(s)> # —1, we have the following Frenet formulas:

i(5) = T(s),
T(s) =(s) + £N(s),
@1 N(s) = —kT(s) + 7E(s),
E(s) = —7N(s).
Or in the matrix form as follows:
¥(s) 0 1 0 0 ~v(s)
T(s) | |1 0 & O T(s)
Nis)| |0 - 0 7 N(s) |’
E(s) 0 0 —7 0 E(s)
where
ko= [T(s) =v(s)l,
2.2)
oo _det(7(5),9(5),9(s), F(s))
(r(s))? ’
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are the curvature and torsion of the curve ~, respectively. Since <T(s) —(s), T(s) — 7(s)> =
<T(s), T(s)> + 1, the condition:

(T(s),T(s)) # 1.

is equivalent to the condition x(s) # 0. Moreover, we can show that the curve (s) satisfies the
condition x(s) = 0 if and only if there exists a lightlike vector ¢ such that v(s) — c is a geodesic.
Such a curve is called an equidistant curve.

2.2. De Sitter 3-space . Here, we define the de Sitter 3-space as follows:
St ={z € E} | (z,2) =1}.

Let v : I — S? be a smooth and regular spacelike curve in S?. We can parameterize it by arc
length s, since S? is a Riemannian manifold, we can re-parameterize by the arc-length. Hence,
we may assume that y(s) is a unit speed curve. So, we have the tangent vector T'(s) = (s)

with ||T|| = 1. In this case, we call -y a unit speed spacelike curve. If <T(s), T(s)> # 1,

. T
then ||T(s) + v(s)|| # 0, and we define the unit vector N(s) = — () +7(5) . Furthermore,
IT(s) +~(s)|
E(s) = v(s)AT(s) AN(s), then we have a pseudo orthonormal frame {7(s), T(s), N(s), E(s)}

of E{ along . Also, <T(s), T(3)> # 1, we have Frenet equations:

() = T(s),
T(s) = —(s) + sN(s),
23 N(s) = ~3(1)wT(s) + 7).
E(s) = TIN(s)
Or in the matrix form:
Y(s) 0 1 00 7(s)
T(s) | _ | -1 0 k0 T(s)
N@s) || 0 =6(y)s O 7 N(s) |’
E(s) 0 0 7 0 E(s)

where §(y) = sign(N(s)) (which we shall write as simply ) and
k= |IT(s) + ()],
2.4)

_ ddet (4(s), 4(5), 5(s), ¥ (s))

’ K(s)? ’

are the curvatures of the curve v in S3.
Since <T(S) +(s), T(s) + 7(3)> = <T(s),T(s)> — 1, the condition <T(s),T(3)> # 1is
equivalent to the condition x(s) # 0 (see [} 2]).

3. EQUIFORM GEOMETRY OF CURVES IN HYPERBOLIC 3-SPACE

Letv(s) : I — H? (—1) be a curve in hyperbolic 3-space. We define the equiform parameter
of v by

(3.1) U=/§=/lid8,
p
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where p = %, is the radius of curvature of 7. Eq. |) , leads to
ds

% ey
Let h is a homothety with the center at the origin and the coefficient A. So, if we put v* = h (),
then

(3.2) 0.

(3.3) s* = As, and p* = Ap,

where s* is the arclength parameter of v* and p* is the radius of curvature of v*. Hence o is an
equiform invariant parameter of y (see [[7, 10, [14])

Notation . Let x and 7 be not invariants of the homothety group, then

. 1
K = —k
)\ )
. 1
™ = -7
A
The vector
(3.4) U, = )
do

is called the tangent vector of 7 in the equiform geometry of H?. Therefore, from Egs. 1’
and (3.4]), we get

_dy(s) dy (s)

35 U, = = =pT.
(3-5) YT T PTas TF
Furthermore, we define the vectors U, and U; as follows:

It is easy to check that the tetrahedron {v, U;, Us, Us} is an equiform invariant tetrahedron of
the curve 7.

Now, we find the derivatives of these vectors with respect to o using Eqgs. ([2.1)), (3.5]) and (3.6])
as follows:

, d d o .
U= - (U1) = po= (pT) = p(pT + pT) = p(pT + p(7 + £N))
(3.7) = p*y + p(pT) + (pN) = p*y + pU; + Uy,

where the derivative with respect to the arc-length s is denoted by a (dot) and respect to o by a
(prime). Similarly, we obtain

d d . - .
Uy = - (Us) = p- (pN) = p(pN + pN) = p(pN + p(—+T + 7E))
. T . T
(3.8) = pT + p(pN) + —(pE) = U1 + Uz + U,
therefore,
Uy = = (Us) = p—- (E) = p(PE + pE) = p(pE + p(—7N))
T . T .
(3.9) = _E(PN) + p(pE) = —EUz + pUs.
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Definition 3.1. The functions: /C; : I — R (i = 1, 2) defined by
T

(3.10) Ki=p, Ky= =

are called the equiform curvatures of the curve . These functions are differential invariant of
the group of equiform transformations, too.

Therefore, the formulas analogous to the famous Frenet formulas in the equiform geometry
of the hyperbolic 3-space have the following form:
7' = Uy,
U, = p?v+ K, U; + Uy,
U, =U,; + KUy + K, U3,
U, = -k Uy + K4 Us.

Or in the matrix form as follows:

(3.11)

7'(0) 0 1 0 0 (o)

Ui(o) | | p» K1 1 0 U (o)
U/Q(O') o 0 1 ’C1 ICQ UQ(O’)
Ué(O') 0 0 _ICQ ’Cl Ug(O')

Notation . The equiform parameter o = [ x(s)ds for closed curves is called the total curvature,
and it plays an important role in global differential geometry of the Euclidean space. Also, the
function - has interesting geometric interpretation.

According to the equiform Frenet formulas (3.11]), we can write the following equalities
regarding equiform curvatures:

(3.12)

Here, we characterize the equiform space and the curves using their equiform curvatures K,
and K, in H? , which have some important geometric interpretations as follows:

(1) If K9 = const., then the curve is an equiform general helix and vice versa. Here, we do
not set conditions on /C; (for more details, see [[15, 16, [17]]).

(2) If the above condition holds and /C; is identically zero, then the curve is a W-curve ( for
more details, see [[17, [18]]).

According to [17], we have the following theorem.
Theorem 3.1. Let vy be a curve in H. with the equiform invariant tetrahedron {~y, Uy, U, Us}

and equiform curvature KC; # 0. Then v has Ko = 0 if and only if v lies fully in a 2-dimensional
subspace of H3 (—1).

Proposition 3.2. Let v be an equiform curve with an equiform invariant vector Ug in the
equiform geometry of H.. Then, the curve -y is an equiform general helix if and only if

Proof. Suppose that the curve -y is an equiform general helix. Thus, we have
(3.14) Ko = const.

From Egs. (3.11]) and ([3.14) , it is easy to prove that the equation ([3.13)) is satisfied.
Conversely, we assume that the equation ((3.13)) holds. Then from ([3.11)), we find

(3.15) U, = —K,U, + K, Us.
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Differentiating Eq.(3.15]) with respect to o, we get
U, = — KLU, — KU, + K Us + KUY
= — IC/2U2 — ]CQ(Ul + IClUQ + lCQUg)
+ K1Us + K1 (=Ko U, + K1 U3),
then,
Uj = KUy — (2K1K, + K5)Us + (KT — K3 + K1) Us.

So, we obtain

K, =0,
which completes the proof. U

4. EQUIFORM GEOMETRY OF CURVES IN DE SITTER 3-SPACE

In this section, we consider v(s) : I — S} as a curve parameterized by arc-length s. Then
we can write

VvV, :pT7
V2 :pN,
4.1) V;=pE.

Thus, {7, V1, Vo, V3} is an equiform invariant tetrahedron of «. The derivatives of these
vectors with respect to o are

d d _ : .
Vi= (Vi) = p= (pT) = p(pT + pT) = p(T + p(—7 + #N))
4.2) = —p*y + p(pT) + (pN) = —p*y + pV1 + V.
Also, we obtain
d d _ : .
Vi = 2= (Va) = p (pN) = p(pN + pN) = p(pN + p(—6xT + 7E))

. T . T
(4.3) = —0pT + p(pN) + —(pE) = —0V1 + pVy + V3,
and so,

Vs = o~ (Vs) = p- (0E) = p(PE + pE) = p(pE + p(TN))
T . T .

(4.4) = —(PN) + p(pE) =~ V2 + pVs.

Hence, the Frenet equations in the equiform geometry of the de Sitter 3-space S? can be written
as

7/ = V1>

Vi = —p?v + K1 V) + Vy,
V,=—-0Vi+ K1 Vy + K5 V3,
Vi =KyVy+ K1 Vs.

Or in the matrix form as follows:

4.5)

7' (o) 0 1.0 0 (o)

Vie) | | =-p* K& 1 0 V(o)
VIQ(O') N 0 -0 ICl ’CQ VQ(O')
V’3(0) 0 0 ’CQ ’C1 Vg(O‘)

AJMAA, Vol. 20 (2023), No. 2, Art. 6, 20 pp. AJMAA


https://ajmaa.org

8 M. KHALIFA SAAD, H. S. ABDEL-AZIZ AND A. A. ABDEL-SALAM

Therefore, according to the equiform Frenet formulas (4.5)), the following equalities regarding
equiform curvatures are given as follows:

4.6 ; y
(46) o = & (Vi V) = & (V3 V).

Corollary 4.1. Let v be an equifrom curve in S} with the equiform invariant tetrahedron
{7, V1,Vq,V3} and equiform curvature Ky # 0. Then v has Ky = 0 if and only if v lies
fully in a 2-dimensional subspace of S3.

Proposition 4.2. Let v be an equiform curve with an equiform invariant vector Vg in the
equiform geometry of S3. Then, the curve vy is an equiform general helix if and only if

4.7 VY — (K2 + K32+ K, Vs = 0K,V + 2K1K, V.
Proof. Suppose that the curve vy is an equiform general helix. Thus, we have
(4.8) Ko = const.

From Eqgs. (4.5)) and (4.8)) , it is easy to prove that the equation (4.7)) is satisfied.
Conversely, we assume that the equation (4.7)) holds. Then from (4.5]), we obtain

4.9) Vi =KV, + K, Vs,
Differentiating Eq. with respect to o, we get
Vy =K5Vs + KoV + K[ Vs + K1 Vi
=K5Va + Ko(—0V1 + K1 Vo + K2 V3)
+ K1 V3 + K1 (Ko Vy + K1 V),
then,
Vi = =5V + (2K Ky + K5) Vo + (K7 + K3 + K Vs.

So, we obtain
K, =0,
which completes the proof. U

5. EQUIFORM GEOMETRY OF INVOLUTE-EVOLUTE CURVE COUPLE IN Hi

In this section, we introduce the equiform geometry for Frenet apparatus of an evolute curve
according to the Frenet apparatus of an involute curve in H? (—1).

Definition 5.1. Let ¢) : [ — H? (—1) be a regular spacelike curve in H? (—1) with arc-length
parameter s so that  and 7 are not zero. Let v : I — H? (—1) be the evolute curve of ¢ with
arc-length parameter 5 = f(s). Denote {7, T, N, E. } to be the Frenet frame along y and &.,,
7, to be the curvatures of . Then

span{7y, E,} = span{T,N}, span{T,,N,} = span{vy, E},
~ can be expressed as
V(s) = () + M(s)Ny(s) + Az(s)Ey(s),
where \; and \, are C'"*° functions on [ (see [19]).

Theorem 5.1. Let v and 1 be unit speed space-like curves and vy be an evolute of 1. The
equiform Frenet apparatus of v: {U1.; Usy; Us,, K5 Koy } can be formed according to Frenet
apparatus of : {Ty; Ny; Ey; Ky 7y}
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Proof. From the definition of involute-evolute curve couple in hyperbolic 3-space, we can write
(5.1) 7(s) = ¥(s) + Ai(s)Ny(s) + Aa(s)Ey(s).
Differentiating both sides of Eq. with respect to s, we obtain
FTy = Ty + ANy + M ()Ny(s) + AEy + Aa(s)Eq(s),
Using Egs.(2.1)), we find
STy =Ty + ANy + doEy + A (= Ty + 7 Ey) + Aa(—7Ny)
=(1 — kA1) Ty 4+ (A = 7 A)Ny + (Ao + 7 A1) Ey.

Recalling the definition of involute and evolute curve couple, we can say that

T, LT,
then, we get
(5.2) M =Ty =0, 1—rypA =0.
By solving Eqgs.(5.2)), we obtain
1 K
(5.3) M=, =
/i¢ li‘wﬂ/,
From EqJ5.1] we have
1 K
(54) 7(s) = w(s) + —Ny(s) = 5 Ey(s).
Ky KTy

R R |
otz (2) s

it leads to

(5.6) - % (T—w - ( oy ) ) E,(s).
I\ Ky Ky Ty

From Eqs.(2.2), (5.4) and (5.6), where

= —T’y _ f}/
B vt
we obtain
N, =[(—Q+ i)2 + (iQ _Jq 4+ fw )2 —1]72(=1(s)
2 Ky B A
5.7 (O DN (50— 50+ SR,
where
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Also, from Eqgs.(5.7) and (2.2), we get

1\> (1 f o\
_ Moy = i o T R _
(5.8) Ky(S) = (FQ + /w) + <f2Q fQQ + “?ﬂw) 1,

which implies that

1\ (1 f o\ :
(e & —o_ L fy ) _
(5.9 p(8) = (fQQ + Hw) + <f2Q fQQ + HdeJ) 1 ,

where p, = % By differentiating Eq. ll we find

1 1. f ' 1 1
p=las Ly (o Loy fep oy Lyay Ly
f? Koy f? f? Ky T f? Ky f? Koy
. . . . . '
5100 4(=a-Ltop ey Lo Loy Ry
f2 f2 KT f2 f2 Ky T
Therefore, from Eqgs.(5.4), (5.5), and (5.7), we have
—(s) Ty Ny Ey
10 L —
Hw /{2 qu
Ex(s)=pv| o o 0 {fz )
Tw 1 1 . f /'iz/,
-1 0 —( ) (- 504 )
12 S R A

which can be written as

. 2 3
_ Tt (o LY 4 (Lo San fe)
(5.11) E,(s) = f2Q <f29+%) +<f.2§2 fQQJrfffﬂw) 1 Ty(s).

Now, we need to find 5'(s), therefore, from Eq.(5.6), we get

J(s) Z%((fﬁwTw)Tqb(S) + (24 ) frQ = 2fr,Q — fr, Q)N

(5.12) +((fP = fri— Q= (F+ N+ fOEy),

or in the form

(5.13) Y (s) = mTy + paNy + p3Ey,
where
(5.14) po = (2 + /) freQ = 2f7Q — 7,Q)

ps = FH((f = fri = F D= (f2+ e+ fQ).
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Also, from Eqs.(2.2), (5.4), (5.5)), (5.6), and (5.13)), we have

Ry
1o e
Pl
0 0 0 10
T’Y(S) - _p?y Tw 1 f . )
0 0 _FQ F(Q—fQ)
0 Mo H3
then,
T
(5.15) 7(s) = fs‘” P22,

From Egs.(3.5), 5.7), (5.T1), (3.8), (5.10) and (5.13), we obtain the equiform geometry of
Frenet apparatus of the evolute curve according to Frenet apparatus of the involute curve as
follows:

Py Ry |
Uy, =p, T, = 7 (@— ("’vi%) >E¢(s),
Uy, = p/ N,
1 1. f ' )
= PG+ P+ (= 0 -1t
1 1. f
~ (O ONG) + (0= 50+ ZB6)),
Uz, = pyE,
v Q[(T¢Q+i)2+(iQ_iQ+ R 2 gy ()
I Y D v
Ky =py
BTSSR VSR S S TR S
_[(FQJF@)M(FQ fQQ EiTw)Q 1] ((f.QQ
1.7 1. 1. f frp 1
T A T D
f Ky .
_F ’f%pTdJ))’
Koy =
Ky
— _Hvge ( Q+i>2+ iQ—iQJr all 2—1 -
f? 2 T
Which completes the proof. (]

6. EQUIFORM GEOMETRY OF INVOLUTE-EVOLUTE CURVE COUPLE IN S?

Definition 6.1. Let ¢ : T — S? be a regular spacelike curve in S? with arc-length parameter
s, so that x and 7 are not to be zero. Let 3 : I — S? be the evolute curve of ¢ with arc-length

AJMAA, Vol. 20 (2023), No. 2, Art. 6, 20 pp. AJMAA
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parameter § = ¢(s). Denote {3, Ts, Ng, Ez} to be the Frenet frame along ( and x4, 75 to be
the curvatures of 5. Then

span{B, By} = span{Ty, Ny}, span{Ty, Ny} = span{6, E,},
[ can be expressed as

B(s) = ¢(s) + v1(s)Ny(s) + 12(s)Eq(s),
where v; and v, are C'* functions on [, (for more details, we refer to [19]).

Theorem 6.1. Let 5 and ¢ be unit speed space-like curves and 5 be an evolute of ¢. The
equiform Frenet apparatus of B: {V1s; Vag; Vag; Kig; Kop} can be formed according to Frenet
apparatus of ¢: {T4; Ny; Eg; kig; 75}
Proof. From the definition of involute-evolute curve couple in de Sitter 3-space, we can write
(61) B(S) = d)(s) + V1<S)N¢(S) + VQ(S)E¢(S).
Differentiating both sides of Eq.(6.1)) with respect to s, we obtain
gT,B = T¢ + V1N¢ + Vl(S)N¢,(S) + V2E¢ —+ VQ(S)E¢<S),
from Eqgs. (2.3]), we have
gTﬁ :T¢ + 1)1N¢ + DQE¢ + Vl(—51{¢T¢ + T¢E¢) + 1/2(7'¢N¢)
:<1 — 5/€¢I/1>T¢ -+ (Vl -+ T¢I/2>N¢ -+ (VQ —+ T¢V1)E¢.

Recalling the definition of involute and evolute curve couple, we can say that

T; LT,
then, we get
(6.2) b+ Tae =0, 1 — kg = 0.
By solving Eqgs.(6.2), we get
1 .
(6.3) M=) =
5KJ¢ (5/<L¢T¢
Rewriting EqJ6.1] we obtain
1 g

6.4 = —N E .
(6.4) B(s) = o(s) + 5 o(s) + 52, o(5)
Differentiating both sides of Eq.(6.4) with respect to s and then from Eqs.(2.3)), we find

1 T I.€¢ .
6.5 Ts= - E .
©9 (7 () o

Therefore, we have

. T¢ T¢ l.i¢ . 1 7'¢ I.iqg .
—® N —
Ts g2 (6/% + (51@35%) ) ols) + g2 <5n¢ + (5/1357}1)) ) Ey(s)
I ko \
(6.6) 7 ( 7 + ( 5/{;%) ) Ey(s).

From Eqs.(2.2), (6.4) and (6.6), where

. Ts +
ITs + A
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one can get
T¢ 1 1. g l'id) 2 1
Ng=[(5T+ — =T -=7 1
P =l T+ 5+ T~ @ g T )
T 1 1. g I.id,
6.7 T+ —)N =T -=7 E
©6.7) T G Nl + (T = 3T+ 55 Ba(),
where

_ [ Ts Y
T= (5/% + ((5&;7@5) > '

Also, from Eqs.(6.7) and (2.4), we obtain

2 .. . 2
Té 1 1. g K

6.8 = T+ — =T —-=7T 1
(6.8) K5(s) (g +5K¢) +<92 7 +5%T¢) +1,
it implies

1\2 1 . ) 2 3

T¢ -~ 9 K¢

6.9 = T+ — =T - =7 1
= |(Fres) *(92 7 *M%) i

where pg = é. By differentiating Eq., we find

T R oo o Ty 1 1
= T —T——T 1 T4+ — T 4+
=13 5%) +<92 BT s R ST )
L L g Rg .
6.10 —T — T —T——T )
Therefore, from Eqgs.(6.4), (6.5), and (6.7), we have
—o(s) Ty Ny Ey
3
10 L 2
L2 5l€iT¢
Es(s) = pg 0 0 0 éT )
Top o 1y (2y_ 4 Fg
1 0 (2T+5;) (FT-z +5/€i¢¢>)

which can be written as

1
2 . ) 2 2
T nnd Té 1 1. g Kg
6.11 E = =T T+ — —T-=7 1 T )
@1 B =27 | (T 5) +(92 z +6f~e§f¢> M e

Now, we need to find 5(3), so from Eq., we find

B(s) :E((—@%%)TMS) — (24 9)ge T = 2g74 T — §7,T)N,,
(6.12) +((=25"+ 975 — 99)T — G2+ 9)T + g1 Ey),
or in the form:
(6.13) B(s) =mTy+mNy + n3Eq,
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where

h = —9%5’%%
(6.14) = —51((2+ 9)gme T — 297, T — §7,T)
s = & ((=26° + 972 — 9 §)T — (52 + 9) T + 7).

Also, from Eqgs.(2.4), (6.4), (6.3), (6.6), and (6.13)), we obtain

K
Lo ﬁ 5/{57}25
7a(s) = —p3| ¥ ¢ Tf éT :
00 57T g%(T —gY)
0 m Ues
then, we get
(6.15) 7s(s) = %p‘gﬂ

From Eqs.(6.5), (6.7), (6.11), (6.8). (6.9) and (6.15), we obtain

pg [ To K
Vi = psTy =22 E
1= p3Ts =7 <5ﬁ¢+ (5/{3%)) s(8),

VQﬁ = pgNﬁ
7o Lo 1. g K¢ 2 _1
= pal (22T + — —T-Z7 1
pﬁ[(gg 5H¢ + (g2 92 + 5/41357_(]5) + ] 2 (¢(S)

g2 Ok 2 ik (5&3@,
Vis = psEg
1\2 1 . ) 2 2
T nn2 Te v g K¢
_ D2 | (Do, “T_Ix 1| T
(5 *5%) +<92 7 +5Fv3ﬂ¢> HH Tl
Kis =ps
T L s g Ko 2 ~3,,T¢
ey — T4 -3 (2
[(gz 5%) +<92 i +5ﬁ5)7¢) + 1] 2((92
1 7'¢ 1 1 . g /{¢ 1
s Sy (=T Iy 1
+6/€¢)(g2 +5ﬁ¢)+(92 g2 +5I€35T¢)(92
_i R ))
& 5/1357'(1, ’
8
Koy =2
28 s

2 .. ) 2
Moy | (Toyp L) (Ly_ Ty Fe ) oy
g3 g2 dKg

Which completes the proof.
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7. EXAMPLES

Finally, in this section we present two computational examples to calculate Frenet apparatus
of the two equiform curves in three-dimensional hyperbolic and de Sitter spaces.

Example 7.1. We assume that the general involute helix 1 in H (—1) is given by
(7.1) Y(s) = (\/5 cosh(s), v/5sinh(s), 2sin(s), 2 COS(S)) :
From Eq.([7.1), the Frenet apparatus of the curve 1 is

Ty (s) = (v/5sinh(s), V5 cosh(s), 2 cos(s), —2sin(s)) ,
(7 2) N"/’(S) = <O7 07 - COS(S>7 - sin(s)) )
' E,(s) = (2v/5sinh(s), 2v/5 cosh(s), —5 cos(s), 5sin(s)) ,
Ry = 4, Ty = 5.
Then, from Egs.(5.4)), and ([7.2), the evolute curve of 1\ is

(7.3) v(s) = (\/Scosh( ), V5sinh(s), zsm( ),ZZCOS(S)) :

From Eq.([7.3), the tangent vector of the curve vy is given as
. 7 7.
(7.4) T,(s) = (\/3 sinh(s), v/5 cosh(s), ) cos(s), ~2 Sln(s)) ,
and, we get
' . 7. 7
(7.5) T, (s) [ V5 cosh(s), V5 sinh(s), ~1 sin(s), ~1 cos(s) | .

From Eqs.([7.3) and (7.53)), we obtain

N (s) = T, (s) — (s)
HT (s) = ()l
(7.6) = (0,0, —sin(s), —cos(s))

The curvature of vy is given by

iy (8) = 1T (5) = (s)]| =

NNIEN|

Also, we get

E,(s) =7(s) AT,(s) AN,(s)
—i J k l
V5cosh(s) +Bsinh(s) Isin(s) Icos(s)

VBsinh(s) V5cosh(s) Icos(s) —Isin(s) |’
0 0 —sin(s) —cos(s)
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or in the form

V5sinh(s) Zsin(s) I cos \/gcosh (s) Zsin(s) Icos(s)
E,(s) =~ | V5cosh(s) Zcos(s) —1 sm V5 smh (s) Tcos(s) —ZIsin(s) |Jj
0 —sin(s) — cos —sin(s) —cos(s)
V5 cosh(s) +/5sinh(s) % cos( ‘ \/Scosh (s) V/5sinh(s) Zsin(s)
+ | V5sinh(s) v/5cosh(s) —T sm 5 smh (s) V5cosh(s) Zcos(s)
0 0 - cos 0 — sin(s)

then, we have

E,(s) = (% sinh(s), Mcosh( ), —5cos(s),5sin(s)) :

Therefore, we obtain

V5cosh(s) +5sinh(s) ZIsin(s)  Icos(s)
. . . | VBsinh(s) VBeosh(s) Zcos(s) —Isin(s)
det(y, 9,5, ) = V5cosh(s) +5sinh(s) —Isin(s) —Zcos(s) |’

VBsinh(s) 5cosh(s) —Icos(s) Isin(s)
then, o1
det(y, 3,9, 7) = =
and we have L
det(, 9,7, 7)

=5.

T’Y(S) - = 2
Y

From Egs. (3.5)) and ({3.6)), the equiform invariant trihedron {U, Uy, U3} of the evolute curve
v is obtained as follows:

25 25 1 L
U, = (7 sinh(s), Tcosh( s), §COS(S),—§ SIH(S)> ;

U, = (0 0, isin(s), —;cos(s)) ,
V5 V5 10 10 .
U; = (7 sinh(s), > cosh(s), —5 cos(s), = sm(s)) :

Hence, using Egs. (3.10)), we get
10
]Cl == 0, ICQ = —.

Example 7.2. Consider the general involute helix ¢(s) in S} parameterized by
(7.7) o(s) = (cosh(s), sinh(s), v2sin(s), \/§COS(S>> :

From Eq. ([1.7)), the Frenet apparatus of the curve ¢ is calculated as follows:
Ty(s) = (sinh(s), cosh(s), V2 cos(s), —v/2sin(s)) ,
Ny(s) = (cosh(s), sinh(s),0,0),

E4(s) = (2sinh(s), 2 cosh(s), —v/2 cos(s), v2sin(s)) ,

/€¢:2, T¢:2.

(7.8)
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Therefore, from Egs.((6.4), and ([7.8)), the evolute curve of ¢ is
(7.9) B(s) = (§ cosh(s), ; sinh(s), v2sin(s), \/§COS<S)) .

2
From Eq.(7.9), the tangent vector of (3 is given by
(7.10) Ts(s) = (g sinh(s), % cosh(s), V2 cos(s), —ﬂsin(s)) :
Also, we get
(7.11) Ts(s) = (g cosh(s), g sinh(s), —v/2sin(s), —\/§COS(S)) :
From Egs. (7.9) and (7-I1), we have
(7.12) Nj(s) = (cosh(s),sinh(s),0,0)
where

T

Nos) = Esl) +865)
ITs(s) 4+ B(s)]l

Therefore, we can compute the curvature of 5 as follows:

ka(s) = | Ts(s) + B(s)| = 3.

Also, we get

Es(s) =0(s) A Tp(s) A Ng(s)
—1 J k [
_ % cosh(s) 2sinh(s) +2sin(s) v2cos(s)
3sinh(s) 2cosh(s) v2cos(s) —v/2sin(s)
cosh(s)  sinh(s) 0 0

or in the form

3sinh(s) V2sin(s) v2cos(s) 3 cosh(s) v2sin(s) V2cos(s)
Ep(s) = — | 2cosh(s) v2cos(s) —v2sin(s) |i— | 3sinh(s) +2cos(s) —v2sin(s) |j
sinh(s) 0 0 cosh(s) 0 0
3 cosh(s) 3sinh(s) V2cos(s) 3 cosh(s) 3sinh(s) /2sin(s)
+ | 3sinh(s) Zcosh(s) —v2sin(s) |k —| 3sinh(s) 2cosh(s) v2cos(s) |,
cosh(s)  sinh(s) 0 cosh(s)  sinh(s) 0

then, we get

(7.13) Es(s) = (2 sinh(s), 2 cosh(s), —¥ cos(s), 37\/5 sin(s)) .

By differentiating Eq. ((7.11)), we have

(7.14) B(s)= (g sinh(s), ; cosh(s), —v/2 cos(s), ﬂsin(s)) .

Therefore, from Eqs.(7.9), (7.10), (7.11), and ({7.14), we find
det(676757 6) -
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then, we get

~det(B, 3,5, 8)

=92
2
ks

75(s) =

From Eq. (4.1)), the equiform invariant trihedron of the evolute curve 3 is calculated as follows:

1
V= (5 sinh(s),

cosh(s), \/?5 cos(s), —\/?5 sin(s)) ,

1
V, = (§ cosh(s),

sinh(s), 0, O) ,

cosh(s), —\/75 cos(s), g sin(s)) .

1
2
E
3
2 2

V3 = (g Sinh(S), g

Also, by using Egs. (3.10)), we obtain
Ki=0, Ky=6.

In the following figure, one can see the projections of the evolute curves ~y(s) and S(s) into
rla2x3, x1x2x4d-spaces, respectively.

(A) (B)

Figure 1: (A) The evolute curve v(s), (B) The evolute curve 5(s).

CONCLUSION

In the 3-dimensional hyperbolic H? (—1) and de Sitter S} spaces, the equiform differential
geometry of involute-evolute curve couple have been investigated. Also, Frenet apparatus for
these curves have been obtained. Moreover, some characterizations of these curves using their
equiform curvatures KC; (i = 1, 2) have been introduced. Finally, some computational examples
to confirm our main results are given and plotted. In future works, we plan to study the involute-
evolute curve couple in different spaces like Galilean and pseudo-Galilean spaces for different
queries and further improve the results in this paper, combined with the techniques and results
in [20, 21} 22} 23] 24} 25, 26]].
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