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ABSTRACT. For a Lebesgue integrable function f : [a,b] C [0, 7] — C we consider the cos-
integral transforms

b
Cy (x) := / f(t)cos(x—1t)dt, x € [a,b]
and
_ T b
Cy(z) = / f(t)cos(t—a)dt+/ f(t)cos(b—t)dt, z € [a,b].
We provide in this paper some upper bounds for the quantities

|Cy (x) — f(a)sin(xz —a) — f(b)sin (b — z)|

b— b ~
251n< 2a>cos<a; —x)f(x)—Cf(x)
for z € [a,b], in terms of the p-norms of the derivative f’ for absolutely continuous functions

f :la,b] C [0,7] — C. Applications for approximating Steklov cos-average functions and
Steklov split cos-average functions are also provided.

and
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2 S. S. DRAGOMIR AND G. SORRENTINO

1. INTRODUCTION

In 1938, A. Ostrowski [6], proved the following inequality concerning the distance between
the integral mean ;- fab f (t) dt and the value f (x), x € [a, b].

Theorem 1.1. Let f : [a,b] — R be continuous on [a, b| and differentiable on (a,b) such that
[ (a,b) = Ris bounded on (a,b), i.e., ||f'||, := sup |f'(t)| < oco. Then

te(a,b)

1 b 1 l,_a_—i—b 2
(1.1) ‘f(x)—b_a/f(t)dt‘s Zﬁ( b_;) 1Nl (0 —a),

for all x € [a,b] and the constant % is the best possible.

The following result, which is an improvement on Ostrowski’s inequality, holds.

Theorem 1.2 (Dragomir, 2002 [3]) Let f i |a,b] = C be an absolutely continuous function on
la, b] whose derivative f' € L., [a,b]. Then

(12 ‘ 7) /f dt‘
b—ua
= m [Hf’ll[a,x],oo (@ = )" + 'l g o0 (b — 2)°

2
1 r — b
! 2 .
Hf”[a,b],oo Z—i_( b—a ) (b_a>1

forall z € [a,b], where ||-|,, , ., denotes the usual norm on Lo [m,n), i.e., we recall that

IN

19l m,mj,00 = €55 sUD g ()] < oo.
te[m,n]

The case of 1-norm is as follows:

Theorem 1.3 (Dragomir, 2002 [2])). Let f : [a,b] — C be an absolutely continuous function on

la, b]. Then
1 b
(13 'ﬂ@—;g/fwﬁ
T — b—
< h— ||fHaa:]1+b Hf”[xb]l
1 |z —
Slgt . [

for all x € [a,b], where |||, , , denotes the usual norm on Ly [m,n| with m < n, i.e., we
recall that

nwwm:/WMMﬁ<m

The following inequality for the p-norms also holds.
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Theorem 1.4 (Dragomir, 2013 [4]). Let f : [a,b] — C be an absolutely continuous function on
la,b]. If f' € L, [a,b], then

1 b
(1.4) f(x)—b_a/a () di
! —a\" b—a\T
- (g+1)"" [(Z—Z) 17 o1+ (b—Z) If ”[x,m,p] (b—a)!/f
<
T (g1

1
1 q+1ﬁ q+1ﬁ B
a o @ r—a\ 1 b—x\ ¢
o< (1 W+ 15 11) [(3;;) -+(b_a) ] (b—a)

forall x € [a,b], where & > 1 and = + % =1,p,q > 1 with % + %1 = land ||, , denotes
the usual p-norm on L, [m,n] with m < n, i.e., we recall that

n 1/p
o= ([ lo@lar) " <o

More related results are presented in recent survey paper [3].

For a Lebesgue integrable function f : [a,b] C [0,7] — C we consider the cos-integral
transforms

Cr(x) = /bf(t) cos (x —t)dt, z € [a, ]
and N ’ ,
Cy (2) ::/ f(t)cos(t—a)dt+/ f(t)cos(b—t)dt, z € [a,b].
Motivated by the abovae results, we provide in thfs paper some upper bounds for the quantities

|Cs (z) — f(a)sin (z —a) — f (b)sin (b — )]

b— b ~
QSin( 5 a) cos (a;_ —x) f(x)—Cy(x)
for z € [a,b], in terms of the p-norms of the derivative f’ for absolutely continuous functions
f:la,b C[0,7] = C.

Applications for approximating Steklov cos-average functions and Steklov split cos-average
functions are also provided.

and

2. ERROR BOUNDS FOR THE TRANSFORM (¢
The first main result is as follows:

Theorem 2.1. If f is absolutely continuous on [a,b] C [0, 7| with f € Lo [a,b], then
(2.1) |Ct (z) — f(a)sin (z —a) — f (b)sin (b — )|

) r—a ) b—x
<2 (17 (552 # 1 e (257
— b—
<2l s (5 ) s (P50

forall x € [a,b].
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pr,q>1with%+%zlandf’GLp[a,b],then

(2.2) |Ct (z) — f(a)sin (z —a) — f(b)sin (b — )|

1/q b
< Ny p (/ sin? (x — t) dt) 1 i (/ sin? (t — ) dt)

1/q
< |/ 0.6 smq|x—t|dt}

1/q

forall x € [a,}].

Also,
(2.3) |Cy (x) — f(a)sin(x —a) — f(b)sin (b — )|
< ma fin (2 = )]+ s fin ¢ = )] 1

< || f max < max [sin (x — t)|, max [sin (t — =
15 e s s = )] i ¢~ )]}

forall x € [a,b].

Proof. Using the integration by parts formula, we get
b
2.4 / f (t)sin (x —t) dt
’ b
= f(t)sin(z — 1) —i—/ f(t)cos(x—t)dt

:f(b)sin(x—b)—f(a)sin(x—a)—l—/ f(t)cos(x—t)dt
=Cy(x)— f(a)sin(z —a) — f(b)sin(b—x)

forall z € [a,].
By taking the modulus, we get, since |z — t| < m, that

(2.5) |Cy(x) — f(a)sin(x —a) — f(b)sin (b — )|

) sin x—tdt‘ /|f )| [sin (z — t)| dt
:/ |f’(t)|sin(x—t)dt+/ |f" ()| sin (t — x) dt

T b
swmmM/sm@—wﬁ+WWMM/smw—wﬁ

a xT

= | ljgzy,00 (1 = cos (z = a)) + [ 'l 1 41,00 (1 — cOs (b — )

) r—a ) b—x
=2 |1 e (25 # 1 gin? (25

forall x € [a,b].
Finally, observe that max {Hf'H w00 1] [x,b]po} = || f'll 4.3),00 » Which proves the last part

of inequality (2.1).
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Using Holder’s inequality for p, ¢ > 1 with % + % = 1, we get, since |x — t| < 7, that

/ |f' (t)] sin x—tdt—i—/|f )| sin (t — x) dt

(o) ([ ie-0m)”
%/ rura)” (face-ne

IN

( /$|f'(t)|pdt) ) ((/ o pdt)l/p)p]up |
x <(/a“”sinq(x—t)dt>l/q> . ((/:qu(t—x . 1/q> ]

= :/:|f’(t)|pdt+/:|f’(t)|pdtrp U:smq (x—t dt—i—/bsmq t—x) dt} "
_ _/ab I (t)|pdt} " [/absmqqx _ t|)dt] "

and by (2.5)) we obtain (2.2)).

Also,

1/q

T b
/]f’(t)]sin(x—t)dt+/ |/ (t)|sin (t — x) dt

< max [sin (z — t)] / |f (¢ |dt+max]sm (t — )] /|f )| dt

te(a,x]

gmax{max[sin(x—t)] max [sin (¢t — z)] }/ |f' (t)] dt

t€la,x] te(z,b]

and by (2.5)) we obtain (2.3). n

Remark 2.1. In particular, if we take z = “TJ”’, then we get from 1b that

2.6) ‘cf <“‘2”)> ~[f (a) + f (b)]sin (b;“)'

b—a
<2 (I g+ 1 g ] s (25

b—a
<4 ! s 2 .
<41 i (25
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Also from (2.2) we get

@) o (“5) -1 ()+f(>]sm(b;“)‘
1/q
< g o0 ( sine (457 )dt)
1/q
+[If || atb ( qu a;b) dt)

1/q
a+b
W[~

Moreover, from (2.3)), we derive

e o () - v+ sosn (50
< sin (5 = ) |17

] a+b ,

<N M a0

o o, on (5] g, n (- 5)] |

Corollary 2.2. If f' € Ly [a, b] , then

(2.9) |Cy(x) — f(a)sin(z —a) — f(b)sin (b — )|

xTr —

<1 N ( . ——sm2<x—a>>)l/g

1/2
1 e (5 - 5 <b—x>>)

b—
< 1 |5

TN

DO

1/2
)cos(a+b—2x)] ,

forall x € [a,b].
In particular,

(2.10) 'Cf <a;b) [f (a )+f()]sm(b;a)‘

b—a 1 1/2
f(”f'”[a,zﬂﬁ”f’”[a;w)( 1 ‘zsma"“))

b—a 1 1/2
< 1l |5~ gm0 -a)|

2
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Proof. If we take p = ¢ = 2 in (2.2)), then we get

(2.11) |Cs (z) — f(a)sin (z —a) — f (b)sin (b — )|

1/2 b
< ge ([ = 0] 4 1 [ s ) )

b 1/2
<o [/ smﬂx—ﬂdt}

1/2

Observe that
v — 1
/ sin2(x—t)dt:x a——sin(Q(x—a)),
i 2 4
b
b— 1
/sm (t—z)dt = I——sin(Q(b—m))
: 2 1
and

T b
/sin2(a:—t)dt+/ sin? (t — x) dt

r—a 1 b—xz 1 |

= —Zsm(Q(x—a))%— 7 —151H(2<b_x))
b—a 1 . .

== —Z[sm(2(x—a))—i—sm(2(b—$))]

— 1
_b 2a—§sin(b—a)cos(a+b—2x)

and by 2.T1)) we get (2.9). 1

Remark 2.2. If we assume that [a, b] C [0, %], then

max [sin (z — t)] = sin (x — a), max [sin (¢t — )] = sin (b — z)
t€la,x] te(z,b]

and by (2.3) we get

(2.12) |Cs (z) — f(a)sin (z —a) — f(b)sin (b — )|
< sin (2 — a) [/ lljgag0 + 0 (0 = 2) | Fll g g0
< Mg 7.0 max {sin (z — a) ,sin (b — )}

forall z € [a,].
If we take x = “T“’, then we get

b b— b—
ey o (5 ~r@+ ol (50)] < 18l (25

3. ERROR BOUNDS FOR THE TRANSFORM @

We also have:
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Theorem 3.1. If f is absolutely continuous on |a,b] C [0, 7| with f' € Ly, |a,b], then

2sin (b;a) cos (a—2|—b —35) f(x)—éf(l')
b_

<2 [Hf'u[a’x]msm? (x ) 1/l 9,00 S0 ( 5 x)]

< 2 Ml.81,00 {Sﬂf (x ; a) +sin® (b g m)}

forall x € [a,].
pr,q>1withl+l:1andf’€L [a,b] , then

2sin( ) (““’ )f(x)—éf@)
1/q b 1/q
<y ([ 50 €= 0t) 18, ([ s 0=y
b 1/q
<Hf||ab]p</ sin? (t — a) dt—l—/ sinq(b—t)dt>

forall x € [a,}b].
2sin (b;a) cos <a—2|—b —:c) f(x) —@:(x)

Also, we have
<sin(z —a) | f]ljy00 +sin (b —2) |10,
< max {sin (z — a),sin (b — )} [ f'll u.1

3.1

(3.2)

(3.3)

forall x € [a,b].

Proof. Using integration by parts, we have
/f )sin (t —a)dt = f(t)sin(t —a)|> —/f Jcos (t —a)dt
= f(z)sin(z — a) / f(t)cos(t—a)dt

and
/f’(t)sin(t—b):f(t)sin(t—b)|1;—/ f(t)cos (t —b)dt
x xb
——f(x)sin(:z:—b)—/ f(t)cos(t —b)dt
:f(:c)sin(b—x)—/ £ (t) cos (b— 1) dt
for x € [a,b].

If we add these two identities, then we get

f () [sin (z — a) + sin (b — z)] — Cf ()

/f )sin (t — a) dt—/f sin (b — t) dt,

AJMAA, Vol. 20 (2023), No. 2, Art. 4, 19 pp.
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namely

2sin (b;a>cos (“;b —x> (@) =G (2)

T b
:/ f’(t)sin(t—a)dt—/ f'(t)sin (b —t) dt,

forz € [a,b)].
By taking the modulus, we get, since |z — t| < m, that

3.4)

2sin (b;a>cos (a;b —x) f(z) = C; (2)

/;f'(t>sin(t—a)dt‘+

<

/ f’(t)sin(b—t)dt’
T b
g/ |f’(t)|sin(t—a)dt+/ F (£)|sin (b — t) dt

< ”f/”[a,x},oo/ sin (t - a/) dt + Hf/”[m,b],oo/ sin (b — t) dt
= ||f/||[a,:0},oo (1 — CO8 (ﬂf - (Z)) + ||f/||[a:,b],oo (1 — COS (b - .fl?))

. T —a . b—ux
=2 1N (52 # 1 n? (5]
. r—a , b—x
<2 e i (50 st (157

forx € [a,b].
Using Holder’s inequality for p, ¢ > 1 with § + 2 =1, we get

/j|f’(t)|sin(t—a) dt < (/:|f’ (t)|pdt)1/p (/:sinq (t—a) dt)l/q

and

/:\f’(t)|sin(b—t)dt§ (Lb\f’(t)|pdt>1/p (/:sinq(b—t)dty/q

forx € [a,b].

AJMAA, Vol. 20 (2023), No. 2, Art. 4, 19 pp. AJMAA
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If we add these inequalities, then we get

/ ()] sin (¢ — ) dt+/ ()] sin (b — £) dt
(fors) ([oo-on)

(forons)" (o)
<([1roras [ \”dt) '

([smre-was [ smq@_t)dt)”q
(

(t)
’ (
ab 1 @F dt> " (/x sin? (t — a) dt + /:smq (b—1) dt) v

for x € [a,b] . By using (3.4) we get (3.2).
Also, observe that

/x\f/(t)|sin(t—a)dt+/ L (8)] sin (b — ) dt

§sin(x—a)/m|f’(t)|dt—|—sin(b—x)/ 7 (0)] dt

< max {sin (z — a) ,sin (b — o)} (/j|f’(t)|dt+/:|f’(t)|dt)

— max {sin (z — a) ,sin (b— )} (/ab]f’ (t)|dt)

for x € [a, b] . By using (3.4) we get (3.3)). n

Remark 3.1. In particular, if we take z = ‘IT“’, then we get from 1i that

2 sin <b;a>f(a;b) —C <a;b>‘
b—a
<2 (I g+ 1 g ] s (25

b—a
<4 ! s 2
<41 s (7).

AJMAA, Vol. 20 (2023), No. 2, Art. 4, 19 pp.
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while from (3.2) that
(3.6) ZSin(b;CZ)f(a;_b)—éf (a;rb)‘
< Mg, =21,

(L 2

aT-HJ b 1/q
<N Ny (/ sin? (t — a)dt +/ sin? (b — t) dt)

a+b l/q b l/q
sin? (t — a) dt) + Hf/H[L—&-b ) (/ sin? (b — t) dt)
2 0P\ Jatb

a+b

2

f0rp,q>1w1th —I———landf’EL [a,b].
From@)weget

. [b—a a+b ~ (a+Db . [b—a ,
2sm< 5 )f( 5 )—Cf< 5 )‘§81H<T) ||f“[a,b},1

Corollary 3.2. If f' € Ly [a,b] , then

3.7

(3.8) 2sin <b—a> cos (a—;b x) f(x)—éf (x)
1 1/2
< les (52 - o2 (o - )
1 1/2
F1F e (M5 - 3 20— 2)
1 1/2
<N g2 ( 5 _§SID b—a)cos(a—i—b—Zx))
forx € [a,b].
In particular,
(3.9) 281n<b;a)f(a—2|—b)—5'f (a;b)‘

/ / b—a 1 . 1/2
(TR C i )
b—a 1 1/2
<|If —— — —sin(b— .
S L ]

Proof. Observe that for = € [a, 0],

r—a 1

/msin2(t—a)dt— L n@@—a)

2 4

and

b J—
/ sin? (b— ) dt = 2$—isin(2(b—x)).

AJMAA, Vol. 20 (2023), No. 2, Art. 4, 19 pp. AJMAA
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Also
T b
/ sin? (t — a) dt + / sin? (b — t) dt

= —Zsm(Q(x—a))%— 7 —131ﬂ(2(b_x))
b—a 1 . .
== —Z[s1n(2(x—a))+s1n(2(b—x))]

— 1
_b 2&—§sin(b—a)cos(a+b—2x),

€ [a,b], which proves (3.8)). &

4. APPLICATIONS FOR STEKLOV AVERAGE

The Steklov average (or Steklov mean function) was introduced by V. A. Steklov in1907 (see
[[71]) for the study of the problem of expanding a given function into a series of eigenvalues
defined by a 2nd-order ordinary differential operator.

For f € C(I),h > 0,and x € I;(h) = {t : t — h,t + h € I}, the operator S}, defined by

1 x+h
t)dt
is often called a Steklov mean function, although it is an operator mapping C'(I) into C'([;). If
I = [a,b], the assumption is @ < x — h < x+ h < b. For some recent generalizations and their
properties, see [1].
For a continuous function f on [a, b] and an element = € (a,b), we introduce the following
Steklov cos-average functions

4.1 S (f @) ==

1 x+h
% z—h

with h > 0and suchthata <z —h <z + h <b.
Also we can introduce for f continuous on [a, b] and an element = € (a,b) , the following
Steklov split cos-average functions

1 1 z+h
o . f()cos(t—x+h)dt+— f(t)cos(x+h—t)dt,

2h
with A > Oandsuchthatagx—h <x+h<b.
From (2.1)) we then get by replacing a with x — h and b with = + h

/ih f(t)cos(a:—t)dt—[f(x—h)+f(x+h)]sin(h)'

h
ST

withh >0andsuchthat0 <a<z—-—h<z+h<b<nm
If we divide by 2/ in (4.2)), then we derive the following error bound for absolutely continuous

functions in [a, b]
f(x—h)+f(x+h) sin (h> _th/H sin (%)
2 h =9 [x—h,x+h],00 (%)2

SCyp(x) = f(t) cos (x —t)dt,

Séf’h (ZL‘) :

4.2)

(43) ‘Scﬁh (ZE) — |:

withh > 0andsuchthat 0 < a <z —-—h<zx+h<b<m.

AJMAA, Vol. 20 (2023), No. 2, Art. 4, 19 pp. AJMAA
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From (3.1) we get by replacing a with x — h and b with z + h

4.4 2sin (h) f (z) — /:l f(t)cos(t —x+h)dt

1

z+h
_E/x ’ f(t)cos(x—i—h—t)dt‘

. h
<A i (5 )

withh > 0andsuchthat0 <a<z—-h<z+h<b<m.
If we divide by 2h in (4.4)), then we obtain the following error bound for absolutely continu-
ous functions on [a, 0]

sin (h)

4.5) .

~ 1
f(x) =S5Cpp(2)| < §h Hf/H[x—h,:E—i-h],oo BTV

withh >0andsuchthat0 < a<z—-—h<z+h<b<m.

Since
. , sin” (5)
Jim (h (W - W =0,
then
. L fl@—h)+f(x+h)]|sin(h)|
m, SCr (@) = g, { { 2 h = f@)
and

forall z € (a,b).

5. SOME EXAMPLES

Consider the function ¢, (t) = t*, p > 1,t € [a,b] C [0, 7]. Then

b
Cy, (v) = / tPcos (z —t)dt

for x € [a, b)].
Therefore by (2.1)) we obtain
(5.1) |Cy, () — a”sin (x — a) — WP sin (b — )|
_ b—
< 2pbP~t [sim2 (x 5 a) + sin? < 5 x)}
forx € [a, b)].
In particular, for x = “T“’ we get

(5.2)

Cy, (a—;b) — (a” 4 b7) sin (b—Ta)‘ < 4pbP~ ! sin? (b ; a) :

T b
ng(l,’):/ t”cos(t—a)dt—i—/ t? cos (b —t) dt

We have

AJMAA, Vol. 20 (2023), No. 2, Art. 4, 19 pp. AJMAA
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for z € [a, b] and by (3.1)) we derive
2sin (b ; a) oS <a+ b_ a:) P — 5gp (x)

Tr—a

(5.3)

~_ O
+
9.
=
[\v]
N
o>
o |
S
~__
| I |

< 2pbP~! [sin2 <

forx € [a, b)].
In particular, for z = 42

b—a a+b ~ (a+Db b—a
. B < '
2sm( 5 ) ( 5 ) Cy, ( 5 )‘ 4pbP~t sin < 1 )

Also, we consider the function f (t) = expt? = exp{,(t),t € [a,b] C [0,7],p > 1. We
have f (t) = pt*~" exp {, (t) and || f'|[(, 4 0o = PVP~" exp (b7) . Then

b we obtain

(5.4)

b
Cexpe, () = / exp{p (t)cos (x — t)dt, x € [a, ]

and

x b
Cexpe, (¥) := / exp {p (t) cos (t — a) dt + / exp{, (t)cos (b —t)dt, x € [a,b)].
From (2.1)) we have
(5.5) |Cexpe, () — exp (a”) sin (z — a) — exp (b") sin (b — z)|

< 2pb"~*exp (b°) {sin2 (%) + sin? (b ; x)]

for all = € [a,b], which gives for z = %X that
Cexp e, (a —2|- b) — [exp (a”) + exp ()] sin (b ; a) ’
< 4pbP~ exp (b?) sin? (b ; a) .

From (3.1) we get

2 sin (b ; a) CoS (a —2|- b — JC) exply () — aexpép (z)

< 2pbP~texp (bP) {sin2 <:v g a) + sin? (b ; x)}

for all = € [a, b], which gives for z = %X that

(5.6)

5.7

b— b ~ b
(5.8) 2 sin (T“) exp, <“;r >—Cexpgp (a;r )’
1 b—a
< 4pbP~t exp (b°) sin® 1
Now, for the function f = ¢,, p > 1 on [a,b] C | , we consider

1 x+h
SCy,n (z) := %/ t? cos (z —t)dt
x—h
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and

- 1 x 1 x+h
SCo,n (x) ::%/ tpcos(t—x—l—h)dthﬁ t? cos (x + h —t) dt,
x—h T

withh > 0andsuchthat 0 <a<z—-—h<z+h<b<m.
From (4.2)) we get

)

-1 sin? (

(3)

Nlo| >

(5.9) ‘Scfp,h (z) = {(x — R+ (z+ h)p} sin (1)

1
< Z
5 A ‘_Qph(:c—i-h)

NIy

withh >0andsuchthat0 < a <z —-—h<z+h<b<m.
From (#.5)) we get

sin (h)
h

2 ﬁ
(.10 2 — 5Cp (x)| < gph (x+h)"™ ( >(22>

DN | —

[y

withh > 0andsuchthat0 <a<z—-h<z+h<b<m.

6. SOME NUMERICAL EXAMPLES

In these section we provide some numerical experiments to illustrate the example for power
function considered above.

6.1. Steklov Average with Integer p. For p = 2, we have

1 x+h
SCpyp (x) = %/ t?cos (x —t) dt
z—h

1 9 9 .
=5 [(295 + 2h* — 4)sin (h) + 4h cos (h)} ,

withh > 0andsuchthat0 < a <z —h <z + h < b < 7. From we get the error bound

(22 4+ h?) sin (h) < h(z + h)sin® (4)

6.1) SCpyp () — h = (%)2

withh > 0andsuchthat0 <a <z —-h<z+h<b<m.
Table |6.1|details the values of SCy, j, the absolute error and its upper bound from (6.1).
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X1 = 0.1 X2 = 0.6 X3 = 1.1 X4 = 1.6 X5 = 2.1 Xg = 2.6
SC h=0.1 0.0133067  0.3627236  1.2113077  2.5590588  4.405977 6.7520623
AbsErr 0.00666 0.00666 0.00666 0.00666 0.00666 0.00666
UpperB 0.0199833  0.0699417  0.1199 0.1698584  0.2198167  0.2697751
SC h=0.01 0.0100332  0.3600273  1.2100132  2.5599907  4.4099598  6.7599207
AbsErr 6.67E — 05 6.67TE —05 6.67TE —05 6.67TE —05 6.67TE —05 6.67E — 05
UpperB 0.0011 0.0060999  0.0110999  0.0160999  0.0210998  0.0260998
SC h =0.001 0.0100003  0.3600003  1.2100001  2.5599999  4.4099996  6.7599992
AbsErr 6.67E — 07 6.67TE —07 6.67TE —07 6.67TE —-07 6.67TE —07 6.67E — 07
UpperB 0.000101 0.000601 0.001101 0.001601 0.002101 0.002601
SC h =0.0001 0.01 0.36 1.21 2.56 4.41 6.76
AbsErr 6.67F —09 6.67TE—-09 6.67E—09 6.67TE—09 6.67TE —09 6.67F — 09
UpperB 1.00E -05 6.00E—-05 1.10EF—-04 1.60FE—-04 210FE—-04 260F—04
SC h =0.00001 0.01 0.36 1.21 2.56 4.41 6.76
AbsErr 6.67E —11 6.67TE —-11 6.67TE—-11 6.67TE—-11 6.67TE—11 6.67E —11
UpperB 1.00E - 06 6.00F —06 1.10F—05 1.60E—05 2.10E—-05 2.60E — 05
SC h =0.000001 0.01 0.36 1.21 2.56 4.41 6.76
AbsErr 6.66 —13 6.67E —13 6.67E—13 6.67TE—13 6.67TF —13 6.66F — 13
UpperB 1.00E - 07 6.00F —07 1.10F—-06 1.60FE —06 2.10E—-06 2.60E — 06

Table 6.1: Numerical results for p = 2 and various x and h.

6.2. Steklov Average with non-Integer p. For non-integer p = % we have

(6.2)

SCg%JL <$)

._L/
" 2h

z—h

z+h

£2 cos (x —t)dt,

with h > O and suchthat 0 < a < z —h < x4+ h < b < 7. The integral (6.2) has no
analytical expression and therefore requires approximation or numerical integration techniques.
From (5.1)) we get the Ostrowski approximation for the integral in (6.2)), namely

L[t
SC, = — t2 —t)dt
lgoh (z) o /xh cos (z — t)
1 h 3 3
(6.3) ~ S”;;L ) ([@=mt+@+ni]),

withh > 0andsuchthat 0 <a<z—-h<z+h<b<m.
Table details the values of SCy, 19-3, for N = 32 and various z, using 1i and various

quadrature (Newton-Coates) rules (inzluding absolute differences).
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Int Type x=0.1 x=0.6 x=1.1 x=1.6 x=21 x =26
Ostrowski 0.031624 0.464758 1.153690 2.023858 3.043189 4.192374
Trapezoidal N=32 0.031382 0.464942 1.154563 2.025506 3.045657 4.195691

(0.000242) (0.000215) (0.000182) (0.001648) (0.002468) (0.003318)
Simpson’s N=32 0.031379 0.464940 1.154572 2.025523 3.045684 4.195727

(0.000245) (0.000217) (0.000184) (0.001666) (0.002495) (0.003353)
Mid Point  N=32 0.031382 0.464758 1.154563 2.025506 3.045657 4.195691

(0.000242) (0.000215) (0.000182) (0.001648) (0.002468) (0.003318)

Table 6.2: Numerical results comparing various quadrature (Newton-Coates) rules to the Os-
trowski approximation for h = 1072, p = % and various .

Table details the values of SCy, , for x = 0.1 with various h and N, using l) and

2

various quadrature (Newton-Coates) rules (including absolute differences).

Int Type h=10"! h=10"2 h=10"2 h=10" h=10° h=10"°
Ostrowski 0.044647  0.031741 0.031624  0.031623 0.031623 0.031623
Trapezoidal =8 0.035871  0.031663 0.031405  0.031623 0.031623 0.031623
(Absolute Error) (0.008776) (7.790E — 05) (0.000219) (7.784FE —09) (7.785E —11) (7.467F — 13)
N=16 0.035752  0.031662 0.031389  0.031623 0.031623 0.031623
(0.008894) (7.881E — 05) (0.000234) (7.875E —09) (7.876E —11) (7.559F — 13)
N=32 0.035722  0.031662 0.031382  0.031623 0.031623 0.031623
(0.008925) (7.904E — 05) (0.000242) (7.898F —09) (7.899E —11) (7.582F — 13)
Simpson’s N=8 0.035719  0.031662 0.031395  0.031623 0.031623 0.031623
(0.008928) (7.912E — 05) (0.000229) (7.906E —09) (7.907E —11) (7.589F — 13)
N=16 0.035713  0.031662 0.031384  0.031623 0.031623 0.031623
(0.008934) (7.912E — 05) (0.000240) (7.906E —09) (7.907E —11) (7.589F — 13)
N=32 0.035712  0.031662 0.031379  0.031623 0.031623 0.031623
(0.008935) (7.912E — 05) (0.000245) (7.906E —09) (7.907E —11) (7.589F — 13)
Mid Point N=8 0.035634  0.031661 0.031405  0.031623 0.031623 0.031623
(0.009013) (7.973E — 05) (0.000219) (7.967F —09) (7.968E —11) (7.650F — 13)
N=16 0.035692  0.031662 0.031389  0.031623 0.031623 0.031623
(0.008955) (7.927E — 05) (0.000235) (7.921E —09) (7.922E —11) (7.605E — 13)
N=32 0.035707  0.031662 0.031382  0.031623 0.031623 0.031623
(0.008940) (7.915E — 05) (0.000242) (7.910FE —09) (7.911E —11) (7.593F — 13)

Table 6.3: Numerical results comparing various quadrature (Newton-Coates) rules to the Os-
trowski approximation for p = %, 2 = 0.1 and various h and V.
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Table @) details the values of SCj 19-3, for x = 0.1, N = 32 and various p, using @)
and various quadrature (Newton-Coates) rules (including absolute differences).

Int Type p=3 p=3 P=1 p=1 p=3 p=3
Ostrowski 0.031624  0.021546  0.017784  0.005624  0.004642 0.003163
Trapezoidal N=32 0.031382  0.021322  0.017576  0.005517  0.004549 0.003092

(0.000242) (0.000224) (0.000208) (0.000107) (9.370E — 05) (7.062E — 05)

Simpson’s N=32 0.031379  0.021320  0.017574  0.005516  0.004548 0.003091
(0.000245) (0.000226) (0.000210) (0.000108) (9.471E — 05) (7.138E — 05)

Mid Point  N=32 0.031382  0.021322  0.017576  0.005517  0.004549 0.003092
(0.000242) (0.000224) (0.000208) (0.000107) (9.372E — 05) (7.064E — 05)

Table 6.4: Numerical results comparing various quadrature (Newton-Coates) rules to the Os-
trowski approximation for 4 = 1073, z = 0.1 and various p.

The plots in Figure [I] depict the Absolute Error for p = 2, 3 and 4 and various x and h.

Error for L2 Error for L3

x10"%

@

\\\
\\\\\\\\
\\\\\ R
\\\\\“\\% \\\\“ \\\“‘\\\“‘\
"

\\\\

Absolute Error
O =2 N W B O

Absolute Error

Figure 1: Graphical representation of the Absolute Error for p = 2,3 and 4 and various = and
h.
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7. CONCLUSION

In this paper we established some sharp Ostrowski type inequalities for two cos-integral trans-
forms. Error bounds for the Steklov average were also provided. Some numerical experiments
were conducted as well.
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