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ABSTRACT. The study of optimization methods on manifolds has emerged as an immensely
significant topic in mathematics due its ubiquitous applicability as well as various computa-
tional advantages associated with it. Motivated by this fact, the present article is devoted to
the study of a class of constrained multiobjective programming problems (MOPP) in the frame-
work of Hadamard manifolds. We present the generalized Guignard constraint qualification
(GGCQ) in the framework of Hadamard manifolds for (MOPP). Employing (GGCQ), we de-
rive Karush-Kuhn-Tucker type necessary optimality criteria for (MOPP). Moreover, we present
several other constraint qualifications (CQs) on Hadamard manifolds, namely, Abadie’s CQ,
generalized Abadie’s CQ, Cottle-type CQ, Slater-type CQ, linear CQ, linear objective CQ and
Mangasarian-Fromovitz CQ. Further, we establish various relations between these constraint
qualifications. In particular, we show that these constraint qualifications, in turn, become suffi-
cient conditions ensuring that (GGCQ) is satisfied.
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1. INTRODUCTION

In recent times, it has frequently been observed that a lot of nonlinear mathematical pro-
gramming problems arise in several real world applications which require to be formulated
on smooth manifolds (see, [11, [12]). As a result, despite the fact that generalizing the meth-
ods and algorithms of optimization from Euclidean spaces to the framework of manifolds is a
non-trivial task, it is fairly obvious to realize the necessity of such endeavours from a practical
point of view. In this regard, Rapcsak [9] and Udriste [14] introduced a generalization of the
convexity notion, namely, geodesic convexity in the framework of Riemannian manifolds. In
such setting, the usual linear space is replaced by a Riemannian manifold, and a line segment
is redefined in terms of ‘geodesic’. Generalizing and extending the theories of optimization
from Euclidean space to the framework of Riemannian manifold is significantly advantageous.
For instance, by employing suitable Riemannian geometry perspective, a constrained optimiza-
tion problem can be often treated as an unconstrained problem. Additionally, by incorporating
suitable Riemannian metric, one can conveniently transform many nonconvex programming
problems into convex programming problems, (see, for instance, [10, [11]). For all these rea-
sons, in recent times, various scholars have generalized and extended numerous concepts and
ideas in mathematical programming from Euclidean plane to Riemannian manifolds; see for
instance, [I1} 2, [19, 20, 16] and the references cited therein.

In theory of optimization, Karush-Kuhn-Tucker (in short, KKT) type optimality criteria is of
utmost importance, both from theoretical as well as numerical point of view. Constraint qual-
ifications are certain conditions imposed on a nonlinear programming problem that ensure the
satisfaction of KKT conditions at an optimal point. Thus, constraint qualifications play a very
crucial role in deducing KKT type optimality conditions. KKT type optimality criteria and their
applications have been studied extensively by many notable authors. We refer to the the paper
[S]] for a brief history of such conditions in the Euclidean space setting.

Maeda [[7] studied differentiable multiobjective optimization problems and constraint quali-
fications in R". Constraint qualifications for nonsmooth multiobjective optimization problems
in R™ were explored by |Li [[6]. |Yang et al.|[21] investigated optimality criteria for nonlinear
optimization problems on Riemannian manifolds. Intrinsic formulation of KKT conditions and
constraint qualifications on smooth manifolds were discussed by |Bergman and Herzog [13].

Motivated by the results derived in [3, 16, [7] as well as by the importance of optimization in
the context of smooth manifolds, in this article, we focus on studying a class of smooth multi-
objective programming problems on Hadamard manifolds (MOPP). The novelty of our work is
discussed as follows. We present the generalized Guignard constraint qualification (GGCQ) in
Hadamard manifold setting for (MOPP). Employing (GGCQ), we derive Karush-Kuhn-Tucker
type necessary optimality criteria for (MOPP). Further, we present some other constraint qualifi-
cations, namely, Abadie’s constraint qualification, generalized Abadie’s constraint qualification,
Cottle-type constraint qualification, Slater-type constraint qualification, linear constraint quali-
fication, linear objective constraint qualification and Mangasarian-Fromovitz constraint qualifi-
cation. Moreover, we derive several interesting relations between these constraint qualifications.
In particular, we show that these constraint qualifications are in fact, sufficient conditions which
ensure that (GGCQ) is satisfied. The results presented in this paper generalize and extend the
corresponding results derived by Maeda [7]] in the framework of an even more general space,
namely, Hadamard manifolds.
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The organization of the paper is as follows. In Section 2, we recall some mathematical
notation and preliminary concepts that will be used throughout this article. In Section 3, we
present the generalized Guignard constraint qualification in Hadamard manifold framework
and employ it to derive KKT type necessary conditions for (MOPP). In Section 4, we present
several other constraint qualifications for (MOPP), and establish sufficient conditions ensuring
(GGCQ). In Section 5, conclusions are drawn as well as some future research directions are
mentioned.

2. NOTATION AND MATHEMATICAL PRELIMINARIES

Throughout this article, the standard notation N and R" signify the set of all naturals and the
n-dimensional Euclidean space, respectively. The Euclidean inner product on R” is denoted

by (,-). For any pair of elements v = (u1,...,u,), v = (v1,...,v,) € R", the following
notational conventions are used
uSv<=u; Sv, Vi=1,2,...,n,

u<vE=u;<v, Vj=12..n

< - .
W= uj Swv;, forallj=1,2,...,n;5 #k,
up < vy, foratleastonek € {1,2,..,n}.

The notation u A4 v (respectively, u £ v) indicates the negation of u < v (respectively, u < v).

Let the notation .7# denote an n-dimensional smooth manifold. A Riemannian metric on
a smooth manifold .77 is a positive definite and symmetric 2-tensor field ¢4. A Riemannian
metric induces an inner product on every tangent space 7,7 and this inner product is denoted
by the symbol ¥ (u,v) = (u,v), for every p € S and u,v € 1,7¢. Any smooth manifold
endowed with some Riemannian metric is referred to as a Riemannian manifold. For any ele-
ment p € 7, the exponential map exp,, : T, — S is defined as exp,(¢q) = 7, ,(1) for any
q € T,7¢, where v, , is the geodesic that starts at the point p € 7 with a velocity ¢.

A Riemannian manifold .77 is termed as geodesic complete, if for any arbitrary element
u € JZ, the exponential map exp,, (v) is defined for every v € T,,.7°. Any Riemannian manifold
that is complete, simply connected and has a nonpositive sectional curvature everywhere is
termed as a Cartan-Hadamard manifold, or simply, Hadamard manifold. Let p € 7 be any
arbitrary element of a Hadamard manifold 2. Then the exponential map exp, : T, —
S is a diffeomorphism. Further, the inverse exponential map exp, Ly # — T, satisfies
exp, '(p) = 0,. Moreover, for every element ¢ € J#, there always exists some unique minimal
geodesic v,, : [0,1] — 2, which satisfies v, ,(t) = exp,(texp ,'(¢)). The gradient of
a smooth map ® : 7 — R, denoted by grad U, is a vector field on 7 defined through
d®(X) = (grad @, X') = X (), where X is also a vector field on the manifold 7.
The following definition is from Udriste, [[14].

Definition 2.1. Any subset S of a Hadamard manifold 77 is said to be a geodesic convex set
in S, if for every pair of distinct elements z,y € S and for any geodesic v, , : [0,1] — 7
joining the points x and y, we have

Yey(t) €S, Vte|0,1],

where, v, ,(t) = exp, (texp, ' (y)).
The following definition is from Rapcsak| [9]].
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Definition 2.2. Let S be a geodesic convex subset of a Hadamard manifold .77 and let g : S —
R be a real valued function on S. Then g is referred to as a geodesic convex function at y € .S
if and only if the following holds

9(z) — g(y) > <gradg(y), exp;1(2)>, VzeS.

Also, g is referred to as a geodesic strictly convex function at y € S if the preceding inequality
is strict, for y # z.

For more comprehensive discussions on geodesic convex functions on Hadamard manifolds,
we refer to [1, 2,19, (13} 14} (15,117, [18]] and the references cited therein. Henceforth, throughout
this article, we shall use the symbol .7 to denote a Hadamard manifold of dimension n, unless
otherwise specified.

3. CONSTRAINT QUALIFICATIONS FOR (MOPP)

In this article, the following constrained multiobjective programming problem on Hadamard
manifold (MOPP) is considered:

(MOPP) Minimize f(z) := (fi(2), ..., [r(2)),
subjectto  g¢;(2) <0, j=1,2,...,s.
Here, the functions f; : 7 — R, (i € {1,2,...,r})and g; : 7 — R, (j € {1,2,...,s}), are all

real valued smooth functions that are defined on some n-dimensional Hadamard manifold .77 .
The feasible set for (MOPP), denoted by D, is given by

D:={z€:9(2) <0, Vj=12,...,s}.

We denote the set of all active inequality constraints at a feasible element z € D by .27 (z), that
18,

o (z)={je{l,2,..,s} 1 gj () =0}.
The following definitions from Maeda [7] will be used in the sequel.

Definition 3.1. Any feasible element z € D is called a Pareto efficient solution of (MOPP), if
there exists no other feasible element z € D which satisfies the following:

f(z) 2 f(2).

Definition 3.2. Any feasible element z € D is called a weak Pareto efficient solution of
(MOPP), if there exists no other feasible element z € D which satisfies the following:

f(2) < f(2).

Remark 3.1. It follows readily from the above definitions that every Pareto efficient solution
of (MOPP) is a weak Pareto efficient solution of (MOPP). The converse, however, is not true in
general.

For any arbitrary feasible element 2 € D, we define the following sets S* and S for k =
1,...,r, that will be used throughout this article.

Shi={ze|fi(z) Sf;(Z),Vi=1,...;r,i#k, gj(z) £0,Vj=1,2,...,5},
S={zeX|fi(z) 2 fi(Z),Vi=1,....r, g;(2) 20, Vj=1,2,...,s}.

In the following definition, we define the Bouligand tangent cone (in other words, contingent
cone) for any subset of a Hadamard manifold .7Z".
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Definition 3.3. Let A C 7 and z be any element in the closure of the set A. Then the
Bouligand tangent cone (in other words, contingent cone) of the set A at z, denoted by .7 (A; z),
is defined by

T(A;2) ={we T, : 3, ] 03w, € T,7,
Wy, — W, eXp, (tnwy,) € A, Vm € N}.

In the following definition, we extend the notion of linearizing cone from Maeda [7] on
Hadamard manifolds for (MOPP).

Definition 3.4. For any z € D, the linearizing cone to the set S at the element z is the set
defined as follows

TLin (S,z) = {U} ETz%<gradfl(Z)’w> g 0 Vi = 1,2,...,T,
(gradg; (2),w) =0, Vje ()}

In the following theorem we establish an interesting relationship between the contingent cone
7 (S; Z) and linearizing cone T (S; 2).

Theorem 3.1. For any arbitrary feasible element =z € D the following holds.

h cleco T (S%2) C TV (9;%).
k=1
Proof. To begin with, we claim that
T (Skz) cT"™ (S%2), Vk=1,2,....r
Let us assume that v € T;.77 is an arbitrary element in .77 (Sk; E) for any fixed k = 1,2,...,r.
Then by the definition of contingent cone, 3t,,, | 0, v, € 1,5, v,,, — v, Vm € N such that
(3.1) expz(tmvm) € S*.
Let us construct a sequence {z,, }°°_, in the following manner
Zm = exps(tmUm), VYm € N.
Then for every m € N, we have the following
fi (zm) = fi (expz(tmom)) = fi (2), Vi=1,2,...,rand i # k,
95 (Zm) = g (expz(tmvm)) S0 =g; (2),  Vje€ & (2).

By the Taylor expansion of f; at z, for every i = 1,2, ...r,i # k, we have the following

(3.2) fi(expz(tmvm)) = fi(2) + tm (grad fi(2)) , vm) + 0 (tn) -
From it follows that for every ¢ = 1,2, ...r,4 # k, we have
5 Frlexpeltotn)) = FE) e olt)

tm m

Since f; (zm) = fi (expz(tmvm)) < fi (2), foreveryi = 1,2,...,7, i # k, then as ¢,,, — 0, it
follows from equation (3.3) that

(3.4) <gradfi(g>7vm>§07 1=1,2,...,m, Z#k/‘
Similarly, we can establish that
(3.5) (grad g; (2) ,um) =0, jed(2).
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By employing the continuity and linearity properties of inner product, we obtain the following
(grad f; (2),v) £0, Vi=1,2,...,r, i #k,
(gradg; (3),v) S0, Vje o (3).
From (3.6) it follows that v € 7™ (S*;Z). This implies that
T (Skz)cTh (S%2), k=12,....r

The linearizing cone 7" (S ky ) is a closed convex cone. Hence it follows that

(3.6)

(3.7) ﬂ clco 7 (S ﬂ TR (8% 2) = TV (S; 7).

This completes the proof. ]

Remark 3.2. Theorem [3.1]is a generalization of Lemma 3.1 from [7] from Euclidean space to
the novel context of Hadamard manifolds.

Now, we present the generalized Guignard constraint qualification in the framework of Hadamard
manifolds for (MOPP).

Definition 3.5. Let z € D. Then the generalized Guignard constraint qualification (in short,
(GGCQ)) is said to be satisfied at z if and only if the following holds

T (S:Z) C ﬂclcof (5%%).
i=1

The following theorem provides a necessary condition for efficiency of a feasible point of
(MOPP).

Theorem 3.2. Let =z € D be an arbitrary feasible point of (MOPP) at which (GGCQ) holds. If
z € D is an efficient solution of (MOPP), then the following system of inequalities

(grad f; () ,w) £ 0, Vie{l,...,r},
(grad f; (2) ,w) <0, for at least one i,
(grad g; () ,w) =0, Vj € (2),

has no solution w € T57¢ .

Proof. On the contrary, let us assume that there exists a vector w € T3¢ such that the following
system of inequalities is satisfied

(grad f; (2) ,w) £0, Vie{l,...,r},

(grad f; (z) ,w) < 0, for at least one 1,

(grad g; (2) ,w) =0, Vj e Z(?).
Thus we have

we TH" (S;7).

Without loss of generality, let us consider that

(grad fi (2) ,w) < 0,

(grad f; (2) ,w) £0, i=2,3,...,m
Since (GGCQ) is satisfied at z € D, it follows that

w € clco T (Sl;Z) )
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Then it follows that there exists some sequence {w, }~_, C co.7 (S*;Z), such that

lim w,, = w.
m—00

Then for any element w,, (m = 1,2,...) of the sequence {w,,} -_,, there exist L,, € R,

A, 2 0and wy,, € 7 (S4;2), k = 1,2 ., L,,, such that

m=1°

L'm

L,
E Am, =1, 5 Ay Winy = Wiy
k=1 k=1

Forevery m € Nand k = 1,2,..., L,,, since w,, € 7 (S',%), by Definition [3.3] there exist
sequences {w?, }> . wp € T, ¥n € Nand {t, }™ .t (> 0) € RVn € N, with
Uy, 4 0, such that
nh_)Iglow = Wy, exps(th, wh )€ S
Let us set 27, as follows
any c=expy(th wr ), ¥né€N.

mg mp mk

Then for every n € N, we have the following
fi(a,) = fi (expz(ty, wh,)) < f;(3), Vie{2,3,....r},
g; (‘/EZ%) = 9j (esz(tfnk :;Lk)) § 07 vj € %(z)
Again, since z € D is an efficient solution of (MOPP), it follows that
fi (@) = fi (exps(tp, wi,)) 2 f1(2), VneN.
From the Taylor expansion of f; at Z, for each i € {2,3,...,7}, we have the following
fi (exps(ty, wp,)) = fi(2) +ty,, (grad fi(2)) ,wyp, ) +o (th,) -
Then it follows that for each i € {2,3,...,r}, we have

fi (exps(th, wi, ) — fiZ)
tn

(3.8)

o(th,)

(3.9) -

<gradf2 z2), wmk> +

Since f; (27, ) = fi (exps(tr, wr ) < f; (2), forevery i € {2,3,...,r}, thenas t7, — 0, it

Wiy,

follows from equation (3.9) that
(grad f; (2) ,wm,) <0, Vie{2,3,...,r}.

Similarly, we can show that
(grad f1 (%), wm,) 2 0
(grad f; (), wp,) = 0 Vie{2,3,...,r},
(grad g; () ,wm,) =0, Vj € M(W-
From the continuity and linearity property of the inner product it follows that
(grad f1 (2) ,w) 2 0,
(grad f; (2) ,w) £ 0, Vie{2,3,...,r},
(grad g, (3),w) 0, Vj e o/(3),
which is a contradiction. This completes the proof. i

Remark 3.3. If 7# = R™, Theorem [3.2] reduces to Theorem 3.1 from [7]. Thus, Theorem [3.2]
generalizes Theorem 3.1 from [7] from Euclidean space to an even more general space, that is,
Hadamard manifolds.
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In the following theorem we deduce Karush-Kuhn-Tucker type necessary optimality criteria
for (MOPP) using (GGCQ).

Theorem 3.3. Let z € D be an arbitrary feasible point of (MOPP) at which (GGCQ) holds.
If Z € D is an efficient solution of (MOPP), then there exist Lagrange multipliers «; (i =
1,...,r),and \j (j = 1,...,s) such that

Z a; grad f; (2) + Z Ajgrad g; () =0,
i=1 j=1

and, ; >0, Vie{l,...r},
9;(2) 20, A 20, Xg; (2) =0, Vje{l,... s}

Proof. Since z € D is an efficient solution of (MOPP) and (GGCQ) holds at z, it follows from
Theorem [3.2] that the following system of inequalities

(grad £, (3) ,w) S0, Vie {L....r}.
(grad f; (z) ,w) < 0, for at least one 1,
(grad g; (2) ,w) =0, Vj € (2),

has no solution w € T3¢ . By using Tucker’s theorem of alternative ([8] pp. 29-30), it follows
that there exist a; > 0 ( € {1,...,7}), \; 2 0 (j € &7 (%)), such that

(3.10) D aigrad fi () + Y Ajgradg; (2) =0.
i=1 jew(3)
By setting \; = 0 (j ¢ 27(%)), we have

(3.11) Z a; grad f; (2) + Z Ajgrad g; (2) = 0.
i=1 =1

On the other hand, since g; (2) = 0 for every j € 27(%), we have
Ngi(2) =0, Vje{l,2,...,s}.
This completes the proof. &
Remark 3.4. If the manifold .77 is R", Theorem reduces to Theorem 3.2 from [7]]. Thus,

Theorem [3.3] generalizes Theorem 3.2 from [7] from Euclidean space to the framework of
Hadamard manifolds.

The following examples illustrate the significance of (GGCQ) and Theorem [3.3]

Example 3.1. Let us take into consideration the set 7€ C R defined as 7 = {x € R, x > 0}.
Then 7 is a Riemannian manifold (see for instance, [9], and Example 4.4 of [12|]). The tangent
plane at any point x € F, denoted by T, 7€, is the set of all reals R. 7 is equipped with the
Riemannian metric as defined below

(p, ) = (4 (x)p,q), Vp,q€ T, =R?

where (-, -) denotes the standard inner product on R* and 4 (x) = 1/x%. 3 is also a Hadamard
manifold. The exponential map exp,, : T, 7 — H for any u € T, I is given by exp,(u) =
zrew, Yu€ .

We take into consideration the following smooth multiobjective programming problem (P) on

H.
(P) Minimize f(x) = (fi(2), f2(2)) := (= (= = €)*, (x — ¢)°),
subject to g(x) = —x < e,
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where, the functions f; : 7 — R, (i = 1,2) and g : 7 — R, are smooth real valued functions
defined on 7. The feasible set F for the problem is
F={zeR, z>e}.

Let us pick the feasible point z = e € F. Clearly Z is a Pareto efficient solution of (P). Then it
follows that
grad fi(z) = 9 (x)"" (=3(z — €)?) = =32%(z — €),
grad fo(z) = 9(x) " (3(z — €)?) = 32°(z — €)?,
gradg(z) =9 (x) ' (1) = —2*
Using above equations, it can be verified that
(3.12) T (S;%) = [0,00).

Again, for the problem (P), we can show by simple calculations that S = {e} and S* = [e, o).
Then it follows that 7 (S'; e) = {0} and 7 (S?;¢e) = [0, 00). Then we obtain the following

2
(3.13) [elco 7 (5%7%) = {0}.

i=1
From (3.12) and (3.13)), it follows that (GGCQ) is not satisfied at the point Z = e € F. However,
it can be verified that for any choice of Lagrange multipliers o;; > 0 (i = 1,2) and for A = 0,
we have

2
S asgrad f; (2) + Agrad g () = 0,

i=1
g(2) =0, \g(2) =0.
Thus, it is verified that satisfaction of (GGCQ) is not a sufficient condition for Theorem[3.3]

(3.14)

Example 3.2. Let us take into consideration the set 7 C R defined as 7 = {x € R, = > 0}.
Then ¢ is a Hadamard manifold, as explained in Example
We take into consideration the following smooth multiobjective programming problem (MP) on

T
(MP)  Minimize f(z) = (fi(x), f2(x)) == (2v/x,log x),
subject to g(x) :=1—logz <0,
where, the functions f; : # — R, (i =1,2) and g : 7 — R, are smooth real valued functions
defined on 7. The feasible set I for the problem is
F={zeR, z>e}

Let us pick the feasible point z = e € F. Clearly Z is a Pareto efficient solution of (MP). Then
it follows that

mad i) = 9(0) (72) ) =7,

arad fo(z) = 9 (2)"! (1) -

x
1 1
grad g(z) = 9 (x) o)==
Using above equations, it can be verified that
(3.15) T (S; %) = {0}.
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Again, for the problem (P), we can show by simple calculations that S* = {e} and S* = {e}.
Then it follows that 7 (S';e) = {0} and 7 (S?;¢e) = {0}. Then we obtain the following
2
(3.16) ﬂcl co.7 (S5,%) = {0}
i=1
From (3.13)) and (3.16), it follows that (GGCQ) is satisfied at the point Z = e € F. Then it can
be verified that exist Lagrange multipliers oy = 1, ap = /e, A = 2y/e such that

2
(3.17) Z a; grad f; (2) + Agrad g (2) = 0,

=1

Thus, the necessary optimality conditions in Theorem 3.3 is verified.

4. SUFFICIENT CONDITIONS FOR (GGCQ)

In this section, we present several constraint qualifications in the framework of Hadamard
manifolds for (MOPP). Subsequently, we establish various interesting relationships between
these constraint qualifications. In particular, we show that these constraint qualifications be-
come sufficient conditions ensuring that (GGCQ) is satisfied.

The following definitions are extensions of different constraint qualifications from Maeda [7]
from Euclidean spaces to Hadamard manifolds for (MOPP).

Definition 4.1. Let z € D. Then the Abadie’s constraint qualification (in short, (ACQ)) is said
to hold at the feasible point z if we have the following

(4.1) TH" (8;%) C 7 (5;7).

Definition 4.2. Let z € D. Then the generalized Abadie’s constraint qualification (in short,
(GACQ)) is said to hold at the feasible point z if we have the following

4.2) TV (S:2) C ()7 (857).

i=1

Definition 4.3. Let =z € D. Then the Cottle-type constraint qualification (in short, (CTCQ))
is said to hold at the feasible point z if for every £ = 1,2,...,r, the following system of
inequalities

(grad f; (Z2),v) <0, 1=1,2,...,randi # k,
<gradgj(§),'u><0, ]GM(E),
admits of a solution v € T3.77.

4.3)

Definition 4.4. Let z € D. Then the Slater-type constraint qualification (in short, (STCQ)
is said to hold at the feasible point Z if each of the functions f; (i = 1,2,...,7), and g,
(j = 1,2,...,s), are geodesic convex and for every k = 1,2, ..., r, the following system
of inequalities

fZ(Z)<f1(E), i:1727"'7randi7ék7
g](2)<0, j:1727"'787

admits of a solution z € 7.

4.4)

Definition 4.5. Let z € D. Then the linear constraint qualification (in short, (LCQ)) is said to
hold at the feasible point 7 if each of the functions f; (i = 1,2,...,r),and g; (j € &7 (%)) are
linear.
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Definition 4.6. Let z € D. Then the linear objective constraint qualification (in short, (LOCQ))
is said to hold at the feasible point Z if each of the functions f; (i = 1,2,...,r) are linear and
the following system of inequalities

(grad f; (2),v) =0, i=1,2,... 7
<gradgj(2)7v><07 ]EJZ{(E),
admits of a solution v € T3.77.

Definition 4.7. Let = € D. Then the Mangasarian-Fromovitz constraint qualification (in short,
(MFCQ)) is said to hold at the feasible point z if {grad f;, ¢ = 1,2,...,7} is a linearly inde-
pendent set and following system of inequalities

(grad f; () ,v) =0, 1=1,2,...,r,
(gradgj(i),v><0, ]EM(E)>

admits of a solution v € T3.77.

Remark 4.1. It readily follows from the above definitions that, if (ACQ) is satisfied at z € D,
then (GACQ) is satisfied at z € D. Moreover, if (GACQ) is satisfied at z € D, then (GGCQ) is
automatically satisfied at z € D.

In the following theorem we establish a relationship between the linear constraint qualifica-
tion (LCQ) and the Abadie’s constraint qualification (ACQ).

Theorem 4.1. Let = € D be any feasible element of (MOPP). If (LCQ) is satisfied at z € D,
then (ACQ) is satisfied at Z € D.

Proof. Let v € Ts be an arbitrary element of 77" (S; ). Then from the definition of lin-
earizing cone, it follows that

(45) <gradfi<:g)7v> gou i:1,2,...,T,
(4.6) (gradg; (3),0) <0, jeo(3).

Let us assume that (LCQ) is satisfied at 2. Since 7" (S; %) is closed, there exists a sequence
{vn}22, such that v, — v as n — oo. Let us consider a sequence ¢,, | 0. Now let us define a
sequence {z, } in the following manner

Zn = exps(t,v,), Vn €N

Clearly, z, — z as n — 00. Then it follows that each of the functions f; (i = 1,2,...,r), and
gj (j € &7 (%)), are linear. Combining this with inequalities (4.5) and (4.6), we have

@7 fi(zn) = fi(exps(tavn)) = fi () + to (grad f; (2) ,v0) < fi (2), Vi=1,2,...,1,
4.8)  g; (2n) = g; (expz(tnvn)) = g; (2) + tn (grad g; (2) ,vn) < g; (2) = 0, Vj € (2).
For every j ¢ < (%), it follows from the continuity of g, that

4.9) 95 (z,) = gj(exps(t,v,)) <0,  for sufficiently large n.

From inequalities (4.8]) and (#.9), it follows that

(4.10) 9j (zn) = gj(exps(t,v,)) <0,  forsufficiently large n, Vj=1,2,...,s.
From (4.7), and we have

(4.11) zn = exps(t,v,) € S,  all n sufficiently large.

This implies that
ve I (S;z).
This completes the proof. &
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In the following theorem we establish a relationship between the linear objective constraint
qualification (LOCQ) and the Abadie’s constraint qualification (ACQ).

Theorem 4.2. Let = € D be any feasible element of (MOPP). If (LOCQ) is satisfied at z € D,
then (ACQ) is satisfied at =z € D.

Proof. From the given hypothesis, (LOCQ) is satisfied at z. Hence each of the functions f;
(t=1,2,...,r) are linear. Furthermore, there exists some w € 73. such that

(grad f; (2) ,w) £0, i=1,2,...,m
<gradgj (’Z\/)vw> < 07 je 52{(2’)

Let us assume that v € T5.%7 be any arbitrary element of 7" (S;Z). We define a sequence
{vn}22; as follows

(4.12)

Up =v+T,w, Vn €N,
where {7,,} | 0. Clearly, v,, — v as n — oc. Then it follows that for every n, we have

(4.13)  (grad f; (2) ,v,) = (grad f; (2) ,v) + 7, (grad f; (2) ,w) =0, i=1,2,...,r,
(4.14) <grad 9j (z) ,’Un> = <grad 9j (}3 7U> + Tn <gra’d 9j (5,) 7w> <0, J € o (Z) :

For every v, (n € N), we consider a sequence {\,, },-, | 0. Now, we define a sequence
{zn, }ro, as follows

Zn, = €xpz(An,vn), Vk €N

Clearly, {z,,} — 7z as k — oo. Since each of the functions f; (i = 1,2,...,r) are linear, it
follows from (@.13) that

(4.15) i (zn,) = fi (expz(Anyon)) = [i (2) + An, (grad fi (2) ,vn) < fi ().
Again, from {.14), it follows that for every j € <7 (2),
95 (zn) = 95 (expz(An,vn)) = g5 (2) + Any (grad g; (2) , vn) + 0 (|An,])
<g;(2),
o(Pne])

for sufficient large values of k, and lim 2
k—00 ’)\nk |

(4.16)

= 0. Now, for every j ¢ o7 (%), it follows from
the continuity of g; that

(4.17) 9j (zn,.) = g; (expz(An,vn)) <0,  for sufficiently large &.
Then it follows from {@.13)), (4.16) and (&.17) that
(4.18) Zn,, = (expz(An,0n)) € S, for sufficiently large k.

This implies that
ve T (5:72).
This completes the proof. 1

In the following theorem we establish relationship between the Mangasarian-Fromovitz con-
straint qualification (MFCQ) and the Cottle-type constraint qualification (CTCQ).

Theorem 4.3. Let = € D be any arbitrary feasible element of (MOPP). If (MFCQ) is satisfied
at z € D, then (CTCQ) is satisfied at z € D.
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Proof. According to the given hypothesis, (MFCQ) is satisfied at z € D. This implies that

{grad f;, 1 =1,2,...,r} is a linearly independent set. Moreover, there exists some w € 757
such that

(4.19) (grad f; (2) ,w) =0, i=1,2,...,m,

(4.20) (gradg; (2) ,w) <0, jed(z).

On the contrary, let us assume that (CTCQ) is not satisfied at z € D. Then there exists some
k€ {1,2,...,r} such that the following system of inequalities

(4.21) (grad f; (2),v) <0, ¢=1,2,...,randi # Kk,

(4.22) (gradg; (2),v) <0, je(z),

does not admit of a solution v € T5.77. Then from Gordon’s theorem of alternative (see, [8]]), it

follows from (4.21)) and (4.22)) that there exist real numbers a; = 0,7 = 1,2,...,r, i # k, and
Aj =0, j € o/ (2), not all zero such that the following equation is satisfied

(4.23) Z a; grad f; (2) + Z Ajgrad g; (2) = 0.
:;}ﬂ JEA (Z)
From (4.19) and (4.23)) it follows that
(4.24) Z Aj (grad g; (z) ,w) = 0.
jed (2)

Combining (4.20) and (.24) we have \; = 0, for every j € .o (Z). Then from (.23), we have

(4.25) > ajgrad fi (2) = 0.

i
From the linear independence of the set {grad f;, ¢ = 1,2,...,r}, it follows that o; = 0, for
every: = 1,2,...,r and ¢ # k, which is a contradiction. This completes the proof. &

In the following theorem we establish a relationship between the Slater-type constraint qual-
ification (STCQ) and the Cottle-type constraint qualification (CTCQ).

Theorem 4.4. Let z € D be any feasible element of (MOPP). If (STCQ) is satisfied at = € D,
then (CTCQ) is satisfied at z € D.

Proof. From the given hypothesis, (STCQ) is satisfied at z € D. Then it follows that each of

the functions f; (¢ = 1,2,...,7),and g; (j = 1,2,...,s), are geodesic convex and for every
k=1,2,...,r, the following system of inequalities
(2) < fi(2), 1=1,2,...,rand i # k,

w6 ) <RG), #

g](z)<07 j:1727"'7s7
admits of a solution z;, € J#. From the geodesic convexity of the functions f;, (1 = 1,2,...,r,
and g;, (j = 1,2,...,s), it follows from (4.26) that
(427) <gradfz (aanp;(Z’k» éfz (Zk)_fz (2) <07 Vi = 1,2,...,T,
(4.28) (grad g; (2)  exps'(z)) < g5 (z) — g; (3) <0, Vj € F(2).
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Let us define v, := exps '(24). Then it follows that for every k = 1,2,...,r, we have the
following

(grad f; (Z) ,ux) <0, ©¢=1,2,...,randi # k,
<gradgj (g) 7vk> <0, ] Spe4 (’z") :
From (4.29) it follows that (CTCQ) is satisfied at z € D. This completes the proof. §

(4.29)

In the following theorem we establish a relationship between the Cottle-type constraint qual-
ification (CTCQ) and the generalized Guignard constraint qualification (GGCQ).

Theorem 4.5. Let z € D be any feasible element of (MOPP). If (CTCQ) is satisfied at z € D,
then (GGCQ) is satisfied at z € D.

Proof. From the given hypothesis, (CTCQ) is satisfied at z € D. Hence, it follows that there
exists some w € T35 such that the following system of inequalities is satisfied for every
k=1,2,...,r.

(4.30) (grad f; () ,w) <0, i=1,2,...,randi # k,

(4.31) (gradg; (2),w) <0, jed(z).

Let v € Ts be an arbitrary element of 7" (S;2). Then from the definition of linearizing
cone, it follows that

(grad f; (2),v) £0, i=1,2,...,7,

(gradg; (2),v) =0, jeF(2).

To begin with, we claim that v € 7 (S';Z). Let us consider a sequence {7, } -, | 0. Then we
define a sequence {v,} -, as follows

(
(4.32) (

(4.33) Up = U+ TLW.

Clearly, v,, — v as n — oo. From (#.30), (4.31)) and (4.33)), it follows that
(4.34) (grad fi (z) ,vn) = (grad fi (2) ,v) + 7 (grad f; (2) ,w) <0,
(4.35) (grad g; (Z),v,) = (grad g; (2) ,v) + 7, (grad g; (2) ,w) < 0.

For every element of the sequence {v, }, (n = 1,2,...), we consider a sequence {\,, },_, | 0.
Now, we construct a sequence {z,, },., converging to z by

Zn, = €xpz(An,vn), Vk €N.

Clearly, {z,,} — Z as k — oo. Then for sufficiently large values of k, we have the following
forevery: =2,3,...,r.

fi (zny) = fi (expz(Anon)) = [i (2) + Any (grad fi (2) , va) + 0 (A ])
< fi(2).

Similarly, for sufficiently large values of k, we have the following for every j € &7 (2).
95 (zn) = 95 (expz(An,0n)) = g (2) + Any (grad g; (2), vn) + 0 (|An])
<yg;(2) =0.

Now, for every j ¢ .o/ (%), it follows from the continuity of g; that

(4.36)

(4.37)

(4.38) 9j (zn,.) = g; (expz(An,vn)) <0,  for sufficiently large k.
Then it follows from (#.36), and (4.38)) that
(4.39) Zny, = (expz(A\n,vn)) € S, for sufficiently large k.
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Without any loss of generality, we may assume that z,, € S* for all k. This implies that
v, € T (S L Z) .

Since v, — v as n — oo and the set .7 (S'; 2) is closed, it follows that
ve T (S L E) )

By following exactly same procedure, we can show that for every £ = 2,3,...,r, we have
v € J (5% Z). Then it follows that

v E ﬂ T (Sk;E) - ﬂ clco T (Sk;E) .
k=1 k=1
This completes the proof. 1
In the following theorem we summarize all the results that have been derived in this section.

Theorem 4.6. Let z € D be a Pareto efficient solution of (MOPP). Let us assume that any of
the constraint qualifications ((ACQ), (GACQ), (CTCQ), (STCQ), (LCQ), (LOCQ), (MFCQ)) is
satisfied at z € D. Then there exist multipliers o € R" and \ € R® such that

Z a; grad f; (z) + Z Ajerad g (z) =0,
i=1 j=1

(Ng(2)=0,a>0, A=0.

Remark 4.2. If /# = R", Theorem reduces to Theorem 4.1 from [7]]. Thus, Theorem
generalizes Theorem 4.1 from [7] from Euclidean space to an even more general space of
Hadamard manifolds.

The relationships between various constraint qualifications are summarized in the form of a
schematic diagram in Fig 1.

LCQ) —— ACQ «— LOCQ

~

GACQ

GGCQ

N

MFCQ — CTCQ «+— STCQ

Figure 1: Diagram showing the relationships between various constraint qualifications.

5. CONCLUSIONS AND FUTURE DIRECTIONS

This article dealt with the study of a class of constrained multiobjective programming prob-
lems on Hadamard manifolds (MOPP). The importance and novelty of our work lies in the
fact that we have provided several constraint qualifications as well as several interesting in-
terrelations among them in the framework of Hadamard manifolds, which was not previously
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explored. In particular, we have presented the generalized Guignard constraint qualification
(GGCQ) in the framework of Hadamard manifolds for (MOPP). We have employed (GGCQ)
to derive Karush-Kuhn-Tucker type necessary optimality criteria for (MOPP). Further, we have
introduced several other constraint qualifications (CQs), such as, Abadie’s CQ, generalized
Abadie’s CQ, Cottle CQ, Slater CQ, linear CQ, linear objective CQ and Mangasarian-Fromovitz
CQ in Hadamard manifold setting. Moreover, we have derived various interesting relations be-
tween these constraint qualification. Subsequently, we have established these constraint quali-
fication, in turn, become sufficient conditions ensuring that (GGCQ) is satisfied.

The various results that are presented in this article leave various avenues for future research.
For example, it would be interesting to extend this work for nonsmooth multiobjective program-
ming problems on Hadamard manifolds. In particular, we aim to explore constraint qualifica-
tions for both smooth as well as nonsmooth semi-infinite programming problems on Hadamard
manifolds in our upcoming works.
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